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Unsteady Laminar
Forced-Convective
Tube Flow Under Dynamic
Time-Dependent Heat Flux
A new all-time model is developed to predict transient laminar forced convection heat
transfer inside a circular tube under arbitrary time-dependent heat flux. Slug flow (SF)
condition is assumed for the velocity profile inside the tube. The solution to the time-
dependent energy equation for a step heat flux boundary condition is generalized for ar-
bitrary time variations in surface heat flux using a Duhamel’s integral technique. A cyclic
time-dependent heat flux is considered and new compact closed-form relationships are
proposed to predict (i) fluid temperature distribution inside the tube, (ii) fluid bulk tem-
perature and (iii) the Nusselt number. A new definition, cyclic fully developed Nusselt
number, is introduced and it is shown that in the thermally fully developed region the
Nusselt number is not a function of axial location, but it varies with time and the angular
frequency of the imposed heat flux. Optimum conditions are found which maximize the
heat transfer rate of the unsteady laminar forced-convective tube flow. We also per-
formed an independent numerical simulation using ANSYS FLUENT to validate the present
analytical model. The comparison between the numerical and the present analytical
model shows great agreement; a maximum relative difference less than 5.3%.
[DOI: 10.1115/1.4026119]
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1 Introduction

For optimal design and accurate control of heat transfer in
emerging sustainable energy applications and next-generation
heat exchangers, it is crucial to develop an in-depth understanding
of thermal transients. Thermal transient may be accidental and
random or may be of cyclic nature. Generally, processes such as
start-up, shut-down, power surge, and pump/fan failure impose
such transients [1–4]. Examples of thermal transient in sustainable
energy applications include the variable thermal load on (i) ther-
mal solar panels in thermal energy storage (TES) systems; (ii)
power electronics of solar/wind/tidal energy conversion systems;
and (iii) power electronics and electric motor (PEEM) of hybrid
electric vehicles (HEV), electric vehicles (EV), and fuel cell
vehicles (FCV). The following provides a brief overview on the
importance and the trends of the above thermal engineering
applications.

One of the major challenges facing renewable energy systems
is the inherent intermittence subjected to hourly, daily, and sea-
sonal variation as well as environmental and weather conditions
[1,5,6]. In addition, as a direct result of driving/duty cycles and
environmental conditions, the power electronics of the sustainable
energy conversion systems, TES systems, and PEEM endure
dynamically varying thermal loads [7–12]. Thus, the heat
exchangers/heat sinks associated with such systems operate peri-
odically over time and never attain a steady-state condition. Con-
ventionally, cooling systems are designed based on a nominal
steady-state “worst” case scenario, which may not properly repre-
sent the thermal behavior of various applications or duty cycles.
In-depth knowledge of instantaneous thermal characteristics of

thermal components will provide the platform required to design
and develop new efficient and compact heat exchangers/heat sinks
to enhance the overall efficiency and reliability of TES, sustain-
able energy conversion systems, and PEEM. Such analyses, in
case of the HEV/EV/FCV, lead to improving vehicle overall effi-
ciency, reliability and fuel consumption as well as reducing the
weight and carbon foot print of the vehicle. Therefore, unsteady
internal forced convection is the focus of this study as a main pre-
requisite needed for analysis of thermal characteristics of dynamic
heat exchangers, active-cooled heat sinks, and convective cooling
systems.

Pertinent Literature. Study on the transient forced-convective
tube flow was begun by investigating the thermal response of the
tube flow following a step change in wall heat flux or temperature.
Sparrow and Siegel [13] conducted an analysis of transient heat
transfer for fully developed laminar flow forced convection in the
thermal entrance region of circular tubes. The unit step change in
the wall heat flux or in the wall temperature was taken into
account. Siegel and Sparrow [14] carried out a similar study in the
thermal entrance region of flat ducts. Later, Siegel [15] studied
laminar slug flow forced convection heat transfer in a tube and a
flat duct where the walls were given a step-change in the heat flux
or alternatively a step-change in the temperature. The solution
indicated that, for slug flow, steady state was reached in a wave-
like fashion as fluid traveled downstream the channel from the en-
trance. Siegel [16] investigated transient laminar forced
convection with fully developed velocity profile. It was shown
that the slug flow assumption revealed the essential physical
behavior of the considered system. The periodic thermal response
of channel flows to position- and time-dependent wall heat fluxes
was also addressed in the literature. Siegel and Perlmutter [17] an-
alyzed laminar forced convection heat transfer between two paral-
lel plates with specific heat production. The heat production
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considered to vary with time and position along the channel.
Some typical examples were considered for the heat production,
and the tube-wall temperature was evaluated for different specific
cases. Perlmutter and Siegel [18] studied two-dimensional
unsteady incompressible laminar duct flow between two parallel
plates. Transient velocity was determined to account for the
change in the fluid pumping pressure. An analytical–numerical
study was carried out in Ref. [19] on the laminar forced convec-
tion in a flat duct with wall heat capacity and with wall heating
variable with axial position and time. Most of the pertinent papers
on transient forced convection are analytical-based; a summary of
the literature is presented in Table 1. Our literature review
indicates:

• There is no model to predict the coolant behavior inside a
conduit subjected to dynamic thermal load.

• The effects of a cyclic heat flux on the thermal performance
of a tube flow are not investigated in the literature.

• There is no model to predict the Nusselt number of a tube
flow under arbitrary time-dependent heat flux.

• There is no model to determine optimized condition that
maximizes the heat transfer rate of transient forced-
convective tube flow.

In this study, a new analytical all-time model is developed to
accurately predict (i) fluid temperature distribution inside the
tube; (ii) the fluid bulk temperature; and (iii) the Nusselt number
for a convective tube flow subjected to an arbitrary time-
dependent heat flux. In most relevant papers [13–19], the transient
thermal behavior of a system is evaluated based on the dimension-
less wall heat flux, _Q, considering the difference between the local
tube wall and the initial fluid temperature. In this study, however,
a new local Nusselt number is defined based on the local tempera-
ture difference between the tube wall and the fluid bulk tempera-
ture at each axial location. We are of the opinion that our
definition has a better physical meaning. Furthermore, a new defi-
nition, i.e., cyclic fully developed Nusselt number, is introduced
and it is shown that in the thermally fully developed region the
Nusselt number is not a function of axial location, but it varies
with time and the characteristics of the imposed heat flux on the
tube. In addition, optimum conditions are found to maximize the
heat transfer rate of the tube flow under arbitrary time-dependent
heat flux.

To develop the present analytical model the fluid flow response
to a step heat flux is taken into account. A Duhamel’s integral
method is carried out on the thermal response of the fluid flow
under the step heat flux, following Ref. [15]. A cyclic time-
dependent heat flux is taken into consideration, and the thermal
characteristics of the fluid flow are determined analytically under
such heat flux boundary conditions. Any type of time-dependent
heat flux can be decomposed into simple oscillatory functions
using a Fourier series transformation. Thus, the results of this

study can be readily applied to determine the transient fluid flow
response under a dynamically varying heat flux.

2 Governing Equations

Figure 1 shows a circular tube of diameter D which is thermally
insulated in the first subregion, x! 0, and is heated in the second
subregion, x> 0. The entering fluid temperature is maintained at
T0 throughout the heating period. The wall at the second subre-
gion is given an arbitrary time-dependent heat flux, q00(t). It is also
assumed that the entering fluid temperature and the first subregion
are maintained at T0 throughout the heating period. It should be
noted that the second subregion may be long enough so that the
fluid flow can reach thermally fully developed condition along
this section, see Fig. 1. It is intended to determine the evolution of
the tube-wall temperature, fluid bulk temperature, and the Nusselt
number as a function of time and space for the entire range of the
Fourier number under arbitrary time-dependent heat flux. The
assumptions made in deriving the mathematical model of the pro-
posed unsteady heat convection process are as follows:

• incompressible flow
• constant thermophysical properties
• negligible viscous dissipation
• negligible axial heat conduction
• no thermal energy sources within the fluid
• uniform velocity profile along the tube, i.e., slug flow

Slug flow assumption can predict the thermal behavior of any
type of fluid flow close to the tube entrance where the velocity
profile is developing and has not reached the fully developed con-
dition [15,19]. The energy equation for a fluid flowing inside a cir-
cular duct in this instance is shown by the following equation:

@T

@t
þ u

@T

@x
¼ a

1

r

@

@r
r
@T

@r

! "
(1)

For the case of SF, the velocity distribution and the energy equa-
tion can be written as follows:

uðr; x; tÞ ¼ U ¼ constant (2)
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g
@
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(3)

The dimensionless variables are defined as follows:

Fo ¼ at

R2
X ¼ 4x=D

Re:Pr
h ¼ T & T0

q00r D=k
g ¼ r

R

where Fo is the Fourier number and X is the dimensionless axial
location that characterizes the flow inside a conduit, respectively.

Table 1 Summary of the existing analytical models for unsteady, internal convective heat transfer

Authors Boundary condition and velocity profile Geometry Notes

Sparrow and
Siegel [13]

Step wall temperature/heat flux Circular duct Algebraic expressions to find the tube-wall temperature/heat flux.
Fully developed flow

Siegel and
Sparrow [14]

Step wall temperature/heat flux Flat duct Algebraic expressions to find the tube-wall temperature/heat flux.
Fully developed flow

Siegel [15] Step wall temperature/heat flux Circular/flat duct Series solutions to find the temperature distribution inside the fluid.
Slug flow

Siegel [16] Step wall temperature Circular duct Series solutions to find the temperature distribution inside the fluid.
Fully developed flow

Siegel and
Perlmutter [17]

Time-dependent heat flux Flat duct Reported temperature distribution inside the fluid.
Slug/transient flow

Perlmutter and
Siegel [18]

Step wall temperature Flat duct Evaluated tube-wall temperature considering the tube-wall thermal inertia.
Fully developed flow

Siegel [19] Time-dependent heat flux Flat duct Evaluated tube-wall temperature considering the tube-wall thermal inertia.
Slug flow
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As previously mentioned, the ultimate goal of this study is to find
the transient thermal response of forced-convective tube flow
under an arbitrary time-dependent heat flux. Therefore, a general
prescribed heat flux is assumed as follows:

q00 X;Foð Þ ¼ q00r ' u X;Foð Þ (4)

where q00r is the heat flux amplitude and u (X, Fo) is an arbitrary
function of space and time, respectively.

Consequently, Eq. (4) is subjected to the following initial and
boundary conditions:

h g;X; 0ð Þ ¼ 0 Initial condition;

h g; 0;Foð Þ ¼ 0 Entrance condition;

@h=@gð Þjg¼1 ¼
1

2
uðX;FoÞ Heat flux at the tube wall;

for Fo > 0;

@h=@gð Þjg¼0 ¼ 0 Symmetry at the center line

(5)

3 Model Development

In this section, a new all-time model is developed considering
(i) short-time response and (ii) long-time response. When a cylin-
der at uniform temperature T0 is suddenly subjected to a step heat
flux Dq00 at its surface, the temperature response is [15]

hs ¼
Tw & T0

q00r D=k
¼ Dq00

q00r
Foþ 2g2 & 1

8
&
X1

n¼1

e&b2
nFo J0 bngð Þ

b2
nJ0 bnð Þ

" #

(6)

where hs is the dimensionless temperature of the fluid under a step
heat flux, bn are the positive roots of J1 (b)¼ 0, and J1 (b) are the
first-order Bessel functions of the first kind, respectively.
The energy equation for a tube flow is linear, i.e., Eq. (1). This
shows the applicability of a superposition technique to extend
the response of the fluid flow for a step heat flux to the other
general cases as discussed in Ref. [17]. As such, by using Duha-
mel’s integral [20], the thermal response for a step heat flux, Eq.
(6), can be generalized for an arbitrary time variations in surface
heat flux

h ¼
ðFo

0

q00 nð Þ
q00r

dnþ
X1

n¼1

e&b2
nFo J0 bngð Þ

J0 bnð Þ

ðFo

0

eb2
nn

q00 nð Þ
q00r

dn (7)

This expression is only valid when the element is initially isother-
mal, so the treatment here is limited to the cases where the chan-
nel is initially isothermal. However, the extension to the other
cases can be achieved by superposition techniques, as discussed in
Ref. [17].

As shown in Fig. 2, in the Eulerian coordinate system, the ob-
server is fixed at a given location x along the tube and the fluid
moves by. It will take some time, t¼ x/U, Fo¼X, for the entrance
fluid to reach the axial position X. Beyond this distance region,
X(Fo, there has not been any penetration of the fluid which was
originally outside the tube when the transient began. Therefore,
the heat-flow process in this region is not affected. Hence, the
behavior in this region is then that of a tube with infinite length in
both directions. This means that the convective term in the energy
equation, Eq. (1), is identically zero and a pure transient “heat-
conduction” process takes place. This is considered as the short-
time response of the fluid flow [17]. On the other hand, for
X<Fo, the observer situated at X will see the passing fluid which
was in the entrance region, insulated section, when the transient
was initiated. This is considered as the long-time response of the
fluid flow [17]. Therefore, the solution consists of two regions that

Fig. 2 The methodology adopted to find the transient thermal
response of the tube flow under arbitrary time-dependent heat
flux

Fig. 1 Schematic of the two-region tube and the coordinate system
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should be considered separately. The methodology considered in
this study is shown schematically in Fig. 2.

3.1 Short-Time Response, X(Fo. For the sake of general-
ity, we consider a case in which the heat flux varies with both
time and space, q00 (X, Fo). We first consider the region where
X(Fo. A fluid element that reaches X at time Fo was already in
the heated section at the location X&Fo at the beginning of the
transient. As this element moves along, it is subjected to the heat
flux variations in both time and space. At a time n between 0 and
Fo, the element is arrived to the location X&Foþ n. Thus, the
heat flux that the element is subjected to at that time is
q00 X & Foþ n; nð Þ. This is substituted into Eq. (7) to find the
short-time response for the fluid temperature distribution [17]

h X;Foð Þ ¼
ðFo

0

q00 X & Foþ n; nð Þ
q00r

dn

þ
X1

n¼1

e&b2
nFo J0 bngð Þ

J0 bnð Þ

ðFo

0

eb2
nn

q00 X & Foþ n; nð Þ
q00r

dn

(8)

It should be noted that according to Eq. (8) when the imposed
heat flux is only a function of time, q00¼ q00 (Fo), the short-time
thermal response of the fluid flow is not dependent upon the axial
position. However, it is a function of time and the characteristics
of the imposed heat flux.

3.2 Transition Time, X 5 Fo. For each axial position, the
short-time and long-time responses are equal at X¼Fo. This is
the dimensionless transition time for a given axial position. There-
fore, the time Fo¼X is a demarcation between the short-time and
long-time responses for each axial position. For instance, for an
arbitrarily chosen axial position X¼ 0.4, the dimensionless transi-
tion time is Fo¼ 0.4. This arbitrary example will be used through-
out the analysis in this paper.

3.3 Long-Time Response, X < Fo. Now we consider the
region, where X<Fo. The element that reaches X at time Fo,
entered the channel at the time Fo&X and began to be heated. As
time elapses from when the transient begins, this element will
reach the location f at the time Fo&Xþ f. Thus, the heat flux that
the element is subjected to at that location is q00 f;Fo& X þ fð Þ.
Substituting this into Eq. (7) results in Eq. (9), which represents
the long-time response of the flow at each axial position

h X;Foð Þ ¼
ðX

0

q00 f;Fo& X þ fð Þ
q00r

df

þ
X1

n¼1

e&b2
nX J0 bngð Þ

J0 bnð Þ

ðX

0

eb2
nf

dq00 f;Fo& X þ fð Þ
q00r

df

(9)

According to Eq. (9), the long-time thermal response of the fluid
flow is a function of time, axial position and the characteristics of
the imposed heat flux.

4 Cyclic Thermal Transients

Any type of prescribed time-dependent heat flux can be decom-
posed into periodic functions as the summation of a set of simple
oscillating functions, namely, sines and cosines by Fourier series.
As such, we develop the present model for a cyclic heat flux, and
the results can be generalized to cover the cases with arbitrary
time variations in surface heat flux by using a superposition tech-
nique. The following expression is considered as a cyclic heat flux
imposed on the tube wall:

q00 x;Foð Þ ¼ q00r 1þ sin xFoð Þ½ * (10)

where x is the angular frequency of the imposed heat flux which
characterizes the behavior of the prescribed cyclic heat flux. Sub-
stituting Eq. (10) into Eqs. (8) and (9) and after some algebraic
manipulations, the short-time and long-time temperature distribu-
tion inside the fluid are obtained. In this study we considered the
first 60 terms of the series solutions, using more terms does not
affect the solution up to four decimal digits.

Short-time response, X(Fo

h x;Foð Þ ¼ Foþ 1

x
+ 1& cos xFoð Þ½ * þ 2g2 & 1

8
&
X1

n¼1

J0 bngð Þ
J0 bnð Þ

+

e&b2
nFo

b2
n

þ x

x2 þ b4
n

+ cos xFoð Þ & b2
n

x
+ sin xFoð Þ & e&b2

nFo
$ %

8
>>><

>>>:

9
>>>=

>>>;

(11)

Long-time response, X<Fo

h x;X;Foð Þ ¼ X þ 1

x
+ cos x Fo& Xð Þ½ * & cos xFoð Þf g

þ 2g2 & 1

8
&
X1

n¼1

J0 bngð Þ
J0 bnð Þ

+

e&b2
nX

b2
n

þ x

x2 þ b4
n

+

cos xFoð Þ & b2
n

x
+ sin xFoð Þ

þ e&b2
nX +

b2
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x
+ sin x Fo& Xð Þ½ *

& cos x Fo& Xð Þ½ *

8
<

:

9
=

;

2

666664

3

777775

8
>>>>>>>>>><

>>>>>>>>>>:

9
>>>>>>>>>>=

>>>>>>>>>>;

(12)

In addition, the tube-wall temperature can be defined by evaluat-
ing Eqs. (11) and (12) at g¼ 1. Since using the above series solu-
tion is tedious, the following new compact, easy-to-use
relationships are developed in this study by curve fitting to predict
the short-time and long-time tube-wall temperatures for
0 ! Fo ! 10; 0:001 ! X ! 10; 0 ! x ! 30p.

Short-time tube-wall temperature, X(Fo

hw x;Foð Þ ¼ Foþ 1

x
+ 1& cos xFoð Þ½ * þ 1

8
& 0:086

+ exp &16:8Foð Þ þ 0:078+ sin xFo& 6:75ð Þ (13)

Long-time tube-wall temperature, X<Fo

hw x;X;Foð Þ ¼ X þ 1

x
+ cos x Fo& Xð Þ½ * & cos xFoð Þf g

þ 1

8
& 0:086+ exp &16:8Xð Þ þ 0:078

+ sin xFo& 6:75ð Þ (14)

The maximum and average relative difference of the values pre-
dicted by Eqs. (13) and (14) compared with the exact values
obtained by Eqs. (11) and (12) are 6.1% and 2.1%, respectively.
In addition, the fluid bulk temperature can be obtained by per-
forming a heat balance on an infinitesimal differential control vol-
ume of the flow

_mcpTm þ q00 pDð Þdx& _mcpTm þ _mcp
@Tm

@x
dx

! "

¼ qcp
pD2

4

! "
@Tm

@t
dx (15)
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The dimensionless form of Eq. (15) is

q00 X;Foð Þ
q00r

¼ @hm

@Fo
þ @hm

@X
(16)

Equation (16) is a first-order partial differential equation which
can be solved by the method of characteristics [20]. The short-
time and long-time fluid bulk temperatures can be obtained as
follows:

hm x;Fo;Xð Þ ¼
Foþ 1

x
1& cos xFoð Þ½ * X ( Fo

X þ 1

x
cos xðFo& XÞ½ * & cos xFoð Þf g X < Fo

8
>><

>>:

(17)

In this study, the local Nusselt number is defined based on the dif-
ference between the tube-wall and fluid bulk temperatures

NuD ¼
q00D=k

Tw & Tm
¼ uðX;FoÞ

hw & hm
¼ 1þ sin xFoð Þ

hw & hm
(18)

where hw and hm are the dimensionless wall and fluid bulk tem-
peratures obtained previously, Eqs. (11), (12), and (17), respec-
tively. Therefore, the short-time and long-time Nusselt numbers
are obtained as follows:

Short-time Nusselt number, X(Fo

NuD x;Foð Þ¼ 1þsin xFoð Þ

1

8
&
X1

n¼1

e&b
2
nFo

b2
n

þ x

x2þb4
n

+ cosðxFoÞ&b2
n

x
+sinðxFoÞ&e&b2

nFo
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8
>>>><

>>>>:

9
>>>>=

>>>>;

(19)

Long-time Nusselt number, X<Fo

NuDðx;X;FoÞ ¼ 1þ sin xFoð Þ

1

8
&
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n¼1

e&b2
nX

b2
n

þ x

x2 þ b4
n

+
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9
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>>>>>>;

(20)

Using the compact relationships developed for the tube and wall temperatures, i.e., Eqs. (13) and (14), the local Nusselt number can
also be calculated by the following compact closed-form relationships.

Short-time Nusselt number, X(Fo

NuDðx;FoÞ ¼ 1þ sin xFoð Þ
1

8
þ 0:078+ sin xFo& 6:75ð Þ & 0:086+ exp &16:8Foð Þ

(21)

Long-time Nusselt number, X<Fo

NuDðx;X;FoÞ ¼ 1þ sin xFoð Þ
1

8
þ 0:078+ sin xFo& 6:75ð Þ & 0:086+ exp &16:8Xð Þ

(22)

For Fo> 0.05, Eqs. (21) and (22) predict the exact results, Eqs.
(19) and (20), with the maximum and average relative difference
of 10% and 4%, respectively.

Using curve fitting for X> 0.2, the long-time Nusselt number,
Eq. (22), can be written as follows with maximum relative differ-
ence of less than 3%:

NuDðx;FoÞ ¼ 1þ sin xFoð Þ
1

8
þ 0:078+ sin xFo& 6:75ð Þ

(23)

As discussed later in Sec. 6, this is the cyclic fully developed Nus-
selt number for X( 0.2 which is not a function of the axial posi-
tion. However, it varies arbitrarily with time and the angular
frequency. Since the local Nusselt number is a function of both
time and space, the average Nusselt number for an arbitrarily cho-
sen time-interval between 0 and Fo is defined as follows:

NuDðxÞ ¼
1

Fo+ X

ðFo

n¼0

ðX

f¼0

NuDdfdn (24)

5 Numerical Study

To validate the proposed analytical model, an independent nu-
merical simulation of the axisymmetric flow inside a circular tube
is done using the commercial software, ANSYS

VR
FLUENT. A user

defined code is written to apply the dynamic heat flux on the tube
wall, Eq. (10). Furthermore, the assumptions stated in Sec. 3 are
used in the numerical analysis; however, the fluid axial conduc-
tion is not neglected in the numerical analysis. Model geometry
and boundary conditions are similar to what is shown in Fig. 1.
Grid independency of the results is tested for three different grid
sizes, 20+ 100, 40+ 200, as well as 80+ 400, and 40+ 200 is
selected as the final grid size, since the maximum difference in
the predicted values for the fluid temperature by the two latter
grid sizes is less than 2%. Water is selected as the working fluid
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for the numerical simulations. The maximum relative difference
between the analytical results and the numerical data are less than
5.3%, which are discussed in detail in Sec. 6.

6 Results and Discussion

Throughout this study, the results are represented for an arbitra-
rily chosen axial position of X¼ 0.4; the results for other axial
positions are similar. Variations of the dimensionless tube-wall
temperature against the Fo number, Eqs. (13) and (14), for a few
axial positions along the tube are shown in Fig. 3, and compared
with the numerical data obtained in Sec. 5 of this study. The lines
in Fig. 3 are the analytical results, and the markers show the
obtained numerical data.

As shown in Fig. 3

• There is an excellent agreement between the analytical
results, Eqs. (13) and (14), and the numerical data over the
short-time response. However, there is a small discrepancy
between the numerical data and analytical results in the long-
time response region, X<Fo. The maximum relative differ-
ence between the present analytical model and the numerical
data is less than 5.3%.

• The present model predicts an abrupt transition between the
short-time and long-time responses. The numerical results,
however, indicate a smoother transition between the
responses. This causes the numerical data to deviate slightly
from the analytical results as the long-time response begins.

• There is an initial transient period of pure conduction during
which all of the curves follow along the same line, X(Fo.

• When Fo¼X, each curve moves away from the common line
i. e., pure conduction response and adjusts toward a steady
oscillatory behavior at long-time response, Eq. (14). The wall
temperatures become higher for larger X values, as expected,
because of the increase in the fluid bulk temperature in the
axial direction.

Figure 4 shows the variations of the dimensionless fluid temper-
ature at different radial positions across the tube versus the Fo
number, Eqs. (11) and (12). Step heat flux, i.e., when x! 0, and
cyclic heat flux with angular frequency fixed at an arbitrarily cho-
sen value of 8p, are considered. As such, the short-time and long-
time fluid temperature at different radial positions at an arbitrarily
chosen axial position, X¼ 0.4, are obtained using Eqs. (11) and
(12). From Fig. 4, the following conclusions can be drawn:

• As expected at any given axial position, the fluid temperature
oscillates with time in case of a cyclic heat flux. For a step
heat flux, the solution does not fluctuate over time.

• At any given axial position, there is an initial transient period,
which can be considered as pure conduction, i.e., the short-
time response for X(Fo. However, as pointed out earlier,
each axial position shows steady oscillatory behavior for
X<Fo at the long-time response. Therefore, for the arbitra-
rily chosen axial position of X¼ 0.4, the long-time response
begins at Fo¼ 0.4, and shows the same behavior all-time
thereafter.

• For a cyclic heat flux, the fluid temperature oscillates around
the associated response for the step heat flux with the same
magnitude.

• The shift between the peaks of the temperature profile shows
a “thermal lag” (inertia) of the fluid flow, which increases to-
ward the centerline of the tube. This thermal lag is attributed
to the fluid thermal inertia.

Figure 5 shows the variations of the dimensionless tube-wall
temperature at a given axial position of X¼ 0.4, versus the Fourier
number and the angular frequency, Eqs. (13) and (14). The fol-
lowing can be concluded from Fig. 5:

• At the two limiting cases where (i) x ! 0 and (ii) x ! 1,
the fluid flow response yields that of a step heat flux.

• When a sinusoidal cyclic heat flux with high angular fre-
quency is imposed on the flow, the fluid does not follow the
details of the heat flux behavior. Therefore, for very high
angular frequencies, the fluid flow acts as if the imposed heat
flux is constant at “the average value” associated with zero
frequency for the sinusoidal heat flux in this case.

• The tube-wall temperature can deviate considerably from that
of the step heat flux at the small values of the angular fre-
quency, i.e., 2<x< 11 (rad).

• The conventional way to decrease the wall temperature of
heat exchangers is to cool down the working fluid. However,
it is shown that changing the heat flux frequency can also dra-
matically alter the tube-wall temperature.

• The highest temperature for the tube wall occurs for small
values of angular frequency. Considering Eq. (14), the high-
est long-time tube-wall temperature occurs at
ðdhw=dxÞ ¼ 0) x , 1:7 radð Þ.

• Irrespective of Fo number, the amplitude of the dimension-
less tube-wall temperature decreases remarkably as the

Fig. 3 Variations of the dimensionless tube- wall temperature,
Eqs. (13) and (14), versus the Fo number for a cyclic heat flux,
q00 ¼ q00‘r 1þ sin 8pFoð Þ½ *

Fig. 4 Variations of the dimensionless fluid temperature, Eqs.
(11) and (12), at an arbitrarily-chosen axial position of X 5 0.4
and angular frequency of 8p at different radial positions across
the tube against the Fo number for cyclic and step heat fluxes
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angular frequency increases. As mentioned earlier, this hap-
pens due to the fact that for high angular frequencies the fluid
flow response approaches to that of the step heat flux.

• At a given axial position, the maximum long-time tube-wall
temperature is remarkably higher than that of short-time
response.

It should be noted that our parametric studies show that the
fluid bulk temperature shows a similar behavior as the tube-wall
temperature with the Fourier number and the angular frequency.
However, as expected at each axial position, the fluid bulk tem-
perature is less than the tube-wall temperature regardless of the
angular frequency and Fo number.

Figure 6 shows the variations of the local Nusselt number at a
given axial position, X¼ 0.4, with the Fo number and the angular
frequency, Eqs. (21) and (22). Regarding Fig. 8(a), the conven-
tional “quasi-steady” model is a simplified model which assumes
that the convective heat transfer coefficient is constant, equal to
the fully developed condition in the channel [17]. The following
can be concluded from Fig. 6:

• Changing the heat flux frequency alters the frequency of the
Nusselt number. However, it does not change the amplitude
of the Nusselt number considerably.

• The values of the transient Nusselt number deviate consider-
ably from the ones predicted by the conventional quasi-
steady model. The values of the Nusselt number predicted by
Eqs. (21) and (22) can be 8 times lower than that of the
quasi-steady model when the heat flux and hence the Nusselt
number are zero. Therefore, the conventional models fail to
predict the transient Nusselt number accurately.

• The Nusselt number oscillates slowly with the Fo number for
small angular frequencies of the heat flux. Therefore, the

values of the Nusselt number are higher than that of the
cyclic heat flux with large angular frequencies over the entire
range of the Fo number. Therefore, the optimum heat transfer
occurs at very small values of the angular frequency. This
will be discussed later in more details in this section.

• At initial times, the Nusselt number oscillates slowly with the
angular frequency. This is corresponding to the slow fluctua-
tions of the heat flux at initial times.

• As expected, increasing the angular frequency of the heat
flux augments the frequency of the Nusselt number fluctua-
tions. This happens due to the fact that the Nusselt number is
zero at times in which the imposed cyclic heat flux is zero.

• Regardless of the angular frequency, at very initial transient
period, the Nusselt number is much higher than that of the
long-time response.

• At initial times, the values of the Nusselt number slightly
increase with an increase in the angular frequency.

• The fluctuations of the transient Nusselt number occur some-
what around the fully developed steady-state value. Consider-
ing the slug flow inside a circular tube, the value of the fully
developed Nusselt number for the steady-state condition is
NuD¼ 8 as predicted by the quasi-steady model [21].

Depicted in Fig. 7 are the variations of a cyclic heat flux,
q00 ¼ q00r 1þ sin 8pFoð Þ½ *, and the corresponding Nusselt numbers
of the fluid flow at a few axial positions along the tube. The fol-
lowing highlights the trends in Fig. 7:

• At the inception of the transient period, the Nusselt number
of all axial positions is only a function of time.

• The troughs of the Nusselt number at different axial positions
are the same corresponding to the times at which the wall
heat flux is zero.

Fig. 5 Variations of the dimensionless tube-wall temperature, Eqs. (13) and (14), at an arbitrarily chosen axial position of
X 5 0.4 against (a): the Fourier number for different angular frequencies of the heat flux, (b) the angular frequency at different
Fourier numbers, and (c) the angular frequency and the Fourier number
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• The values of the Nusselt number decrease at higher axial
locations, i.e., further downstream. This is attributed to the
boundary layer growth which insulates the tube wall, and
reduces the rate of the heat transfer.

• For axial positions X( 0.2, the Nusselt number does not vary
with an increase in axial position. This indicates that similar

to the steady-state condition at X¼ 0.2, the boundary layers
on the tube wall merge and the Nusselt number reaches its
cyclic fully developed value.

• As such, the thermally fully developed region in transient in-
ternal forced convection, X( 0.2, can be defined as the
region in which the Nusselt number does not vary with x any
further; however, it can be an arbitrary function of time and
the characteristics of the imposed heat flux.

Equation (23) is developed in this study to predict the cyclic
fully developed Nusselt number with the Fourier number and the
angular frequency. Regarding Eq. (23), the cyclic fully developed
Nusselt number is not a function of axial position. However, it
fluctuates arbitrarily with time and the angular frequency.

Variations of the average Nusselt number with the angular fre-
quency are shown in Fig. 8, and compared with the quasi-steady
model. Average entrance Nusselt number, 0<X! 0.2, and the av-
erage Nusselt number for an arbitrarily chosen interval of
0<X! 0.8 are considered and the integral in Eq. (24) is carried
out numerically for an arbitrary time interval of 0<Fo! 0.8. One
can conclude the following from Fig. 8:

• The average Nusselt number for a tube flow increases as the
value of the axial position, X ¼ ð4x=D=Re:PrÞ decreases.
This can be achieved by (i) decreasing the tube length; (ii)
increasing the tube diameter; (iii) increasing the Reynolds
number of the flow; and (iv) using fluids with high Pr num-
bers such as oils.

• The maximum average Nu number occurs at the angular fre-
quency of x¼ 2.04 (rad).

• The values of the averaged Nusselt number vary significantly
with the angular frequency of the imposed heat flux, while

Fig. 6 Variations of the local Nusselt number, Eqs. (21) and (22), at an arbitrarily chosen axial position of X 5 0.4 against (a):
The Fourier number for different angular frequencies and comparison with the “quasi-steady” model (b): the angular frequency
for different Fourier numbers, and (c): the Fourier number and the angular frequency

Fig. 7 Variations of the applied heat flux,
q005 q00‘r 1 1 sin 8pFoð Þ½ *, and the corresponding Nusselt number
for a few axial positions along the tube, Eqs. (21) and (22)
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the conventional models, e.g., quasi-steady model fail to pre-
dict such variations of the Nusselt number with time.

• The maximum average Nusselt number for the entrance
region, 0<X! 0.2, evaluated by Eq. (24) is almost 21%
higher than that of the quasi-steady model at the optimum
value of the angular frequency, i.e., x¼ 2.04 (rad).

7 Conclusion

A new full-time-range analytical model is developed to
predict the transient thermal performance of forced-convective
tube flow. Slug flow condition is considered for the velocity distri-
bution inside a circular tube. To develop the model, the transient
response for a step heat flux is considered, and generalized for
an arbitrary time-dependent heat flux by a superposition technique
i. e. Duhamel’s integral. A prescribed cyclic time-dependent
heat flux is considered and the thermal characteristics of the flow
are obtained. As such, new all-time models are developed to
evaluate (i) temperature distribution inside the fluid; (ii) fluid
bulk temperature; and (iii) the Nusselt number. Furthermore, com-
pact closed-form relationships are proposed to predict such ther-
mal characteristics of the tube flow with the maximum relative
difference of less than 10%. Optimum conditions are found to
maximize the rate of the heat transfer in transient forced-
convective tube flow. The obtained analytical results are verified
successfully with the obtained numerical data. The maximum rel-
ative difference between the analytical results and the numerical
data are less than 5.3%. It is also observed that the conventional
quasi-steady model fail to predict the transient Nusselt number
accurately.
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Nomenclature

cp ¼ heat capacity (J/kg K)
D ¼ tube diameter (m)

Fo ¼ Fourier number¼ at/R2

J ¼ Bessel function, Eq. (6)

k ¼ thermal conductivity (W/m K)
_m ¼ mass flow rate (kg/s)

NuD ¼ Nusselt number¼ hD/k
Pr ¼ Prandtl number (!/a)
q00 ¼ thermal load (heat flux) (W/m2)

_Q ¼ dimensionless heat flux¼ 1/hw

r ¼ radial coordinate measured from tube centerline (m)
R ¼ tube radius (m)

Re ¼ Reynolds number¼UD/!
t ¼ time (s)

T ¼ temperature (K)
u ¼ velocity (m/s)
x ¼ axial distance from the entrance of the heated section (m)
X ¼ dimensionless axial distance¼ 4x/Re.Pr.D

Greek Symbols

a ¼ thermal diffusivity (m2/s)
! ¼ kinematic viscosity (m2/s)
q ¼ fluid density (kg/m3)
g ¼ dimensionless coordinate¼ r/R
h ¼ dimensionless temperature ¼ ðT & T0=q00r D=kÞ
u ¼ arbitrary function of X and Fo
bn ¼ positive roots of the Bessel function, Eq. (6)
x ¼ heat flux angular frequency (rad/s)
n ¼ dummy Fovariable
f ¼ dummy X variable

Subscripts

0 ¼ inlet
m ¼ mean or bulk value
w ¼ wall
r ¼ reference value
s ¼ step heat flux
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