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Abstract

The development and implementation of Lithium-ion (Li-ion) batteries, particularly in

automotive applications, requires substantial diagnostic and practical modeling efforts to

fully understand the thermal characteristics in the batteries across various operating condi-

tions. Thermal modeling prompts the understanding of the battery thermal behavior beyond

what is possible from experiments and it provides a basis for exploring thermal manage-

ment strategies for batteries in hybrid electric vehicles (HEVs) and electric vehicles (EVs).

These models should be sufficiently robust and computationally effective to be favorable

for real time applications. The objective of this research is to develop a complete range of

modeling approaches, from full numerical to analytical models, as a fast simulation tool

for predicting the temperature distribution inside the pouch-type batteries.

In the first part of the study, a series of analytical models is proposed to describe distri-

butions of potential and current density in the electrodes along with the temperature field in

Li-ion batteries during standard galvanostatic processes. First, a three-dimensional analyti-

cal solution is developed for temperature profile inside the Li-ion batteries. The solution is

used to describe the special and temporal temperature evolution inside a pouch-type Li-ion

cell subjected to the convective cooling at its surfaces. The results are successfully verified

with the result of an independent numerical simulation. The solution is also adapted to

study the thermal behavior of the prismatic and cylindrical-type nickel metal hydride bat-

tery (NiMH) batteries during fast charging processes, which demonstrated the versatility

of the model. Afterward, to resolve the interplay of electrical and thermal processes on the

heat generation and thermal processes, a closed-form model is developed for the electrical

field inside the battery electrodes. The solution is coupled to the transient thermal model

through the heat source term (Joulean heat). The results of the proposed multi-physics
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model are validated through comparison with the experimental and numerical studies for

standard constant current discharge tests. The model results show that the maximum tem-

perature in the battery arises at the vicinity of the tabs, where the ohmic heat is established

as a result of the convergence/divergence of the current streamlines.

In the second part of the study, an equivalent circuit model (ECM) is developed to

simulate the current-voltage characteristics of the battery during transiently changing load

profiles. The ECM that is calibrated by a set of characterization tests collected over a wide

range of temperature, then coupled with a numerical electro-thermal model. The validated

ECM-based model is capable of predicting the time variation of the surface temperature,

voltage, and state of charge (SOC) of the battery during different driving cycles and envi-

ronmental temperatures.

Keywords: Lithium-ion batteries; Thermal management system; Electro-thermal model;

Equivalent circuit model; Integral-transformation technique; Separation of variables
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Executive Summary

Among different types of rechargeable batteries, Li-ion cells have received intense attention due

to their high specific energy (∼ 180 Wh kg−1), high energy density (∼400 Wh L−1), high operating

voltage (up to about 4 V), short charging time, minimal memory effects and low self-discharge rate

(around 5-8%), and long life. Such desired features make Li-ion batteries one of the most favoured

candidates for wide variety of applications including: military, aerospace, telecommunication, and

automotive.

Safety coupled with thermal effects is one of the most important challenges facing further ap-

plication of Li-ion cells. The development and implementation of Li-ion batteries, particularly in

automotive applications, requires substantial diagnostic and practical modeling to fully understand

the thermal characteristics for various operating conditions. In this thesis, a number of new ana-

lytical and numerical electro-thermal models are reported that can accurately predict the thermal

behaviour of Li-ion batteries. In addition, a new battery test bed along with new testing protocols

have been developed to measure main electro-thermal parameters of battery operation and to vali-

date the proposed models. The proposed models are compact and computationally effective and can

be implemented in real time applications. Therefore, the outcome of the present study provides a

proven platform for the design and development of thermal management battery systems (BTMS)

in engineering applications such as HEVs, EVs, and grid storage.

Objectives:

The following provides an overview of this thesis goals:

• To develop an in-depth understanding of the interplay between electrical and thermal be-

haviour of Li-ion batteries under various duty cycles and environmental conditions;

• To develop a complete range of modeling approaches from full numerical to analytical mod-

els that can be applied in battery thermal management systems design;
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• To develop battery performance and characterization test protocols based on available HEVs/EVs

battery test procedure manuals

Methodology: To develop a complete range of models that can describe the electro-thermal

dynamics of the battery with modest computational effort, empirical approaches are adapted to

decouple the electrical and thermal models of the cell from the complicated and detailed chemical

model.

To gather the experimental data required for the model development and solution validation, a

battery testing protocol was designed and developed in the Laboratory for Alternative Energy Con-

version (LAEC) at Simon Fraser University. The main components of the battery test-set are: i) a

power processing unit (ABC-150) for cycling the batteries; ii) an environmental chamber for simu-

lating different environmental conditions and an accelerated rate calorimeter (ARC) for measuring

the specific heat capacity; and iii) a software (Emerald from Greenlight Innovation) that allows

emulating various duty cycles and charging/discharging profiles and data acquisition.

As summarized in the following chart, the modeling methodology presented in this thesis can

be divided into two main parts: i) analytical solutions, and ii) numerical simulations.

Analytical modeling: First, a general three-dimensional analytical thermal solution is proposed

to predict the temperature distribution inside Li-ion batteries considering multi-dimensional heat

conduction, orthotropic thermal conductivities, and time dependent and temperature dependent heat

generation terms. To demonstrate the versatility of the model, the solution is adapted to study

the thermal behaviour of the prismatic and cylindrical NiMH batteries during fast charging pro-

cesses. Thereafter, a new theoretical model is proposed for potential and current density distribu-

tions within the cell. By coupling the proposed electrical model with the thermal model through

the heat generation term, a new Joulean heat source is introduced to the energy equation to consider

the heat produced from the bulk electron movement in the electrodes. The proposed analytical so-

lutions can accurately describe the electro-thermal response of the cell operating at galvanostatic

discharge/charge.

Numerical analysis: To model the battery electro-thermal performance at more dynamic duty

cycles, an equivalent circuit model is developed as a tool for simulating electrical behaviour of the

cell across variety of operating conditions. Using a finite element PDE solver, COMSOL MULTI-

PHYSICS, an equivalent circuit-based model is introduced to investigate the local distribution of

current, potential, and temperature of a Li-ion cell. Accordingly, the list of contributions from the

present study is presented below;
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Enables simulation of more
dynamic load profiles

Thermal model Electrical model

Analytical tool for studying the distributed
electro-thermal  behaviour of Li-ion batteries

across galvanostatic processes

Numerical tool for studying distributed
electro-thermal behaviour of Li-ion batteries

across a variety of operating conditions

Thermal solution Electrical solurion

Figure 1: The present research project and deliverable.

• Designed a battery testing setup and studying the behaviour of Li-ion batteries across variety

of operating conditions,

• Developed analytical solutions for thermal and electro-thermal models of pouch-type Li-ion

batteries during constant current discharge processes, published in Journal of Electrochemical

Society and Electrochimica Acta,

• Extended the analytical thermal model to cylindrical-shape and Ni-MH batteries to ensure

the versatility of the model to be adapted in different chemistry and geometries, published in

Journal of Electrochemical Society,

• Developed a new equivalent circuit model (ECM) to simulate the electrical dynamics of Li-

ion batteries across a wide range of operating conditions,

• Developed a new distributed numerical model for the electro-thermal dynamics of Li-ion

batteries based on the equivalent circuit model.
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Chapter 1

Introduction

Climate change, diminishing reserves of fossil fuels, and energy security demand alternatives to

our current course of energy usage and consumption. A broad consensus concurs that implementing

energy efficiency and sustainable energy technologies are necessities now rather than luxuries to be

deferred to some distant future [1]. Of particular interest for the sustainable energy technology

are (1) powering electric vehicles that can compete with car powered by internal combustion (IC)

engines and resolved the issue with CO2 emission and (2) stationary storage of electrical energy

from renewable energy sources [2].

Investments for the exploitation of renewable energy resources are increasing worldwide, with

particular attention to wind and solar power energy plants as the most mature technologies [3].

However, a major barrier to wide ranging application of renewable energy sources is continuity of

supply; generation of power by solar and wind sources, for example, can be hampered by time of

day, dust, cloud and weather conditions. Thus, utilization of these intermittence resources requires

high efficiency energy storage systems. Electrochemical systems, such as batteries and supercapac-

itors that can efficiently store and deliver energy on demand in stand-alone power plants, as well

as provide power quality and load leveling of the electrical grid in integrated systems, are playing

a crucial role in this area [3]. Selection of a storage system for a specific application is often made

based on the amount of energy and power density that can be delivered from the system. Although

specific energy and power are important, other factors must also be taken into account when select-

ing a system for a spinoff application, including reliability, safety, self-discharge, temperature and

even humidity. A useful means of representing the operational performance of energy storage and

energy conversion devices is a graph of specific energy (A×V× h / kg =
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Figure 1.1: Ragone plots (specific power density in W/kg versus specific energy density in
Wh/kg) for an array of energy storage and energy conversion devices, courtesy to [4].

W× h / kg) vs. specific power (W / kg). This graph is known as a Ragone plot, and in Fig. 1.1 it

is shown for supercapacitors and three common rechargeable batteries namely: NiMH, lead acid,

and Li-ion battery. Note that this plot shows specific energy and power on a cell level for batteries

made for many different applications, from consumer electronic to vehicles. The following sections

present the analysis of the above-mentioned electrochemical technologies for both the stationary

and mobile applications [4].

1.1 Electrochemical energy storage

1.1.1 Rechargeable batteries

Batteries are devices that convert the chemical energy contained in an electrochemically active

material directly into electrical energy by means of a redox reaction. For a rechargeable system,

the battery allows the storage of a defined amount of chemical energy and can be re-charged when

the electrochemically active material has been transformed. Several types of rechargeable systems

exist, from the mature lead acid to different newer technologies at various developmental stages [5].
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Lead acid batteries

The lead acid battery was the first known type of rechargeable battery. It was suggested by

French physicist Gaston Plante in 1860 for means of energy storage. Lead acid batteries continue

to hold a leading position, especially in wheeled mobility and stationary applications [6]. The lead

acid battery is combination of a lead, lead dioxide and an electrolyte composed of sulfuric acid and

water.

Lead acid batteries are offered in two different types: i) the flooded type which is the cheapest

and tends to be used in automotive and industrial applications, ii) the sealed type, also called valve

regulated lead-acid (VRLA), which has been rapidly used in a wide range of applications includ-

ing power supplies and standalone power supplies for remote areas. Both the power and energy

capacities of lead acid batteries depend on the size and geometry of the electrodes which makes

it unfavourable for automotive industry. The power capacity can be improved by increasing the

surface area of each electrode, which means greater quantities of thinner electrode plates in the

battery.

Low cost, high power, and easy recyclability are among the advantages of the lead acid bat-

teries. One main drawback of lead acid batteries is usable capacity decreases when high power is

discharged. In addition, as shown in Fig. 1.1, lead acid batteries have four times less specific en-

ergy than that offered by Li-ion batteries, and it is expected to be gradually displaced by Li-ion and

NiMH, due to environmental impact concerns.

NiMH batteries

Since 1990, when first NiMH batteries commercialized in Japan, they have been adapted to a

wide range of applications from hand-held electronics to HEVs. The NiMH battery consists of a

positive nickel hydroxide and negative metal hydride, and nylon separator sheets. The electrodes

that accommodate active materials required in the battery chemistry and the separator sheets have

porous structures, and their pores are filled with a concentrated KOH solution as the electrolyte.

Recently, Li-ion batteries are realized as the new competitor for NiMH cells, thanks to their out-

standing energy density, minimal memory effect and low self discharge rate. Nonetheless, NiMH

cells are expected to sustain their position in the market due to their environmental friendliness,

relatively low price, and better thermal stability.
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Nickel-metal-hydride is not without drawbacks. Figure 1.1 shows that the NiMH battery has

twice less specific energy compared to Li-ion batteries that limits their application in electric power-

train. NiMH also has high self-discharge and loses about 20% of its capacity within the first 24

hours, and 10% per month thereafter. Modifying the hydride materials lowers the self-discharge

and reduces corrosion of the alloy, but this decreases the specific energy [7]. Moreover, NiMH

batteries generate heat during fast-charge and high-load discharge which can play a crucial role in

their safety, performance, and longevity.

Li-ion batteries

Pioneer work with the lithium battery began in 1912 under G.N. Lewis, but it was not until

the early 1970s that the first non-rechargeable lithium batteries became commercially available.

Attempts to develop rechargeable lithium batteries followed in the 1980s but the endeavour failed

because of instabilities in the metallic lithium used as anode material [7]. Historically, first Li

batteries developed for portable electronics (cellular phones, cordless, notebooks). Lithium is the

lightest of all metals, has the greatest electrochemical potential and provides the largest specific

energy per weight. Thus, Li-ion batteries have characteristics of high energy and power density

and have been shown to be less affected by memory effect, compared to other types of batteries,

see Fig. 1.1. These traits make the Li-ion battery the most likely candidate to assist sustainable

mobility such as EVs, HEVs, scooters, motorcycles, electrical bicycles [8–10]. Longevity, low self-

discharge (less than half that of NiMH), and rapid charging and high load capabilities are among

the advantages offered by Li-ion batteries.

Supercapacitors

Supercapacitors are electrochemical devices that store energy by virtue of the separation of

charge, unlike batteries, which store energy through chemical transformation of electrode materials.

Super capacitors continue to develop and mature as an energy storage technology, though somewhat

still in the shadow of rechargeable batteries.

During the storage of electrochemical energy in a battery, chemical inter-conversions of the

electrode materials occur usually with concomitant phase changes. Although the overall energy

changes can be conducted in a relatively reversible thermodynamic route, the charge and discharge

processes in a storage battery often involve irreversibility in inter-conversions of the chemical
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electrode-reagents. Accordingly, the cycle-life of storage batteries is usually limited, and varies

with the battery type. By contrast, with energy storage by a capacitor, only an excess and a defi-

ciency of electron charges on the capacitor plates have to be established on charge and the reverse on

discharge, and no chemical changes are involved. Accordingly, a capacitor has an almost unlimited

recyclability, typically between 105 and 106 times [6].

As shown in Fig. 1.1, electrochemical capacitors have superb specific power compared to bat-

teries, but modest specific energies. This translates, in transportation terms, as good acceleration but

poor range, which is precisely opposite to batteries. From practical and technological viewpoints,

electrochemical capacitors are robust devices with excellent cycle life that can improve the effec-

tiveness of battery based systems by shrinking the volume of batteries required and reducing the

frequency of their replacement.

1.1.2 Advanced rechargeable battery technology

In addition to the above-mentioned energy storage systems that have been commercialized, a

large number of battery technologies are still under development that can be categorized as: 1)

rechargeable metal-air batteries and 2) flow batteries [6]. By virtue of removing much of the mass

of the positive electrodes, metal-air batteries offer the best prospects for achieving specific energy

that can be comparable with petroleum fuels. Lithium-air (oxygen) and sodium-air (oxygen) are two

main categories of such advanced technology. Since this subject is not in the scope of this study, the

readers are referred to Ref. [6, 11–13] for more information in this regard.

A flow battery is a rechargeable battery where the energy is stored in one or more electro-active

species dissolved into liquid electrolytes. Flow batteries can be fitted to a wide range of stationary

energy storage systems and they are not recommended for vehicular applications. Flow batteries are

classified into redox flow and hybrid flow batteries where more detailed discussion can be found in

Refs. [6, 14].

Overall, the high energy density, lightweight, no memory effect and low self-discharge rate

make Li-ion based batteries superior to other energy storage devices for vehicular applications in-

cluding HEVs, EVs, and plug-in-hybrid-electric vehicles (PHEVs), which is also the main focus of

this study.
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1.2 Challenges in electric and hybrid-electric vehicles

The strategy for electrifying vehicles with high capacity batteries in order to reduce or remove

the contribution of internal combustion engine into powertrain has attracted an intense attention. Li-

ion batteries have become the dominant battery technology for automotive industry due to several

compelling features such as high power and energy density, high voltage, long cycle life, excellent

storage capabilities, and memory-free recharge characteristics [30]. While Li-ion batteries are grow-

ing fast in popularity, safety issues and cost (related to cycle and calendar life) that all are coupled

to thermal effects in batteries, are the main barriers to the development of large fleets of vehicles

on public roads equipped with Li-ion cells [15]. It is evident that under high discharge conditions,

which involve high rates of Joulean heat generation and exothermic electrochemical reactions, bat-

teries are prone to excessive temperature rise. The temperature profile presented in Fig. 1.2 is an

evidence of temperature rise in the battery at different discharge rate of 1 C, 2C, and 3C, which

correspond to 20A, 40A, and 60A discharge currents.

Figure 1.2 illustrates that over a short 30 minute time period (short from a vehicle operation

viewpoint) for 2C and a 20 minute time period for 3C discharge, enough heat is generated to increase

the cell temperature to 50 ◦C (for 2C) and 55 ◦C (for 3C) from a 24 ◦C start condition. This value

is only for a single prismatic cell with free convection boundary condition, so even a greater tem-

perature can result when extrapolated to the approximately 100 prismatic cells in a battery pack of

PHEVs, HEVs, and EVs, where there is no free boundary convection, but only conduction between

pouch cells,; this problem is explained next. This temperature evolution can initiate swelling [16],

thermal runaway [17], electrolyte fire, and in extreme cases explosion [18]. Moreover, exposure

of Li-ion batteries to sub-freezing temperatures drastically reduces their energy and power [19].

Therefore, for optimum performance and longevity, the Li-ion battery should operate within 25-

40 ◦C, also it is desirable to maintain the temperature variation between battery modules in the

battery pack less than 5 ◦C [20].

Hence, the development and implementation of Li-ion batteries, particularly in automotive ap-

plications, requires substantial diagnostic and practical modeling efforts to fully understand the

thermal characteristics in the batteries across various operating conditions [21–23]. Indeed, thermal

modeling prompts the understanding of the battery thermal behavior beyond what is possible from

experiment, and it provides a basis for exploring thermal management strategies for batteries in

HEVs and EVs [24]. Once a battery is characterized to the extent that calculations can be used to
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Figure 1.2: Temperature rise at the surface of a prismatic Li-ion cell during 1C, 2C, and
3C discharge rates, each followed by 1C charge process.

provide a good estimation of electro-chemical-thermal behaviour, it is possible to complete the de-

sign of the battery system on the vehicle, and to size the heat exchangers and related thermal-system

components necessary to heat or cool the battery [25].

1.3 Research motivation

This work has been impelled by a collaborative research project with a local company, Future

Vehicle Technologies (FVT), that aims to introduce a high performance electric sports car called

eVaro as shown in Fig. 1.3. The company requires an intelligent system to control and keep the

temperature of their 21 kWh battery pack within the desirable range.

As shown in Fig. 1.2, during operation with high discharge rates, Li-ion batteries can heat up to

55 ◦C or greater, particularly when cells are stacked into modules and then packs, and when they are

in a warm ambient temperature. Hence an efficient battery thermal management system (BTMS) is

required to maintain the battery temperature within the desirable range and ensure optimal vehicle

operation in terms of safety, performance, and battery longevity.

As an effective tool, mathematical simulations of the battery can help to obtain a fundamental

understanding about how the heat is generated inside the battery, how it can be conducted out of the

battery during different operating conditions, and how the proper temperature control of a battery

can be achieved. To fulfill this aim, a series of modeling studies are developed to estimate the

amount of heat generation at the cell level, and predict the transient distribution of electrical and
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(a) (b)

Figure 1.3: a) Evaro, the high performance electric sports car introduced by Future Vehicle
Technologies, b) battery pack used in evaro.

thermal behaviour of the battery at different operating conditions with minimum computational

effort. Using this information, one can expand the model to a module/pack level in order to design

a proper BTMS.

Accordingly, the aim of this work is to propose computationally effective multi-physics models

capable of predicting the distributed electro-thermal behaviour of the battery across different load

and environmental conditions. These models should be computationally effective and be easily

extended to module/pack levels to predict their thermal behaviour for the design of an efficient

BTMS.

1.4 Research objectives

Given that the problems of safety, performance, and longevity of batteries are all linked to

the thermal performance of the battery, reliable battery thermal models are needed to predict the

heat generation and transport inside batteries as a tool for designing efficient thermal management

systems depending upon the cell design and operation conditions. The developed mathematical

model should be computationally affordable to be applied for scale-up batteries (module/pack) that

is the ultimate model for BTMS design. Accordingly, the present work aims to propose a series of

empirical multi-physics models to characterize and simulate the thermal response of the battery at

actual operating conditions. Accordingly, the objectives of this research can be summarized as:

• To develop battery performance and characterization test protocols to collect the data required

for developing the empirical multi-physics models.
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• To develop an in-depth understanding of the interplay between electrical and thermal be-

haviour of Li-ion batteries under various loads and environmental conditions.

• To develop a complete range of computationally effective modeling approach from full nu-

merical to analytical models that can be applied in BTMS design.

To provide the experimental data required for the modeling and to validat the proposed mod-

els, a battery testing protocol was designed and developed in the Laboratory for Alternative Energy

Conversion (LAEC) at Simon Fraser University. The main components of the battery test-set are: a

power processing unit (ABC-150) for cycling the batteries, an environmental chamber for simulat-

ing different environmental conditions and an accelerated rate calorimeter (ARC) for measuring the

specific heat capacity and heat generation rate of the battery.

1.5 Thesis structure

The thesis is organized as follow. Chapter 1: introduces the research importance along with the

motivation and objectives.

Chapter 2: reviews related research in Li-ion batteries.

Chapter 5: presents the work performed to design battery performance and characterizing test

protocols.

Chapter 3: presents a three-dimensional analytical model to study the thermal behaviour of

prismatic-shaped batteries.

Chapter 4: presents a computationally-effective thermal model for spirally wound batteries.

Chapter 6: presents a distributed analytical electro-thermal model.

Chapter 7: presents a distributed numerical electro-thermal model.

Chapter 8: presents conclusions, summary of contributions, and future works.
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Chapter 2

Introduction to Li-Ion Batteries and

Literature Review

According to a recent market report published by TransparencyMarket Research [26], the global

market for Li-ion battery was worth USD 11.70 billion in 2012 and is expected to reach USD 33.11

billion in 2019, growing at a 14.4% compound annual growth rate (CAGR). As presented in Fig. 2.1,

the consumer segment, which accounted for 60.3% of total Li-ion battery revenues in 2013, is

expected to see its market share reduced to 23.9% in 2020. This predicted reduction in total market

share reflects the expected significant growth in Li-ion battery demand in the automotive and grid

and renewable energy storage segments. In Fig. 2.1, the global market demand for Li-ion batteries

in 2013 is compared with the one predicted in 2020. Despite revenue growth, market share in the

(a) (b)

Figure 2.1: Market segment of Li-ion batteries in consumer device vendors, industrial
goods manufactures, grid and renewable energy storage segments and automobile man-
ufacturers in a) 2013 and b) predicted 2020, courtesy to [27].
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industrial segment is expected to decline because of the explosive growth in the automotive segment

and grid and renewable energy storage segment.

2.1 Li-ion cell operation

In Fig. 2.2, the internal structure of the battery from cell scale to electrode scale is illustrated.

Figure 2.2a and b depict the unfolded and folded layered structure in the battery. This layered con-

figuration is also referred as ”sandwiched configuration” [28]. In Fig. 2.2c, a schematic presentation

on charge transfer between electrode pairs during charge and discharge cycle is given, this is also the

fundamental scale for thermo-electro-chemical battery simulations, since the collective behaviour

of these unit cells represents the overall battery behaviour.

Li-ion battery uses a cathode (positive electrode), an anode (negative electrode) and electrolyte

as conductor. The cathode is made of a composite material and defines the name of the Li-ion battery

cell. The electrolyte can be liquid, polymer or solid. In case of a polymer or solid electrolyte,

the electrolyte will act as a separator as well. The separator is porous to enable the transport of

lithium ions. It prevents the cell from short-circuiting and protects the cell from thermal runaway.

In advanced Li-ion cells, anode (negative electrode) is typically made of carbon-Li intercalation

compound, and for this, usually is referred as graphite electrode, while the cathode includes metal-

oxide materials. Indeed, what the cathode is made from determines the cell’s capacity as it will be

discussed in next chapter. The critical feature is the rate at which the cathode can intercalate and

deintercalate free lithium ions.
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Figure 2.2: (a) Schematic of the layered structure of lithium-ion battery cells. Repeated
layers of negative electrodes, separator sheets, and positive electrodes construct the battery
core, (b) Folded battery core diagram. This configuration is also referred as a sandwiched
layout, (c) Components of the unit cell, and charge transfer during charge and discharge
cycles are illustrated.
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The overall chemical reactions inside the Li-ion battery in general form is as;

6C+Li My Oz ⇀↽ Lix C6+Li1−x My Oz (2.1)

where x ≤ 1, M is the metal in the positive electrode (nickel, cobalt, manganese, or their combina-

tion), and O is oxygen. For the charge and discharge processes, the reactions proceed from left to

right, and right to left, respectively. Charge and discharge reactions in the electrodes are

6C+ xLi++ xe− ⇀↽ Lix C6 (negative electrode) , (2.2a)

LiMyOz ⇀↽ Li1−x MyOz+ xLi++ xe− (positive electrode) . (2.2b)

The charge and discharge reactions for rechargeable Li-ion battery are endothermic and exother-

mic, respectively. If the battery reaction is ideally reversible, the thermodynamic equation under a

constant temperature and constant pressure yields the following relation [29]:

∆G= ∆H−T∆S (2.3)

where the residual energy at energy conversion between the enthalpy change ∆H of the battery

reaction and the electrical work (∆G= −nFVoc) can be compensated by the heat energy of T ∆S.

The heat, Qs, by entropy change, ∆S, is described by the following equation:

Qs = T ∆S
I
nF

(2.4a)

−
∂∆G
∂T

= nF
∂Voc
∂T

(2.4b)

where T is battery temperature, I is charge/discharge current (defined as positive during charge

cycle), F is Faraday constant, Voc is cell voltage for open-circuit, and n is the charge number partic-

ipating to the reaction (n = 1 for Li-ion battery). The reaction directions for charge and discharge

cycles are opposite to each other, thus Qs is endothermic during charge cycle and exothermic during

discharge process.

When electric current flows through the cell, the cell voltage, V , deviates from Voc due to over-

potential or electrochemical polarization. The total over-potential can be deconvoluted into several

parts: the charge transfer or activation over-potential, the ohmic over-potential, and the concen-

tration over-potential. The energy loss by this polarization dissipates as irreversible heat that is
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Figure 2.3: Comparison of suitable Li-ions for EV in terms of specific energy or capacity;
specific power or the ability to deliver high current; safety or the chances of venting with
flame if abused; performance at hot and cold temperatures; life span reflecting cycle life
and longevity; and cost.

exothermic during both charge and discharge cycles. In the following chapters, more discussion

will be provided in this regard.

The term ”Li-ion” includes a number of different chemistries; Fig 2.3 shows the chemistries

under development in automobile industry. Each chemistry offers a different mix of cost, durability,

performance, and safety as discussed in the following.

Lithium cobalt oxide (LCO), LiCoO2, due to its high specific energy is the most common type

of Li-ion batteries in small consumer electronics. The battery consists of a cobalt oxide cathode and

a graphite carbon anode. As it is shown in Fig 2.3, the drawback of LCO is relatively short life span,

low thermal stability and limited load capabilities (specific power).

The three-dimensional spinel structure of the cathode in lithium manganese oxide (LMO),

LiMn2O4, provides low internal resistance, high thermal stability and enhanced safety. Nonethe-

less, it has limited cycle and calendar life. From Fig 2.3, one can conclude that using LMO in the
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cathode can roughly offer a capacity that is one-third lower than LCO based cathode, but the battery

still holds 50% more energy than nickel-based chemistry.

Lithium nickel manganese cobalt oxide (NMC), LiNiMnCoO2, is the most modern manganese-

based Li-ion batteries with the cathode combination of nickel, manganese, and cobalt offers a unique

blend that improve the specific energy, prolong the life span, and lowers raw material cost due to

reduced cobalt content. Figure 2.3 shows that NMC has satisfactory overall performance and excels

on specific energy which makes it the preferred candidate for the electric bikes and other electric

power-trains [7].

Lithium iron phosphate (LFP), LiFePO4, as the cathode material for rechargeable lithium bat-

teries offers acceptable electrochemical performance with low internal resistance. Li-phosphate

battery is more tolerant to full charge conditions and is less stressed than other lithium-ion systems

if kept at high voltage for a pronged time. It also has excellent safety and long life span but offers

moderate specific energy, lower operating voltage, and higher self-discharge rate compared to other

Li-ion based batteries.

Lithium nickel cobalt aluminum oxide (NCA), LiNiCoAlO2, is another type of Li-ion based

battery that shares similarity with NMC in terms of high specific energy and reasonable specific

power and a long life span which makes it a candidate for electric vehicles applications. However,

high cost and marginal safety remain problematic, see Fig. 2.3.

Lithium titanate (LTO), Li4Ti5O12 that replaces the graphite in the above-mentioned Li-ion bat-

teries, is considered as a promising anode material for applications that require high rate capability

and long cycle life. Due to low nominal cell voltage, they can be fast-charged and deliver a high dis-

charge current. LTO-based batteries provide much better low temperature performance compared

to graphite-based batteries which makes them excellent in safety. Nonetheless, as it is illustrated in

Fig 2.3, low energy density and high cost are the main drawbacks of LTO that needs to be improved.

As a summarized in Table 2.1, these battery technologies are ranked in terms of key parameters

(safety, power and energy density, and life) that are required in vehicular applications.

Table 2.1: Key parameters of different Li-ion chemistries.

Parameter Highest performing chemistry Lowest performing chemistry
Safety Li4Ti5O12, LiFePO4 LiCoO2
Power LiFePO4 LiCoO2
Energy LiCoO2, LiNiCoO2, LiNiCoAlO2 LiFePO4
Life LiFePO4, LiNiCoAlO2 Li4Ti5O12
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In general, the batteries can either be of high power density type or high energy density type.

Power density provides a good measure on how much energy can be released due to discharge at a

given time with regards to kg or litres. A high energy density battery is useful in applications where

a longer driving distance is required e.g. in EVs and PHEVs which is intended to be driven on pure

electricity for long distances. A high power density battery is useful in an application where a short

but intensive power pulse is required; e.g. in an ordinary HEVs as the electric motor often only

assists the combustion engine in short periods [30].

2.2 Battery glossary

Cell, module and packs: EVs and HEVs have a high voltage battery pack that consists of indi-

vidual modules and cells organized in series and parallel. A cell is the smallest, packaged form a

battery can take and is generally one to six volts. A module consists of several cells connected in

either series or parallel. A battery pack is then assembled by connecting modules together, again

either in series or parallel.

C-rates: The charge and discharge current of a battery is measured in C-rate. Most portable bat-

teries are rated at 1 C. This means that a 20A h battery would provide 20A for 1 hour if discharged

at 1 C rate. The same battery discharged at 0.5 C (1/2 C) would provide 10A (20 × 0.5 = 10) for 2

hours. 1 C is often referred to as a 1 hour discharge; a 0.5C would be 2 hour and 0.1C a 10 hour

discharge.

State of charge (SOC): The state of charge refers to the amount of charge in a battery relative

to its predefined full and empty states i.e. the amount of charge in Amp-hours left in the battery.

Manufacturers typically provide voltages that represent when the battery is empty (0% SOC) and

full (100% SOC). SOC is generally calculated using current integration to determine the change in

battery capacity over time.

Depth of discharge (DOD): It is a measure of how much energy has been withdrawn from a

battery and is expressed as a percentage of full capacity. For example, a 100Ah battery from which

40Ah has been withdrawn has undergone a 40% depth of discharge (DOD). Depth of discharge is

the inverse of state of charge (SOC). A battery at 60% SOC is also at 40% DOD.

Open circuit voltage (OCV): The open circuit voltage (OCV) is the voltage when no current is

flowing in or out of the battery, and, hence no reactions occur inside the battery. OCV is a function

of state-of-charge and is expected to remain the same during the life-time of the battery. However,
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other battery characteristics change with time, e.g. capacity is gradually decreasing as a function of

the number of charge-discharge cycles.

Terminal voltage (V): The voltage between the battery terminals with load applied. Terminal

voltage varies with SOC and discharge/charge current.

Nominal voltage (V): The reported or reference voltage of the battery, also sometimes thought

of as the normal voltage of the battery.

Cut-off voltage (V): The minimum allowable voltage. It is this voltage that generally defines the

empty state of the battery.

Charge voltage (V): The voltage that the battery is charged to when charged to full capacity.

Charging schemes generally consist of a constant current charging until the battery voltage reaching

the charge voltage, then constant voltage charging, allowing the charge current to taper until it is

very small.

Capacity or nominal capacity (Ah for a specific C-rate): The coulometric capacity, the total

Amp-hours available when battery is discharged at a certain discharge current (specified as a C-

rate) from 100% SOC to the cut-off voltage. Capacity is calculated by multiplying the discharge

current (in Amps) by the discharge time (in hours) and decreases with increasing C-rate.

Specific energy (Wh kg−1): The specific energy of a battery is expressed as a nominal energy

per unit mass, such as Wh / kg. It is highly dependent on the battery chemistry and packaging.

Energy density (WhL−1): The energy density of a battery is expressed as a nominal energy per

unit volume, such as Wh / L. It is highly dependent on the battery chemistry and packaging.

Power density (WL−1): The power density of a battery is expressed as a nominal power per unit

volume, such as W / L or kW / L. It is highly dependent on the battery chemistry and packaging.

Internal resistance: The internal resistance is sometimes considered as the ohmic resistance of

the cell, which is the direct voltage change after application of a current step on a cell in equilibrium.

Another definition for the internal resistance is the sum of the ohmic, activation and diffusion polar-

ization resistances, which is the largest possible voltage drop in the cell. Nevertheless, the result in

power dissipation in the form of heat will result due to the complete voltage drop. The voltage drop

can be mainly divided as:

• IR drop is due to the current flowing across the internal resistance of the battery, by ohmic

resistance.
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• Activation polarization refers to the various retarding factors inherent to the kinetics of an

electrochemical reaction, like the work function that ions must overcome at the junction

between the electrodes and the electrolyte.

• Concentration polarization takes into account the resistance faced by the mass transfer (e.g.

diffusion) process by which ions are transported across the electrolyte from one electrode to

another.

The internal resistance of a battery is dependent on temperature, C-rate and SOC. Different values

for the internal resistance can be found depending on the measurement method. This is caused by

the time constants associated with the activation and diffusion polarization resistances; whether the

battery electrodes are in equilibrium or not is also important in determining the value of the internal

resistance [7].

2.3 Literature review

Since Li-ion battery performance is strongly linked to temperature, it is vital to understand

how heat is generated and dissipated inside a battery. Heat generation inside batteries is a complex

process that requires understanding of how the electro-chemical reaction rates change with time

and temperature and how current is distributed within larger batteries [15]. A variety of processes

coexist during both charge and discharge cycles of Li-ion batteries. These processes, based on their

corresponding transport fields, are conventionally divided into chemical, electrical, and thermal

categories [31]. Accordingly, an ideal mathematical model for Li-ion batteries must be a thermo-

electro-chemical model, which simultaneously describes transient transport fields for mass, charge,

and energy in a three-dimensional domain of a porous medium, i.e., electrodes and separator sheets

[32].

The electro-chemical processes happen in the macroscopic level and can locally be divided in

two distinct parts: i) the processes in the electrolyte (solution phase), and ii) the processes in the

electrodes (solid phase). These processes are strongly coupled; the former involves the transport

(migration, diffusion, and convection) of mass and charge between the electrodes through an elec-

trolyte solution accompanied by interfacial reactions at the surface of electrodes, while the latter

deals with transport (mostly via conduction) of charges within the solid phase of the electrode as-

sembly, i.e. current collectors and active material particles. The most well-known electro-chemical
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model for Li-ion batteries is the porous-electrode model, proposed by Newman and co-workers [33–

35]. To approximate the amount of heat generated during the aforementioned process, a physics-

based e. g., electro-chemical-thermal model at the electrode level, see Fig. 2.2d, is needed. The

multi-physics models require a large amount of computational power to solve time-varying-spatial

partial differential equations. Such detailed models are quite useful for the cell design and optimiza-

tion, however, they are typically of very high-order and complexity and are not suitable for real-time

applications. In other words, they are too complex to be applied in studying the characterization of

the electro-thermal performance of battery modules/packs, or to the design of cooling systems and

control algorithms. Also, for the case of Li-ion cells, due to the simple treatment of active mate-

rial in the porous-electrode model, numerous transport properties are needed to fit the experimental

data. More recently, reduced-order electro-chemical models for Li-ion cells are introduced [36–

39]. The order reduction decreases the computational time and allows the model implementation

into a real-time on-board electronic control unit, which is of particular interest in vehicle applica-

tions to estimate Li-ion concentrations and associated state-of-charge (SOC) values. Nonetheless,

the simplified models neglect some dynamics and consequently they cannot accurately predict the

current-voltage behavior across different operating conditions.

To avoid complex systems of equations, reduced models are used to investigate the behaviour of

Li-ion batteries. ”Electro-thermal” [40, 41] and stand alone ”thermal” models [42–44] are among

the reduced models. Reduced models, in which some physical processes are neglected, are em-

pirical based model that require experimental data. In case of an existing battery, for which the

experimental data is obtainable, empirical models which mimic the electro-chemical performance

of the battery can be generated. Indeed, simplicity and robustness of such models enables them to

be applied in real-time embedded systems. Empirical models are relatively fast and simple, thus are

favored in design of BTMS and control algorithms for BMS.

Thermal models

The thermal process inside the battery is described by a general energy balance detailed in

Ref. [8]. Since chemical processes in the battery can be exothermic or endothermic, and charge

transfer in the battery materials leads to ohmic heating, the heat generation term [45] in the energy

balance equation is tightly linked to the electro-chemical process. The collective behavior of electro-

chemical processes, deduced from measurements, can be included as the heat source in a standalone

thermal model. Based on this decoupling strategy, there are several battery thermal models available
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in the literature, see Table 2.2, including one-dimensional [46], two-dimensional [8, 47] and three-

dimensional models [9, 43, 44, 48] in which a variety of cell designs modes of operation, and

thermodynamic properties are considered. For an extensive bibliography on battery thermal models

see Ref. [15].

To the author’s best knowledge, all the multi-dimensional thermal models developed for such

batteries rely on numerical solutions; thus, lack of a theoretical method is evident. The only avail-

able analytical solution is the work of Newman and Tiedemann [49], where the classical technique

of separation of variables is employed to solve the transient heat conduction problem for batteries

with constant heat generation and constant-temperature boundary conditions.

Electro-thermal models

Electro-thermal models can incorporate the ohmic heating due to electrical current in the elec-

trodes of the battery. Also, the electro-thermal models can be applied to describe the distributed elec-

trical response of the battery with modest computational effort as opposed to the detailed electro-

chemical model with high fidelity. These empirical electro-thermal models are based on two main

methodologies: i) equivalent circuit models [25, 50] and ii) fitting function models.
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Table 2.2: Summary of electro-thermal simulations using empirical approaches to predict the rate of heat generation.

Model description Battery geometry Type of the battery Current range Temperature range Refs
Thermal models
1-dimensional - Lithium-ion 0.1-2 C 80 to 120 ◦C [46]
2-dimensional Prismatic Lithium-ion 0.3 to 8C 25 ◦C [8]
2-dimensional Prismatic Lithium-ion 0.3 to 0.8 C 100◦C [47]
3-dimensional Prismatic Lithium-ion 6.1 C 100◦C [44]
3-dimensional Prismatic Lithium-ion 0.3 to 1.8 C 25◦C [43]
3-dimensional Prismatic Nickel/iron 1 to 3C 25 ◦C [9]
Electro-thermal models based on ECM
0-dimensional - NiMH - 25 ◦C [25]
0-dimensional Cylindrical Lithium-ion - 5 to 45◦C [51]
1-dimensional Cylindrical Lithium-ion 1 to 2.5 C 10 to 40◦C [52]
1-dimensional Pouch Lithium-ion - 5 to 40◦C [53]
3-dimensional Pouch Lithium-ion - - [54]
3-dimensional Pouch Lithium-ion - -10 to 40◦C [55]
Electro-thermal models based on fitting function model
2-dimensional Pouch Lithium-ion 1 to 5C 25◦C [41]
2-dimensional Pouch Lithium-ion 0.5 to 5C 25◦C [56]
2-dimensional Pouch Lithium-ion 1 to 5C 25◦C [57]
2-dimensional Pouch Lithium-ion 0.5 to 5C -10 to 0◦C [58]
3-dimensional Pouch Lithium-ion 0.5 to 1.5 C 25 to 35◦C [59]

2
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i)ECM-based studies

The equivalent circuit models that are a simplification of electro-chemical models, utilized the

electrical circuit elements, such as voltage sources, resistors, and capacitors, to represent the I−V

characteristics of the battery [50, 52, 53, 60–63]. Essentially, they are lumped models with relatively

few parameters making them applicable for explicit approximation of the heat generated from the

electrochemical heat reactions and implicit calculation of the heat produced from the bulk electrons

displacement along the electrodes.

A wide range of ECM has been applied to calculate SOC, state of health (SOH) and electri-

cal behaviour of Li-ion batteries used in vehicle applications. The simplest ECM, called the Rint

model, consists of a voltage source as OCV and an internal resistance [64, 65]. The Rint model

can accurately simulate the voltage-current characterization of the battery at the constant current

charge/discharge processes, nonetheless, it has limitations in simulation of dynamic response of the

battery to transiently charging/discharging load profile.

This problem is addressed by adding parallel resistance-capacitor (RC) networks to the Rint

model in order to describe the dynamic characteristics of the battery. There are numerous RC-

based models available in the literature such as first order RC [54, 62, 66–68], second order RC

[50, 52, 55, 65, 69, 70], and third order RC models [53]. It is shown that number of RC branches

in the equivalent circuit is an important factor that determines the accuracy of the prediction and

complexity of the model. Nonetheless, by increasing the number of RC-branches, the computational

cost will increase which is not favorable.

The polarization characteristic of the battery can be simulated by the first order model to some

extent, but the difference between concentration polarization and electrochemical polarization leads

to inaccurate results at the end of the charge or discharge process. It is shown that this issue is

addressed in a third order RC models that consists of three parallel RC-networks to refine the de-

scription of polarization characteristics and simulate the concentration polarization and the elec-

trochemical polarization separately. In spite of the popularity of ECM for describing the dynamic

I−V characteristics of batteries, most of them are developed based on isothermal conditions, and

the parameters are considered constant over a wide range of temperature, limiting their use in on-

board battery management system [60], also there are few studies in the literature, that applied this

approach to provide a basis for exploring thermal management strategies for Li-ion batteries.

Verbrugge et al. [62] used a first-order ECM to simulate the lumped electro-thermal behaviour

of nickel metal hydride (NiMH) battery over a range of conditions applicable to electric vehicle
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applications. A similar model was adapted to a cylindrical shaped Li-ion battery in Ref. [51], in

which a second-order ECM was coupled to a lumped thermal model through heat generation term

and temperature dependency of ECM parameters. Since former studies are based on lumped models,

they fail to provide information about the the local temperature distribution along the battery.

Miranda et al. [52] and Saw et al. [53] apply an ECM based thermal model to analyze the one-

dimensional thermal response of LiFePO4 batteries. The ECM used in Miranda work was extended

to a wider operating conditions in terms of temperature (10-40 ◦C) and current (12–30A).

Sun et al. [54] adapted the ECM approach to analyze the thermal performance of Li-ion battery

pack. Their study incorporated a 3D-pack-level sub-model, a 1D-battery pack network sub-model,

and a 3D-thermal and electrical coupled cell/module level sub-model to quickly predict the battery

temperature variation across the pack.

The potential distribution and temperature evolution in a large-scale Li-ion battery were studied

by Jung et al.[55] through a multi-dimensional electro-thermal model. A second order ECM model

was employed to approximate the heat generated inside the battery and the electrochemical reaction

current density. The model parameters were determined as function of both state-of-charge (SOC)

and temperature which were implemented by bilinear interpolation method.

ii) Fitting function-based Models

The fitting function is basically equivalent to the Rint model where OCV and electrochemi-

cal conductance (corresponding to the battery inertial resistance) are considered in simulating the

I−V characteristics of the battery. The fitting function approach originally, proposed by Gu [71],

is based on a linear polarization expression confirmed by experimental observations [71] and elec-

trochemical simulations [32] that formulates the linear dependency of the discharge voltage on the

current density at a fixed depth-of-discharge (DOD). From the collected I−V data during standard

constant-current processes, parameters in the polarization expression (OCV and electrochemical

conductance) can be defined as functions of DOD.

Since the fitting parameters in the polarization expression are only functions of DOD, and they

do not have any time dependent relaxation term, the model is limited in simulating dynamic response

of the battery to a transient charging/discharging load profile. To simulate the performance of the

battery under a more dynamic duty cycle, RC-based models are recommended. However, the fitting

function model is capable of describing the galvanostatic behaviour of the battery, where a high rate

of heat generation is involved, that can be applied in battery cooling system design.
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Kwon et al. [40] applied a simple ECM model (Rint), originally proposed by Gu [71], to

construct a two-dimensional electrical model to predict the potential field and current density dis-

tribution in the positive and negative electrodes of Li-ion batteries. The data collected at a fixed

environmental temperature was used to determine the model parameters.

Following Kwon [40], Kim et al. [41, 56, 57] proposed an electro-thermal model to simulate

the potential and temperature distributions of the cell. The presented electro-thermal model was

employed to accommodate the dependence of the discharge behaviour on the environmental tem-

perature [58]. Recently, Wu et al. [59] extended the Kim et al. model to study the effect of heat

generated by the electrical contact resistance between the tab and the leading cable on the tempera-

ture distribution of battery.

Although the fitting function model offers a level of simplicity that enables one to obtain analyt-

ical solutions for the governing equations, all the above-mentioned studies used numerical approach

to model electrical and thermal distribution inside the battery. From the computational point of view,

analytical solutions are highly in demand because they are continuous in the independent variables,

and show explicitly how the parameters of the system are involved. Furthermore, analytical solu-

tions give much insight into a system, which is one of the primary objectives of modeling.

As the summery to this section, to the best knowledge of the author, the lack of information on

the the electro-thermal modeling of the Li-ion battery cell in the available literature can be listed as

below:

• No available closed-form analytical model that can describe the evolution of temperature

in the batteries for different discharge rates considering multi-dimensional heat conduction,

orthotropic thermal conductivities, and time dependent and temperature dependent heat gen-

eration terms. Such a model that can be easily adapted to different types of batteries in terms

of geometry and chemistry.

• No theoretical model to predict the distribution of potential and current density in the elec-

trodes that can be used for the design of electrode and current collectors.

• Lack of an analytical electro-thermal model accounting for all the main source of heat gen-

eration occurring in the large-scale battery.
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Enables simulation of more
dynamic load profiles

Figure 2.4: Pros and cons related to numerical and analytical approaches applied in electro-
thermal model development.

2.4 Scope of thesis

The goal of this project is to present a complete range of computationally efficient modeling

approaches to study how temperature distribution affects the performance of a battery cell. This

would serve as a tool to design models characterizing the thermal behavior of Li-ion batteries to

be applied in the area of performance and thermal management studies for battery pack cooling

systems. To meet these objectives, the model must be both sufficiently simple to be executed almost

in real-time, and accurate enough to provide a reasonable estimation of thermal dynamics inside the

cell. Computationally efficient models that can provide a reasonable estimate of the cell electro-

thermal field, with limited calibration effort, can be useful tools for battery pack designers and

integrators.

As presented in Fig. 2.4, the modeling methodology presented in this thesis can be divided into

main parts: i) analytical solutions and ii) numerical simulations.

Part i): A general three-dimensional thermal solution is proposed to predict temperature distri-

bution inside a prismatic shaped battery considering multi-dimensional heat conduction, orthotropic

thermal conductivities, and time dependent and temperature dependent heat generation terms. To

demonstrate the versatility of the model, the solution is adapted to study the thermal behaviour of

the prismatic and cylindrical NiMH batteries during fast charging processes. Thereafter, using the

battery testing setup designed in Laboratory of Alternative Energy Conversion (LAEC) at Simon

Fraser University (SFU), the required experimental data (voltage and temperature profile) for model

development and validation is collected. Based on the collected data, a new theoretical model is
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proposed for potential and current density distributions within the cell. By coupling the proposed

electrical model with the thermal model through heat generation term, a new Joulean heat is intro-

duced to the energy equation to consider the heat produced from bulk electron movement in the

electrodes.

Part ii): Using a finite element PDE solver, COMSOL MULTIPHYSICS, a numerical electro-

thermal model is developed to simulate the local distribution of current, potential, and temperature

of a Li-ion battery. The model is based on a second order RC model capable of dynamic response

simulation. The ECM parameters are defined as functions of both SOC and temperature.
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Chapter 3

Battery Testing Platform

As discussed in the previous chapter, empirical models that mimic the electrochemical perfor-

mance of battery can be applied to the development of stand-alone electro-thermal models. These

models can be implemented in the control algorithms for battery management system with mini-

mum computational effort. The empirical model, requires experimental data in order to determine

the model components as a function of the operating parameters. Accordingly, the focus of this

chapter is to design a programmable and regenerative multi-channel battery testing platform to col-

lect the experimental data required for the model development and validation.

3.1 Sample battery

Pouch-type Li-ion cells, ePLB C020 battery fabricated by EiG Corporation in South Korea, was

considered as the sample battery. The batteries were provided by our industrial partner Future Vehi-

cle Technologies. This battery uses Li[Ni CoMn2]O2 and graphite as active materials at the cathode

the and anode, respectively. The nominal voltage and capacity of the battery are 3.65V and 20Ah,

with specific energy of 175 Wh kg−1. The weight of the battery is approximately 407 g, thus, its

energy content is approximately 71 Wh. Mechanical and electrical specifications of the battery are

listed in Table 3.1. Fig. 3.1a shows the layered structure of the battery core, i.e., electrode-separator

stack. The sample battery includes 18 negative electrodes, 17 positive electrodes, and 36 layers

of polymer (polypropylene) separator sheets. The electrodes, that include current collector foils

laminated by thin layers of a polymer (polyethylene oxide), are connected in parallel. Aluminum

and copper foils are used as current collectors in positive and negative electrodes, respectively. The

27



Table 3.1: Specifications of ePLB C020, EiG battery.

Mechanical characteristics
Thickness (L1) 7 [mm]
Width (L2) 125 [mm]
Height (L3) 195 [mm]
Weight 407 [g]
Electrical characteristics
Nominal voltage 3.65 [V]
Nominal capacity 20 [Ah]
Specific energy 175 [Wh kg−1]
Energy density 370 [Wh L−1]
Operating conditions
Recommended voltage limit for discharge 3 [V]
Lower voltage limit for discharge 2.5 [V]
Maximum continuous discharge current 5C
Maximum discharge current (peak¡10 s) 10C
Operating temperature Between -30◦C and +40◦C

Table 3.2: Thickness, thermophysical, and electrical properties of battery components [40,
41, 44].

Material/Layer Thickness Number Density Heat capacity Thermal Electrical
[µm] of layers [kh m−3] [J k−1 K−1] conductivity conductivity

[W m−1 K−1] [S m−1]
Aluminum current collector 21 17 2702 903 238 37.8×106
Copper current collector 12 18 8933 385 398 59.6×106
Separator sheet 25 36 1017 (wet) 1978 (wet) 0.34 (wet) 25×10−6
Positive active material 70 34 2895 (wet) 1270 (wet) 1.58 (wet) 13.9 (wet)
Negative active material 79 36 1555 (wet) 1437 (wet) 1.04 (wet) 100 (wet)
Pouch (case) 162 2 1150 1900 0.16 -

polymer layers (electrodes and separator sheets) are porous media soaked in an electrolyte liquid, a

mixture of ethylene carbonate and dimethyl carbonate, and accommodate active materials required

in the battery chemistry. The battery core is packed in a polymer laminate aluminum pouch case

as presented in Fig. 3.1c. For parallel connection of the cells, electrode tabs of the same type are

welded together to form the battery terminals. The thickness and thermophysical properties of the

battery core layers/materials are provided in Table. 3.2. The thermophysical properties reported in

Table. 3.2 are obtained from the literature for a similar battery type [40, 41, 44]. However, in the

following section a measured value for the heat capacity will be provided.
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Figure 3.1: a) Core structure of the experimental battery. b) Layered structure of a negative
electrode. c) The actual experimental battery with the pouch case.

3.1.1 Experimental equipment

Power processing unit

The power processing unit (ABC-150, AeroVironment, USA) shown in Fig. 3.2a, consists of

two independent channels used to charge, discharge, and cycle the battery. Being bi-directional

and operable in power mode makes ABC-150 a system for accurate EVs and HEVs battery testing.

This load processing device offers power up to 125 kW, with a voltage range of 8 to 445VDC. It

has a maximum response time of 50 milliseconds and a typical response time of less than 10 mil-

liseconds. Essentially, the battery testing requires implementation of a wide range of test programs

and cycles. Different battery technologies have their own special characteristics that must be moni-

tored or accounted for in testing. To account for all of these variations, the battery test system must

have extremely flexible test automation. In this regard, Emerald software developed by Greenlight

Innovation (Canada) was employed as it offers a powerful test scripting architecture able to meet

all needed requirements. The software as a test manager, provides flexible test control including

looping, branching, global and local stops conditions, and user-defined variables. Any load cycle

including charge and discharge protocols should be scripted in Emerald software that can control

the power processing unit. A PC, connected to the power processing unit through a controller area

network (CAN) connection, is used for software-hardware communication and for data collection.

A schematic of the experimental setup is shown in Fig. 3.2b.
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Figure 3.2: a) Power processing unit, (ABC-150, AeroVironment, USA), is applied to
cycle the battery, b) The experimental setup for battery cycling and voltage and surface
temperature measurement.

Data acquisition system (DAQ)

A fully configurable analog data acquisition system (DAQ) from Greenlight Innovation was

used to collect temperature and voltage of cells with up to 100Hz continuous data sampling. It

consists of two modules, each contains 32 available slots for various analog input channels. The

first 13 channels were used for voltage sensors in daisy-chain configuration, and the rest of them

are allocated to temperature sensors. The collected data is displayed in the Emerald software for

monitoring purposes, see Fig. 3.3; the data is also recorded to a data output file with a variable

recording time to optimize data storage space and ease data analysis.

Accelerated rate calorimeter

The specific heat capacity and the amount of heat generation in a battery are important pa-

rameters to characterize the battery thermal behaviour, can be measured using an accelerated rate

calorimeter (ARC) and a battery performance calorimeter (BPC, Thermal Hazard Technology, UK)

as shown in Fig. 3.4. The operational temperature range of the calorimeter is from -40 to 200 ◦C,

with a heat detection sensitivity at 0.02Kmin−1. The system enables specific heat capacity, cp,

measurements as a function of temperature. The calorimeter can operate in two different running

modes: 1) adiabatic, which allows an accurate measurement of heat released from the batteries

during cycling, and 2) isothermal, which functions in a similar way to an environmental chamber
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Figure 3.3: A demonstration of monitoring the collected data (temperature, voltage, and
current) in the Emerald software.

(i.e., keeping track of the battery temperature). To ensure that the system operates in the desired

manner, a calibration test should be performed prior to the any sample testing. The BPC calibration

is generally conducted over the temperature range of -20 ◦C to 120 ◦C. The calibration sample is a

piece of metal, ideally aluminum or copper due to their high thermal conductivity. The size of the

calibration sample should be the same as the targeted battery. In this case, a block of aluminum with

the same size of the experimental battery was used as the calibration sample.

Environmental chamber

To simulate different environmental conditions, an environmental chamber (Platinous H-series,

ESPEC, USA) is used as shown in Fig. 3.5. The environmental chamber with an interior space of

900 liters, operating over a temperature range from -70 ◦C to 180 ◦C, and relative humidity range of

10% to 98%, is used for conducting the experiments.
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ba

Figure 3.4: Battery performance calorimeter (PBC, Thermal Hazard Technology, UK) used
to measure the specific heat measurement. a) Opened chamber for battery set-up, b) closed
chamber for testing.

Figure 3.5: Environmental chamber (Platinous H-series, ESPEC, USA) used to simulate
different environmental conditions.

3.1.2 Test procedure

Battery preparation

During battery testing, the temperature and voltage of the batteries should be monitored to

assure they remain within the range recommended by the manufacturer. The most popular method

of temperature monitoring is direct measurement via contact between a sensing element and part of

the cell. In this study, T-type (copperconstantan) thermocouples with the accuracy of ±0.5 ◦C are

used as temperature sensors. Owing to their stability and oxidation resistance, T-type thermocouples

are suitable for temperature measurements from -200 to 350◦C. The voltage at the battery tabs

(terminals) and the temperature at different locations were collected through the DAQ system every

10 milliseconds. Each battery was equipped with T-type thermocouples attached to the battery
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Figure 3.6: A demonstration of the experimental batteries with the measuring instruments:
T-type thermocouples and voltage sensors attached to the batteries surface and tabs, respec-
tively.

surface (two in the vicinity of the tabs, one at the center, and two at the bottom corners) and the

voltage sensor connected to the tabs as shown in Fig. 3.6. A thermally conductive and electrical

insulator thermal paste provided by Omega was applied to allow a thermal connection and prevent

electrical connection between the tip of the thermocouples and the battery surface.

Specific heat capacity test

Using the ARC-calorimeter, the specific heat capacity, cp, of the battery was measured over 300

to 320K range of temperature. During the test, a heater mat, slightly smaller than the experimental

cell, is sandwiched between two identical cells. After placing the sample in the ARC test chamber,

the specific heat measurement test was performed by setting up the ARC to power the thermal mat

and record the temperature rise over the chosen range. In Fig. 3.7, an sample of measured value for

specific heat with respect to temperature is shown. Dependency of cp on T is approximated by a

quadratic polynomial fit

cp(T ) =−81481.2+518.523T −0.811504T 2 (3.1)

The above correlation was used for numerical simulations, and an average value of 1250 (J kg−1 K−1)

was used in the analytical model.
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Figure 3.7: Dependency of specific heat capacity cp on temperature. A quadratic polyno-
mial (line) is fitted to experimental data (symbols).

Galvanostatic discharge test

The I−V characteristics of the battery across different constant-current discharge processes is

captured by galvanostatic discharge tests. Before every discharge test, the constant current-constant

voltage (CC-CV) protocol (20A, 4.15V max with 2A cutoff) was used to fully charge the battery at

the room temperature of 22◦C. For equilibrium voltage and temperature to be established, the fully

charged batteries were allowed to rest for at least six hours before a discharging test.

Voltage response of the battery, Vbatt, during discharge processes at various C-rates (0.5 C, 1C,

2C, 3C and 4C) was measured at a constant environmental temperature of 22 ◦C and the results are

plotted in Fig. 3.8. During the discharge process, the batteries are subjected to natural convection

cooling. Because of the excessive temperature rise (above the safety limit) in the battery during

4C-rate discharge, the voltage measurement is terminated before completion of the process. In

Chapter. 6, the data collected is applied to characterize the fitting function model and to validate the

proposed analytical electro-thermal model.

Hybrid pulse power characterization test

To characterize the equivalent circuit model that will be discussed in Chapter 7, the batteries

were cycled with hybrid pulse power characterization (HPPC) test at different environmental tem-

peratures. Essentially, the HPPC test intends to determine dynamic power capability of the battery

over the useable voltage range by using a test profile that incorporates both discharge and charge
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Figure 3.8: Measured voltage response of the battery during constant-current discharge
processes at different discharge rates at environmental temperature of 22◦C.

Table 3.3: Relative currents for discharge and charge pulses in HPPC [72].

Pulse duration (s) Cumulative time (s) Relative currents
10 10 1.00
40 50 0
10 60 - 0.75

pulses [72]. The main profile is made up of single repetitions of the HPPC profile, separated by 10%

DOD constant current discharge segments and each followed by a 1 hour rest period to allow the cell

to return to an electrochemical and thermal equilibrium condition before applying the next profile.

The HPPC profile, presented in Fig. 3.9, determines the 10-second discharge-pulse and 10-second

charge-pulse power capabilities at each 10% DOD increment. The current values for the discharge

and charge pulses are presented in Table 3.3 are selected from the Battery Test Manual for Plug-In

Hybrid Electric Vehicles [72]. This study uses positive values for discharge current whereas charge

(regen) values are negative.

Prior to executing HPPC profile, the batteries were first discharged to 100%DOD under constant-

current profile, relaxed for 1 hour and then charged to 100% SOC under CC-CV protocol. The

battery is relaxed for 1 hour to reach electrical and thermal equilibrium. The sequence of dis-

charge/charge protocols, rest periods, pulse segments, and HPPC profiles is also illustrated in

Fig. 3.9. The HPPC tests were performed at environmental temperatures of 0 ◦C, 25 ◦C, 45 ◦C,

and 55 ◦C and the results are presented in Fig. 3.10.
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pulse profile.

3.1.3 Summary

The experimental data required for model development and validation in the next chapters, were

acquired in this chapter. Hence, in this chapter a programmable and regenerative multi-channel bat-

tery testing platform was designed to collect the experimental data including, galvanostatic tests

and HPPC profile. A power processing unit, ABC-150 was applied to charge, discharge, and cycle

the batteries. Emerald software, a test scripting tool, was applied to control the power processing

unit, establish a battery safety profile based on the special characteristics recommended by man-

ufacturer, and to provide different load cycle protocols. Using accelerated rate calorimeter, the

specific heat capacity of the battery was measured over a temperature range of 300−320K. Differ-

ent environmental conditions, from sub-ambient to warm-ambient, were simulated by the ESPEC

environmental chamber. The voltage response of the battery to constant-current discharge processes

and HPPC-profile required for the model development were provided in this chapter.
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Chapter 4

Transient Three-Dimensional Thermal

Model for Batteries with Thin Electrodes

A three-dimensional analytical model is proposed to investigate the thermal response of batter-

ies, with a plurality of thin electrodes, to heat generation during their operation. The model is based

on an integral-transform technique that gives a closed-form solution for the fundamental problem

of unsteady heat conduction in batteries with orthotropic thermal conductivities, where the heat

generation is a function of both temperature and depth-of-discharge.

To demonstrate the versatility of the proposed solution, the model is applied to study the tran-

sient thermal response of a Li-ion battery operating at constant-current discharge and a nickel-metal

hydride (NiMH) battery during fast charging processes at constant-currents.

4.1 Formulation of the problem

The core of the battery is considered as a three-dimensional rectangular orthotropic solid of

length L1, width L2, and height L3, and as the domain of the study. For better reading, a two-

dimensional schematic of the domain is shown in Fig. 4.1. Heat is generated non-uniformly within

the domain, while heat transfer with a surrounding medium is allowed at boundary surfaces. The

unsteady temperature distribution inside the domain is described by a three-dimensional energy

balance equation which only includes conduction terms,

ρcp
∂T
∂ t

= κ1
∂ 2T
∂x21

+κ2
∂ 2T
∂x22

+κ3
∂ 2T
∂x23

+ ġ, 0≤ x1≤ L1, 0≤ x2≤ L2, 0≤ x3≤ L3, t > 0, (4.1)
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Figure 4.1: Two-dimensional schematic of the battery core in x1–x3 plane with internal
heat generation ġ, and heat dissipation at boundaries. The ambient temperatures is denoted
by T0.

in which t is time, and x= {x1,x2,x3} represents the components of the position vector in Cartesian

coordinate system. The functions T (x, t) and ġ(x, t) denote the temperature and volumetric heat

generation rate inside the battery core, respectively (see Fig. 4.1). The density, ρ , specific heat, cp,

and orthotropic thermal conductivities, κi, are the thermophysical parameters for the core region.

Convection thermal boundary conditions are applied at the surfaces of the battery case,

−κi
∂T
∂xi

+

[

δcase
κcase

+
1

hi0,case

]−1
(Ti0−T0) = 0, at xi = 0 (i= 1,2,3) , (4.2a)

+κi
∂T
∂xi

+

[

δcase
κcase

+
1

hi1,case

]−1
(Ti1−T0) = 0, at xi = Li (i= 1,2,3) (4.2b)

where hi j,case are the convective heat transfer coefficients at different surfaces of the case, and Ti j are

the corresponding surface temperatures. The index, i, represents the direction of the normal vector

on a boundary surface, while j= 0 and j= 1 denote surfaces at xi = 0 and xi = Li, respectively (see

Fig. 4.1). The thickness of the battery case and its thermal conductivity are denoted by δcase and

κcase. The environment temperature, T0, is assumed to be a constant.
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The initial temperature of the domain is the same as environment temperature, T0,

T = T0, at t = 0. (4.3)

In this study, we consider constant ambient temperatures; however, the method allows definition of

ambient temperatures as a function of both space and time [73, 74].

The rate of heat generation inside the battery can be approximated from the well-known energy

balance analysis proposed by Bernardi et al. [75],

ġ=±
I
V

[

(V −Voc)+T
dVoc
dT

]

, (4.4)

with positive and negative signs for charge and discharge processes, respectively. The parame-

ters I and V denote operational current and voltage of the battery, and V is the battery core vol-

ume. Open circuit voltage (OCV) of the battery, also known as equilibrium potential, is denoted by

Voc. The term I (V −Voc)/V is the irreversible heat generation due to Joule heating, and the term

IT (dVoc/dT )/V is the reversible heat generation caused by the entropy change in electro-chemical

reactions [75].

4.2 Analytical solution

Equation (5.2) is a linear energy balance equation for which an analytical solution is accessible.

The key assumption in the derivation of the linear energy equation is that the thermophysical proper-

ties are assumed to be independent of temperature, which is generally acceptable over a reasonably

narrow temperature range of interest (i.e., the desired operating temperature range for batteries).

Furthermore, due to the porosity of battery components, the motion of the electrolyte is neglected,

thus the convective terms do not appear in the governing energy equation.

To generalize the analysis, dimensionless quantities can be introduced. We use the largest value

of κi/L2i , which happens to be in x1 direction, to scale the governing equations, i.e., Eqs. (5.2), (5.3),

(4.3), and (4.4).

The dimensionless coordinate system, ξi, and dimensionless time, τ , are defined as,

ξi =
xi
Li

(i= 1,2,3) , τ =
κ1/L21
ρcp/t

. (4.5)

Rewriting the initial-boundary-value problem, i.e., Eqs. (5.2), (5.3), and (4.3), in terms of dimen-

sionless position and time gives,

∂θ
∂τ

=
∂ 2θ
∂ξ 21

+K2
∂ 2θ
∂ξ 22

+K3
∂ 2θ
∂ξ 23

+ Ġ, 0≤ ξ1 ≤ 1, 0≤ ξ2 ≤ 1, 0≤ ξ3 ≤ 1, τ > 0, (4.6)
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with the boundary conditions,

−
∂θ
∂ξi

+Bii0θi0 = 0, at ξi = 0 (i= 1,2,3) , (4.7a)

+
∂θ
∂ξi

+Bii1θi1 = 0, at ξi = 1 (i= 1,2,3) , (4.7b)

and the initial condition,

θ = 0, at τ = 0. (4.8)

In Eq. (4.6), Ki and Ġ are the dimensionless thermal conductivities and heat generation, respec-

tively, and in the transformed boundary conditions [cf. Eq. (4.7)] Bii j are Biot numbers,

Ki =
κi/L2i
κ1/L21

(i= 1,2,3) , Ġ=
ġ

κ1/L21
, Bii j =

hi j Li
κi

(i= 1,2,3; j = 0,1) , (4.9)

The temperature rise inside the battery core is denoted by θ , and the temperature rise on its

boundaries are θi j,

θ = T −T0, θi j = Ti j−T0. (4.10)

The transformed system [cf. Eqs. (4.6)–(4.8)] that describes temperature rise with respect to the

dimensionless space and time, is solved analytically using a finite-integral transform technique, as

described below.

The triple integral transformation and the inversion formula for temperature function are defined

as [73],

θ (λ1l ,λ2m,λ3n,τ) =

1
∫

ξ ′
1=0

1
∫

ξ ′
2=0

1
∫

ξ ′
3=0

ψ
(

λ1l ,ξ
′
1
)

·ψ
(

λ2m,ξ ′
2
)

·ψ
(

λ3n,ξ ′
3
)

·θ
(

ξ ′
1,ξ

′
2,ξ

′
3,τ
)

·dξ ′
1 ·dξ ′

2 ·dξ ′
3, (4.11)

and,

θ (ξ1,ξ2,ξ3,τ) =
∞

∑
l=1

∞

∑
m=1

∞

∑
n=1

ψ (λ1l ,ξ1) ·ψ (λ2m,ξ2) ·ψ (λ3n,ξ3) ·θ (λ1l ,λ2m,λ3n,τ) . (4.12)

The functions ψ (λ1l ,ξ1), ψ (λ2m,ξ2), and ψ (λ3n,ξ3) are the transformation kernels (normal-

ized eigenfunctions) in ξ1, ξ2, and ξ3 directions,

ψ (λ i,ξi) =
φ (λ i,ξi)

α1/2i

(i= 1,2,3), (4.13)
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and φ (λ i,ξi) are eigenfunctions of the following Sturm–Liouville system corresponding to Eqs. (4.6)

and (4.7),

d2φ
dξ 2i

+λ 2i φ = 0 (i= 1,2,3), (4.14a)

−
dφ
dξi

+Bii0φ = 0, at ξi = 0 (i= 1,2,3), (4.14b)

+
dφ
dξi

+Bii1φ = 0, at ξi = 1 (i= 1,2,3), (4.14c)

In Eqs. (4.13) and (4.14), λ i denote an infinite list of eigenvalues in ξi direction. In Eqs. (4.11)

and (4.12) components of λ i in ξ1, ξ2, and ξ3 directions are denoted by λ1l , λ2m, and λ3n, respec-

tively. The subscripts l, m, and n are the indices for the list components. The eigenvalues in each

direction are positive roots of the following transcendental equation [73],

tanλ =
λ (Bii0−Bii1)
λ 2−Bii0 Bii1

, (i= 1,2,3). (4.15)

Eigenvalues normalization factors, α i, which appears in Eq. (4.13), are obtained as [73],

α i =
1
2

[

(

λ 2i +Bi2i0
)

(

1+
Bii1

λ 2i +Bi2i1

)

+Bii0

]

, (i= 1,2,3). (4.16)

The integral transform of Eq. (4.6), according to transformation (4.11), yields the following

ordinary differential equation for θ̄ ,

dθ̄
dτ

+∆lmnθ̄ = ¯̇G, with θ̄ (τ) = 0 at τ = 0. (4.17a)

∆lmn will be defined in the following sections as the solution is applied to two different batteries.

Quantities with a bar refer to transformed quantities as given by Eq. (4.11), i.e.,

¯̇G (λ1l ,λ2m,λ3n,τ) =

1
∫

ξ ′
1=0

1
∫

ξ ′
2=0

1
∫

ξ ′
3=0

ψ
(

λ1l ,ξ
′
1
)

·ψ
(

λ2m,ξ ′
2
)

·ψ
(

λ3n,ξ ′
3
)

· Ġ (τ) ·dξ ′
1 ·dξ ′

2 ·dξ ′
3, (4.17b)

Equation (4.17a) is a first-order, linear, and inhomogeneous ODE with a constant coefficient

∆lmn. Its solution θ̄ (λ1l ,λ2m,λ3n,τ) can be obtained as,

θ̄ = exp(−∆lmn τ)
[

∫

τ

¯̇G(τ)exp(∆lmn τ)dτ+C

]

, (4.18)

for which the corresponding integrating constant C must be evaluated from the given initial condi-

tion, θ̄ (λ1l ,λ2m,λ3n,0) = 0. Substitution of this solution into the inversion formula (4.12) gives the

final solution in series form.
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In Eqs. (4.11) and (4.12), when a double integral and its corresponding summation are used

(instead of the triple ones), a two-dimensional solutions can be obtained by following the presented

procedure. Chapter 6 will describe the adaption of this solution to a two-dimensional thermal model.

4.3 Application of analytical solution of thermal model to

pouch-type Li-ion batteries

Determination of the volumetric heat generation rate ġ(x, t) inside the battery is one of the most

challenging tasks in thermal modeling of battery systems. Complexities associated with this task

are rooted in the strong coupling of heat generation rate to the rate of chemical reactions, current

density distribution, and local Joule heating effects inside the battery core [33, 76, 77]. In this part

of the study, only the heat generated from the chemical reactions has been considered; to complete

our model, the effect of local Joule heating is included in Chapter. 6.

Based on Eq. (4.4), the source for temperature rise, Ġ, in Li-ion batteries is,

Ġ=
ġ

κ1/L21
=±Ġirrev± Ġrev± Ġ0, (4.19)

with positive and negative signs for charge and discharge processes, respectively. The terms in

Eq. (4.19) and the positive constant, α , are,

Ġirrev = α (V −Voc) , Ġrev = αθ
dVoc
dθ

, Ġ0 = αT0
dVoc
dθ

, and α =
I/V
κ1/L21

, (4.20)

Accordingly, the ¯̇G and ∆lmn defined in Eq. (5.29) can be tailored for Li-ion battery as;

¯̇G=± ¯̇Girrev± ¯̇G0, (4.21a)

∆lmn = λ 21l+K2λ 22m+K3λ 23n∓α
dVoc
dθ

(4.21b)

In this study, we assume that open circuit potential, Voc, linearly depends on temperature [44], that

is, dVoc/dT = constant.

4.3.1 Results and discussions

In this section, thermal behavior of a sample lithium-ion pouch cell during discharge processes

is investigated using the proposed analytical approach. The required calculations, as presented in

Section 5.2, are programmed symbolically in Mathematica c⃝ to obtain a generic solution in series
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form, i.e., Eq. (4.12). It should be noted that compared to the existing multi-dimensional numer-

ical approaches, e.g. Refs. [8, 9, 43, 44, 46–48, 56], our analytical model demands minimum

numerical effort, which is required for evaluation of eigenvalues from the transcendental equation

[cf. Eq. (4.15)].

Thermophysical properties of the sample lithium-ion battery

This section demonstrates how to apply the proposed analytical solution to investigate the tran-

sient thermal behaviour of pouch-type Li-ion cell introduced in Section 3.1.

Density, heat capacity, and thermal conductivity of porous polymer layers in the electrodes

and separator sheets must be measured after they are soaked in the electrolyte liquid. Since heat

capacity and thermal conductivity of battery components are not reported by the manufacturer, the

data provided in Table. 3.2 is used to estimate the battery thermophysical properties.

To avoid the complexities associated with multi-material multi-layered structure of the battery

[cf. Fig. 3.1], we use averaged/effective transport properties in this study. The product value of

density and heat capacity can be averaged based on density, heat capacity, and volume of each layer

(component) [15, 44],

ρcp =
∑N
j=1ρ jcp, jV j

V
= 2767.45

[

kJ/m3K
]

, (4.22)

for which the required data are provided in Tables 3.1 and 3.2. The quantity V is the total battery

volume, V j is the volume of the jth component (layer), and N is the total number of components

(layers). Furthermore, the concept of equivalent resistance network can be employed to define

effective thermal conductivity in different directions. There are series thermal resistors in the x1

direction and parallel thermal resistors in the x2 and x3 directions. Accordingly, by using the data

from Tables 3.1 and 3.2, through-plane and in-plane orthotropic conductivities are evaluated as [44],

κ1 =
∑ j δ j

∑ j (δ j/κ j)
= 0.97 [Wm−1 K−1], (4.23a)

κ2 = κ3 =
∑ j δ jκ j
∑ j δ j

= 26.57 [Wm−1 K−1], (4.23b)

where δ j denotes the thickness of the jth component (layer) in x1 direction, and ∑ j δ j = L1.

It must be emphasized that as a consequence of the laminated arrangement of the battery core,

interfacial phenomena of contact resistance at porous-porous and porous-solid interfaces must be
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considered in evaluation of effective thermal conductivities. However, for Li-ion polymer batteries,

since the contact interfaces are wet due to the presence of the electrolyte liquid, the effects of contact

resistance are assumed to be negligible. This simplification is usually justified given that thermal

conductivities of electrolyte and polymer compounds are in the same order [44].

The pouch case of the battery is made of polyethylene-laminated aluminum foil. As reported

in Tabel 3.2, since the thickness of the pouch is small, 162 mm, and its through-plane thermal

conductivity is not very different from the battery bulk (compare to Eq. (4.23b)). For an accurate

boundary treatment, the outer surface temperature of the case is related to surface temperature of

the battery core; see Eq. 4.2b.

4.3.2 Battery temperature distribution

The dimensions of the battery as given in Table 3.1 are chosen to be L1 = 0.007 m, L2 = 0.125

m, and L3 = 0.195 m. The effective thermophysical properties of the battery core are evaluated

from Eqs. (5.1) and (4.22). In this part of the study, the experimental data, reported by EiG for

its ePLB C020 cell, on variation of cell potential (voltage) versus depth-of-discharge (DOD) for

different discharge rates, shown in Fig. 4.2, are applied. For discharge processes, based on the

recommended voltage limit in Table. 3.1, the cut-off voltage of 3V is considered. Heat generation

rate inside the battery is approximated from Eq. (4.4). Since the capacity of the sample battery is

20 Ah, the empirical data for C/2, 1 C, 2C, 3C, and 5C discharge rates, as shown in Fig. 4.2b,

correspond to 10A, 20A, 40A, 60A, and 100A discharge currents, during 2 h, 1 h, 30min, 20min,

and 12min process, respectively. In Fig. 4.2b, variations of open-circuit and operating voltages at

different discharge currents are plotted versus dimensionless time, τ , where in account for Eq. (4.5),

t = 139.8τ . For different discharge modes, summation of irreversible heat generation, Ġirrev(τ),

and the constant heat generation, Ġ0, are plotted in Fig. 4.3 for T0 = 25◦C. The term V−Voc is

evaluated by fitting fifth-order polynomials to the data points in Fig. 4.2b, and using Eq. (4.20).

Linear transformations in (4.5) and (4.19) can be used to relate the magnitude of G to g, which in

our case is ġ= 19,796 Ġ. The sharp increase in heat generation at the end of discharge corresponds

to large differences between OCP and operating voltages. Battery thermal management systems op-

erate based on heat transfer at battery surfaces, and their design depends on a variety of parameters,

including: i) the thermal management strategy, which can be either active or passive [78] or a com-

bination; ii) the type of the coolant (gas or liquid); iii) coolant circulation design (flow passage area,
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Figure 4.2: a) Experimental data reported by EiG Corp. on the variation of battery voltage
with DOD at 25 ◦C for different discharge conditions in C-rate. A 1C-rate means that the
current completely discharges the battery in 1 h. The red triangle symbols represent open
circuit voltage (OCV); b) variation of open circuit voltage (OCV) and operation voltage
of the battery versus dimensionless time, τ (t = 139.8τ s), for different discharge currents.
Solid lines in plot (b) represent fifth-order polynomial fits to the experimental data.

laminar or turbulent flow, etc); iv) the size and the shape of the battery assembly; v) a recommended

operational temperature for the battery. We assume small and moderate heat transfer coefficients to

investigate the possibility of natural and forced convection cooling with air. The ambient and initial

temperatures are assumed to be T0 = 298.15 K, thus, based on the recommended operation tem-

perature in Table 3.1, the maximum temperature rise of θ = 25 K is acceptable during the battery

operation, which means the critical temperature is TCri = 323.15 K. Here, only discharge operation

mode is considered, but the same method can be used for charging process if variations of OCV and

operation voltage are given during charging period.

Variation of the maximum temperature, TMax, at the center of the battery ξ = (0.5,0.5,0.5),

minimum temperature, TMin, at the corner of the battery ξ = (0,0,0), and averaged battery tempera-

ture, TAve, as a function of battery utilization (DOD) are shown in Fig. 4.4. The average temperature

is calculated as,

TAve = T0+
∫ 1

ξ1=0

∫ 1

ξ2=0

∫ 1

ξ3=0
θ (ξ1,ξ2,ξ3,τ)dξ1 dξ2 dξ3. (4.24)

The temperatures TMax, TMin, and TAve obtained from the proposed analytical model for different

discharge modes and heat transfer coefficients are compared to numerical results from the COM-

SOL Multiphysics finite element package (Version 4.2a). The comparison shows a good agreement

between the analytical and numerical results. In the numerical calculation, the relative tolerance

was set to 10−4. The presented analytical results are obtained using only the first eigenvalue in each
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Figure 4.3: The Variation of Ġirrev+Ġ0 versus dimensionless time, τ , is shown for different
discharge currents at 25◦C.

direction, which means the temperature is calculated only from the leading term of Eqs. (4.11) and

(4.12),

T (ξ1,ξ2,ξ3,τ) = T0 + ψ (λ11,ξ1) · ψ (λ21,ξ2) · ψ (λ31,ξ3) · θ (λ11,λ21,λ31,τ) , (4.25)

and,

θ (λ11,λ21,λ31,τ) =

1
∫

ξ ′
1=0

1
∫

ξ ′
2=0

1
∫

ξ ′
3=0

ψ
(

λ11,ξ ′
1
)

·ψ
(

λ21,ξ ′
2
)

·ψ
(

λ31,ξ ′
3
)

·dξ ′
1 ·dξ ′

2 ·dξ ′
3. (4.26)
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Figure 4.4: Temperature variation versus DOD is shown for different discharge rates. Max-
imum temperature at the battery center (red solid line), minimum temperature at the battery
corner (blue long-dashed line), and average temperature (green dot-dashed line) are com-
pared to numerical data for maximum temperature (diamond symbols) and minimum tem-
perature (circular symbols). In plots (a)-(d), thermal response of the battery during 10 A,
20 A, 40 A, and 60 A discharge currents is shown for hi j= {1, 5, 10, 20}Wm−2 K−1. For
the case of 100 A discharge current (plot e), higher heat transfer coefficients are examined
to lower the temperature below the critical temperature TCri = 323.15 K.
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The conclusion of more terms from the series solution is expected to improve the accuracy of

the analytical results. Indeed, our calculations confirm that series solutions up to five terms provide

a better matching with the numerical data, particularly for large Biot numbers. Further increase

of the terms in the series solution increases the computational cost to a level comparable with the

numerical solution, while improvements in the results are negligible.

Thermal behavior of an adiabatic battery is approximated by setting hi j = 1 Wm2 K−1, while

hi j = {5,10} Wm2 K−1 represent natural-convection cooling effects. Higher value of hi j repre-

sents forced-convection cooling. Plot (a) and (b) in Fig. 4.4 show that for 10A and 20A discharge

rates, cell temperature does not reach to the critical temperature of TCri = 323.15 K, and natural-

convection cooling suffices to limit the temperature rise below 7K. However, as shown in plots

(c)-(e), for 40A, 60A, and 100A discharge currents, thermal runaway might initiate in the cell as

its temperature exceeds the critical temperature. To avoid overheating of the battery in such cases,

minimum heat transfer coefficients of h = 5 Wm2 K−1, h = 10 Wm2 K−1, and h = 40 Wm2 K−1,

must be respectively applied to guarantee safe performance of the battery. The difference between

TMax and TMin increases when higher rates of heat generation and surface heat dissipation are ap-

plied. In design of battery thermal management systems, such temperature non-uniformities are

avoided, as they accelerate the rate of battery degradation.

Throughout the results, TAve is closer to TMax rather than TMin. This trend, which is more visible

in Fig. 4.4e, indicates that due to low thermal conductivity of the battery bulk, low temperature

regions are limited to a small portion of the battery volume, i.e., the corners.

As given in Eq. (4.20), the coefficient dVoc/dθ , dictated by battery chemistry [79], can signif-

icantly alter the magnitude of the heat generation rate. In Fig. 4.5, the increase of TMax and TMin

are shown for dVoc/dθ={0, 0.1, 0.4}mVK−1, while the battery is discharged at 3C-rate (60A) and

subjected to a cooling heat transfer coefficient of hi j=10Wm−2 K−1. When TMax−TMin is small, one

can use a lumped thermal model [80, 81] to approximate the thermal behavior of the battery. Con-

ventionally, the Biot number is used to indicate the applicability of lumped thermal models; a Biot

number less than 0.1 typically indicates a less than 5% error due to the lumped model assumption

[82].

We define a surface-averaged Biot numbers for the battery,

BiAve =
1
A

3

∑
i=1

3

∑
j=1
Bii jAi j, (4.27)
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Figure 4.5: The minimum and maximum temperature rise are shown for dVoc/dθ={0, 0.1,
0.4}m−2 K−1 during a 60 A discharge with hi j = 10 Wm−2 K−1. Analytical results (lines)
are compared to numerical data (symbols).

Table 4.1: Directional surface-averaged Biot numbers.

Heat transfer coefficient [Wm−2 K−1] Bi1 j Bi2 j Bi3 j BiAve
h= 5 0.036 0.023 0.037 0.035
h= 10 0.072 0.047 0.073 0.071
h= 15 0.108 0.070 0.1110 0.106
h= 20 0.144 0.094 0.147 0.141
h= 30 0.216 0.141 0.220 0.213
h= 40 0.289 0.188 0.293 0.284

where A is the total battery surface area, and Ai j is the area of the surface normal to xi direction;

j= 0 and j= 1 denote the surface at xi = 0 and xi = Li, respectively. Biot number Bii j characterizes

the ratio of convective heat transfer to conductive heat transfer at Ai j surfaces. Since the thermal

conductivity and dimensions of the battery are invariant, the only parameter affecting Bii j is hi j . In

Table 4.1 , Biot numbers for some cases are listed. The surface-averaged Biot number suggests that

for h < 15 Wm−2 K−2 at all surfaces, a lumped thermal model is acceptable since Bii j < 0.1. For

forced-convective cases with h > 15 Wm−2 K−2 a multi-dimensional approach must be applied as

Bii j > 0.1; however, since Biot number in x2 direction is always less than the other two directions

(see Table 4.1), a two-dimensional model in x1-x3 plane is also acceptable. Note that an increase in h

in x2 direction can change the choice for a two-dimensional model. Our criterion for a proper choice

of a two-dimensional model is that it should capture both minimum and maximum temperatures

in the battery. The analysis of averaged Biot number and its application to simplify the thermal

problem is valid only for homogeneous heat generation. In Fig. 4.6, temperature distribution at the

end of a 100 A discharge process is shown on ξ1 = 1/2, ξ2 = 1/2, and ξ3 = 1/2 planes.
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Figure 4.6: In plots (a)-(c), the temperature distribution at the end of a 100A discharge
process is shown for hi j = 40Wm−2 K−1 at all surfaces of the battery. In plots (d)-(f),
the temperature distribution at the end of a 100 A discharge process is shown for h31 =
1Wm−2 K−1 and hi j = 40 Wm−2 K−1 for other surfaces. Ambient and initial temperature
of 293.15 K was assumed. As a result of the system transformation, the results are mapped
into a square region.

Plots (a)-(c) show the temperature distribution when hi j = 40 Wm−2 is applied on all bound-

aries. Plots (d)-(f) correspond to the case in which h31 = 1 Wm−2, and on other surfaces hi j =

40 Wm−2. The latter case is defined to examine the effects of non-uniform boundary conditions on

the temperature distribution. In practical applications, indeed, at one side of the battery that is used

for electrical connections, heat transfer coefficient differs from other sides (usually less). As a result

of system transformation, i.e., Eq. (4.5), the solutions are mapped into a square region. A simple

backward transformation can be used to remap the solutions into the original physical dimensions.

Plots (a)-(c) in Fig. 4.6 have the maximum temperature rise of TMax = 317.7 K, whereas the

minimum temperature rise exists at the corners of ξ1–ξ3 plane. This confirms the result of Biot
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number analysis, i.e., the best geometry choice for a two-dimensional modeling is a x1–x3 surface.

This argument applies also for plots (d)-(f).

Finally, it should be emphasized that experimental observations show that maximum temper-

ature in our sample battery occurs in the vicinity of battery tabs, where current density, and thus,

Joulean heat generation are maximum. At this stage of the study, the thermal model has not been

coupled with an electrical model to account for the Joulean heat, however, this work will be dis-

cussed in Chapter 6.

4.4 Application of analytical solution of thermal model to

prismatic NiMH batteries

In this section, the proposed solution is adapted to investigate the thermal behaviour of NiMH

batteries under fast-charging processes at constant currents.

To highlight the importance of operational temperature in NiMH batteries it suffices to mention

that high temperatures lead to pressure buildup as a result of gas accumulation from the side reac-

tions [83, 84], which in turn may cause structural failure, electrolyte leakage (capacity fade), and

explosion hazard [85]. For NiMH batteries, it is evident that thermal issues are more pronounced

during charging processes rather than discharging [86, 87].

For nickel based batteries, several rigorous mathematical models at the electrode level have been

developed, for examples see Refs. [88–96]. Such models are suitable to, i) investigate underlying

physicochemical mechanisms, ii) optimize electrode designs (electrode thickness and particle size)

on scale-up battery systems, and iii) predict battery behavior in different operating conditions. How-

ever, for batteries detailed thermo-electro-chemical simulations are not plausible computationally;

instead, stand-alone thermal models or electro-thermal models that focus on the thermal response

of the battery under different operating conditions are desirable.

Similar to Li-ion batteries, the main challenge in thermal modeling of NiMH batteries is the

evaluation of heat generation rate during charge/discharge processes. A common practice is to

use direct or indirect calorimetry techniques for in-situ measurement of the battery heat generation

and its corresponding temperature [85, 97]. An alternative approach is to approximate the heat

generation rate in a battery from its electrical performance, and solve the energy balance equation
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Figure 4.7: Schematic and dimensions of the sample 30Ah NiMH battery.

for temperature [98]. In this study, the latter approach is employed to investigate thermal response

of a NiMH battery during rapid-charging processes.

To the author’s best knowledge, multi-dimensional thermal models for NiMH batteries are all

based on numerical approaches and are mostly adapted for cylindrical cells. Therefore, the lack of

a theoretical distributed model is apparent in the literature.

4.4.1 Structure and thermophysical properties of the sample NiMH

battery

We consider a 30Ah prismatic NiMH cell (NEXcell battery, USA), for which experimental and

numerical temperature data during rapid-charging processes are reported in Ref. [99]. As shown in

Fig. 4.7, the dimensions of the battery are 20×110×90 mm. In our analysis, we divide the battery

into two regions: the core region, and the case region. The battery core (L1×L2×L3= 19×109×89

mm), includes a plurality of positive nickel electrodes, negative metal hydride electrodes, and nylon

separator sheets. All components of the battery core are encased in a stainless steel container, i.e.,

the case region, with the thickness of 0.5 mm. The electrodes that accommodate active materials

and the separator sheets that serve as ion-exchange membranes have porous structures, and their

pores are filled with a concentrated KOH solution as the electrolyte. For the considered battery, the

total thickness, porosity, and thermal conductivity of battery layers and electrolyte liquid are listed

in Table 4.2, borrowed from Ref. [99]. To evaluate thermal conductivities of porous electrodes and

separators, it is assumed that their pores are fully filled with the electrolyte liquid, and their thermal
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Table 4.2: Total thickness, porosity, and thermal conductivity of battery components [99].

Material/Layer Thickness (total) Porosity Thermal conductivity
δ [mm] ε κ [Wm−1 K−1]

Negative electrode 5.40 0.27 1.16
Positive electrode 7.37 0.22 1.14
Separator sheet 6.23 0.74 0.22
Electrolyte - - 0.57
Case 0.50 - 16

conductivities are approximated as [100],

κ = κs (1− ε)+κf ε , (4.28)

where ε is the porosity of each layer, listed in Table 4.2. The subscripts ‘s’ and ‘f’ correspond to

solid structural materials (electrodes and separators), and liquid filler (electrolyte), respectively.

The concept of equivalent thermal resistance network discussed in Section 4.3.1 is employed to

define effective thermal conductivities for the whole battery core. Therefore, by using the data from

Table 4.2 and Eqs. (4.23a) and (4.23b), through-plane and in-plane orthotropic conductivities of the

battery are 0.74 [Wm−1 K−1] and 0.84 [Wm−1 K−1], respectively.

Accordingly, evaluated orthotropic thermal conductivities, κi, density, ρ , and specific heat, cp,

are listed in Table 4.3.

Table 4.3: Thermophysical properties and the entropic heat generation coefficient for the
battery core [99].

Parameter κ1 κ2 κ3 ρ cp T (dVoc/dT )
[Wm−1 K−1] [Wm−1 K−1] [Wm−1 K−1] [kgm−3] [J kg−1 K−1] [V]

Values 0.74 0.84 0.84 3520 3200 0.023

4.4.2 Heat generation approximation during fast charging process

In this section, we discuss how to estimate the amount of heat generated during fast-charging

process of NiMH battery according to Eq. (4.4).

During the charging process of a NiMH battery, both primary charging reactions (main redox

reactions) and side reactions occur inside the battery. The main charging reactions in the positive

(nickel) and negative (metal hydride) electrodes are,
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• Primary reactions:

Negative : H2O+M+ e− → OH−+MH (4.29a)

Positive : Ni(OH)2+OH− → NiO(OH)+H2O+ e− (4.29b)

• Side reactions:

Negative :
1
2
O2+H2O+2e− → 2OH− (4.30a)

Positive : 2OH− →
1
2
O2+H2O+2e− (4.30b)

At low values of SOC, the primary charging reaction is dominant at the negative electrode and

the rate of oxygen evolution is suppressed. However, at high values of SOC, particularly during the

overcharge period, oxygen gas evolves at higher rates since at high potentials the aqueous electrolyte

is thermodynamically unstable. This leads to higher rates of internal oxygen cycle reaction, and

consequently, the open-circuit voltage decreases to zero [96]. At high SOC, the heat generation rate

increases rapidly owing to the oxygen recombination heat at the positive electrode.

To account for the effects of side reactions in battery heat generation, the total charging current,

I, is split into the current of charging reaction, I, and the current of internal oxygen cycle reaction

(side reactions), I2. The linear current splitting scheme that is used in our analysis, for which side

reactions initiate at SOC=75%, is shown in Fig. 4.8. For for the considered NiMH battery, Eq. (4.4)

becomes,

ġ=
1
V

(

IV − I1Voc+ I2T
dVoc
dT

)

, (4.31)

where I = I1+ I2.

The SOC corresponding to the onset of side reactions is a battery characteristic. For example,

in some cylindrical NiMH batteries, side reactions start at SOC > 90%. Such a battery will be in-

troduced in next chapter, and these effects are more pronounced when the batteries are overcharged

[97, 98]. Adiabatic calorimetry of the battery during a constant current charging process allows the

rate of heat generation inside the battery to be related to its temperature rise. When battery temper-

ature increases, the chamber of an accelerating rate calorimeter (ARC) can follow the temperature

of the battery. Thus, no heat exchange happens between the battery and the chamber, and all the

heat generated inside the battery will be used for its temperature rise, i.e.,

ġ=
I
V

[

(V −Voc)+T
dVoc
dT

]

= ρcp
dT
dt

, (4.32)
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Figure 4.8: Schematic of the linear current splitting model in NiMH batteries [99]. When
battery’s state-of-charge (SOC) exceeds 75%, side reactions occur. The total current of the
battery, I, is summation of the main charging reaction current, I1, and the oxygen cycling
current, I2.

as long as SOC< 75%.

By replacing V −Voc = I Rz, the following relation can be obtained [101],

Rz
mcp

I+
T
mcp

dVoc
dT

=
1
I
dT
dt

, (4.33)

where Rz is the apparent DC cell resistance. Based on Eq. (4.33), for a given charging current, I, if

(1/I)(dT/dt) is plotted against I, a straight line is obtained with the slope Rz/mcp and the intercept

(T/mcp)(dVoc/dT ).

For different charging currents, values of (1/I)(dT/dt) for the considered battery are reported

in Ref. [99]. Since the mass of battery is known, the values for cp and T (dVoc/dT ) are obtained,

as listed in Table 4.3. Note that from the calorimetry measurement, the total heat capacity of the

battery (core and case) is evaluated as 2788 [J kg−1 K−1], but the heat capacity of the core will be

used in our calculations, which is approximated as cp = 3200 [J kg−1 K−1].

4.4.3 Results and discussions

Prior to adapting the theoretical solution proposed in Eq. (4.12), the ¯̇G and ∆lmn defined in

Eq. (5.29) should be tailored for NiMH battery based on Eq. (4.31);

Ġ= Ġirrev+ Ġrev, (4.34a)
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with,

Ġirrev =
1/V
κ1/L21

(IV − I1Voc) , Ġrev =
1/V
κ1/L21

(0.023 I2) . (4.34b)

and

∆lmn = λ 21l+K2λ 22m+K3λ 23n. (4.34c)

During battery operation, both Ġirrev and Ġrev vary with SOC (or time), since I1, I2, V and Voc

are functions of SOC (or time). The charge reaction current, I1, contributes only to the irreversible

heat, while the oxygen cycle current, I2, contributes to both reversible and irreversible heats.

4.4.4 Model validation with numerical data

The voltage response of the considered NiMH battery during charging processes at 15A and

20A are reported in Ref. [99]; shown by symbols in Fig. 4.9. For each constant-current charging

process, polynomials are fitted to the measured values; shown with lines in Fig. 4.9, and these poly-

nomials are used to evaluate ġ from Eq. (4.31), see Fig. 4.10. The linear transformation in (4.34a)

is used to relate the magnitude of ġ to Ġ, which in our case is ġ = 2050 Ġ. Due to splitting of

the current into charge reaction current and oxygen cycle current [cf. Fig. 4.8], the rate of heat

generation turns out to be a noncontinuous function; shown as solid lines in Fig. 4.10. In order

to facilitate the computations, Ġ and ġ, are approximated with ninth-order polynomials; shown as

dashed lines in Fig. 4.10. The sharp increase in heat generation for SOC> 75% corresponds to the

oxygen cycle reaction. Experimental investigations [85, 97] confirm such a behavior in NiMH bat-

teries. Variations of the maximum temperature, Tmax, at the center of the battery ξ = (0.5,0.5,0.5)

and the minimum temperature, Tmin, at the corner of the battery ξ = (0,0,0) as a function of SOC

are shown in Fig. 4.11. We assume convective heat transfer at all surfaces of the battery case, with

small and moderate heat transfer coefficients, hi j,case = {6,25}, to present cooling effects of natural-

and forced-convection with air. Both ambient and initial temperatures are set to T0 = 23◦C. The

temperatures Tmax and Tmin calculated numerically with a finite element solver (COMSOL Mul-

tiphysics, Version 4.2a), shown with symbols, are used to validate the results from the proposed

analytical model, shown with lines. In the numerical calculation, the relative tolerance was set to

10−6. Figures 4.11a and 4.11b correspond to the battery thermal response at 15A charging, whereas

Figs. 4.11c and 4.11d represent the same information for a 20A charging current. Two sets of ana-

lytical results are shown for Tmax and Tmin. The dashed lines denote analytical solution with the first
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Figure 4.9: Variations of the battery voltage versus SOC are shown during charging pro-
cesses. Symbols indicate experimental data [99] for open-circuit voltage (circles), 15A
charging current (white diamonds), and 20A charging current (black diamonds). Solid
lines represent sixth-order polynomial fits to the experimental data.

eigenvalue in each direction only, i.e., the first term approximation, and the solid lines present series

solutions with multiple eigenvalues. The comparisons show a fair agreement between the analytical

and numerical results, and as expected, increase in the number of eigenvalues increases the accuracy

of analytical solutions at a higher computational cost.
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Figure 4.10: Variations of heat generation rate, ġ, and the source for temperature rise. Ġ,
versus SOC are shown for 15A and 20A charging currents. Dashed lines represent ninth-
order fitting polynomials.
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Figure 4.11: Temperature variation versus SOC is shown for 15A charging current (plots
a and b) and 20A charging current (plots c and d). Maximum temperature at the battery
center and minimum temperature at the battery corner for hi j,case = {6,25}Wm−2 K−1 are
compared to numerical data (symbols). Analytical results with first term approximation
(dashed lines) and series solution (solid lines) are shown.
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4.4.5 Model validation with experimental data

Figure 4.12 compares the calculated (analytical and numerical) and measured temperature pro-

files along the centerline of the battery core, along x1 and x3 direction, for different charging times

with a 15A charging current under natural convection cooling, hi j = 6 Wm−2 K−1. The experi-

mental temperature data, borrowed from Ref. [99], was measured by K-type thermocouples with an

accuracy of ±1.5◦C. The comparisons show that the analytical solution with the first term approxi-

mation is not very accurate, particularly towards the end of the charging process, i.e., t = 114 min.

However, an excellent agreement between the analytical and the numerical results can be obtained

when multiple eigenvalues (series solution) are used. Indeed, our calculations confirm that for the

considered problem, four eigenvalues suffice to obtain an accurate analytical solution, and further

increase in the number of eigenvalues will not improve the results significantly. Also, the compar-

ison with experimental data reveals that the current splitting scheme and the corresponding heat

generation model [cf. Eq. (4.31)] result in fair temperature predictions in the thermal models.

The inconsistency between the calculated and measured temperature values at the later times

of the charging process are related to the dependency of heat generation on the temperature, which

is neglected in our calculations, since the term T (dVoc/dT ) is assumed as a constant. Instead,

when value of dVoc/dT is known, from electro-chemical simulations [95, 96], and T in the formula

for heat generation rate [cf. Eq.( 4.31)] is treated as a variable, then, a better matching with the

experimental is expected.

Furthermore, the temperature distribution inside the battery strongly depends on the thermal

conductivities of the core. In our calculations, the thermal conductivity of the porous materials in

the battery core were approximated by averaging, as given in Eq. (4.28). In reality, due to the pores

distribution and their size, orthotropic thermal conductivities may vary in different locations. This

fact must be addressed as another reason for the differences between the measured and calculated

temperature values in Fig. 4.12.

4.4.6 Charging efficiency

The fundamental energy balance for the battery states that the total energy, Etot, provided by

the charger splits into electrochemical energy, E◦, stored inside the battery and thermal energy, Eth,

which is both consumed to increase the battery temperature, and dissipated to the surrounding via
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Figure 4.12: Calculated temperature profiles at centerlines of the battery core are compared
to experimental temperature measurements (symbols) [99]. Numerical results are shown
with dashed lines (red) whereas analytical temperature distributions are denoted by long-
dashed lines (blue) for first term approximation and solid lines (black) for series solution.
Temperature distributions are shown at different times during a charging process at 15A,
subjected to a natural convection cooling, hi j,case = 6 Wm−2 K−1 at all surfaces of the
battery. Ambient and initial temperature of 23◦C was assumed.

convection heat transfer. Accordingly, a charging efficiency, η , can be defined for the battery,

η =
E◦

Etot
= 1−

Eth
Etot

, (4.35a)

where,

E◦ = Etot−Eth, Etot = I
∫

t
V (t)dt, Eth = V

∫

t
ġ(t)dt. (4.35b)

Based on Eq. (4.35b), the total energy required for charging the battery at different constant currents

can be calculated by integrating the voltage response of the cell, as shown in Fig. 4.9. Similarly, the

thermal energy can be calculated by integrating the heat generation rate inside the cell, as shown in

Fig. 4.10.

Variation of charging efficiency with respect to SOC is shown in Fig. 4.13. As expected, charg-

ing at the higher rate is less efficient as it yields the higher rate of heat generation [cf. Fig. 4.10].

Also, the results show that for the considered battery the charging efficiency drops dramatically for
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Figure 4.13: Variations of the charging efficiency with respect to charging rate and SOC.

SOC > 75%, owing to the initiation of exothermic side reactions. For fast-charging processes at

15A and 20A, values of Etot, Eth, and E◦ corresponding to SOC= 100% are listed in Table 4.4. In

both cases, the electrochemical energy, E◦, stored inside the battery is constant, which confirms the

battery is equally charged in both charging processes. The results in Figs. 4.11 and 4.13 suggest to

fast-charge the considered NiMH battery while SOC< 75%, and employ a less aggressive charging

profile for the rest of the charging process. This describes why NiMH batteries in hybrid-electric ve-

hicles are preferred to operate in a charge-sustaining mode while the SOC of batteries is maintained

below ∼75%.

Table 4.4: Values of total energy, thermal energy, electrochemical energy, and charging
efficiency for charging processes at 15A and 20A.

Charging current Etot [J] Eth [J] E◦ [J] η [%]
15 [A] 175 421 49 565 125 856 72
20 [A] 185 141 59 285 125 856 68
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4.5 Conclusion

In summary, based on the method of integral-transformation, a closed-form analytical model

is developed to describe temperature distribution in batteries with modest numerical effort. The

proposed thermal model takes account for:

• multi-dimensional heat conduction,

• orthotropic thermal conductivities,

• time dependent and temperature dependent heat generation terms,

and therefore provide a useful tool for investigating the thermal behavior of batteries in various

operating conditions.

The proposed model was employed to study the temperature rise in a pouch-type Li-ion cell

during discharge processes, where transient heat generation rate was approximated from the electri-

cal performance of the battery. The accuracy of the model was confirmed through comparison with

the numerical data.

The results showed that for the considered battery, natural convection can prevent battery over-

heating during low and moderate discharge processes, when a room temperature (25 ◦C) was con-

sidered as the initial and ambient temperatures. For more aggressive discharge conditions, higher

heat transfer rates at battery surface are required, e.g., forced-convection or liquid cooling. Certain

conditions, under which a two-dimensional thermal analysis is applicable, are highlighted through

definition of a surface-averaged Biot number. To demonstrate the versatility of the proposed analyt-

ical thermal model, the model was adapted to describe the evolution of the temperature field inside

the core of prismatic NiMH battery during fast-charging processes with constant currents.

The proposed thermal model was alos employed to approximate the thermal response of a 30 A h

NiMH cell during fast-charging processes at C/2-rate (15A) and 2C/3-rate (20A), where transient

heat generation rates were approximated from the electrical performance of the battery.

The accuracy of the model was confirmed through comparison with both numerical and exper-

imental data; thus, it can be considered as a robust tool for investigating the thermal behavior of

batteries in various operating conditions.

The thermal model is used to define a new charging efficiency for batteries, i.e., the ratio of

electrochemical energy stored inside the battery to the total energy used for charging the battery,

which is an index for describing the percentage of energy wasted as heat.
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Chapter 5

A Computationally-Effective Thermal

Model for Spirally Wound Nickel-Metal

Hydride Batteries

To demonstrate the versatility of the proposed analytical solution detailed in Chapter 2, a two-

dimensional analytical model is developed to investigate the transient thermal behaviour of spirally

wound batteries. To validate the model, the model is adapted to study the transient thermal behaviour

of a cylindrical NiMH battery for which experimental data is available in the literature [98].

To the author best knowledge, multi-dimensional thermal models for cylindrical batteries are

all based on numerical approaches [42, 97, 98, 102–108] and lack of a theoretical distributed model

is apparent in the literature. To date, the only available analytical thermal model is Mahmud et

al. [109] study, where a spatial-resolution lumped-capacitance model is formulated under high

Biot number conditions and for model validation, a one-dimensional (radial direction), transient

analytical solution is developed.

5.1 Model development

A 8Ah cylindrical NiMH battery is considered to demonstrate the modeling steps and validate

the results. For the considered battery, experimental data during rapid-charging processes with

overcharging periods are reported in Ref. [98].
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As illustrated in Fig. 5.1a, the radius and height of the battery are 16.5mm and 61mm, re-

spectively. In the analysis we divide the battery into two regions: the core region, and the case

region (can). The battery core (R× L = 16× 60mm), shown in Fig. 5.1b, includes a positive

nickel electrodes, a negative metal hydride electrode, and a polypropylene separator sheet. All

components of the core are porous and their pores are filled with a concentrated KOH solution

(30wt%) which acts as the electrolyte. At the positive and negative electrodes, β−Ni (OH)2 and

MmNi3.75 Co0.55 Al0.3 Mn0.4 are used as active materials, respectively. All components of the bat-

tery core are spirally wound and packaged in a stainless steel container, i.e., the case region, with the

thickness of 0.5mm. Values of volume fraction, porosity, and thermal conductivity for the battery

L = 60 mm

z

r

R = 16 mm

Battery
Core

Battery
Case

Tab (+)

r

φ

z
hr

hz,0

hz,L

T

T0

g
.

a b

Figure 5.1: (a) Multi-layered structure of a cylindrical NiMH battery, (b) Two-dimensional
schematic of the battery core in r-z plane with internal heat generation, ġ, and convective
heat dissipation at boundaries.

components are listed in Table 5.1, borrowed from Ref. [98]. The values of thermal conductivity for

Table 5.1: Volume fraction, porosity, and thermal conductivity of battery components [98].

Material/Layer Volume fraction of battery core Porosity Thermal conductivity
ν [%] ε k [Wm−1 K−1]

Porous negative electrode 29 0.25 1.16
Porous positive electrode 45 0.30 1.14
Porous separator sheet 27 0.74 0.22
Electrolyte – – 0.57
Case – – 16

dry electrodes and dry separator are given in Table 5.1. The thermal conductivities of the wet elec-

trodes and separator, assuming the pores are fully filled with the electrolyte liquid, are approximated

from Eq. (4.28)
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As in the previous chapter, to avoid complexities associated with heat transfer in multi-layered

structure of the battery core, the concept of equivalent thermal resistance network is employed to

define effective thermal conductivities for the battery. Based on Fig. 5.1a, there are series thermal

resistors in r-direction and parallel thermal resistors in z-directions. Therefore, by using the data

from Table 5.1, through-plane (r-direction) and in-plane (z-direction) thermal conductivities can be

evaluated as [98],

kr =

(

∑
i

νi
ki

)−1

=

(

νp
kp

+
νs
ks

+
νn
kn

)−1
= 0.74 [Wm−1K−1] (5.1a)

and

kz =∑
i
νiki = νpkp+νsks+νnkn = 0.85 [Wm−1K−1] (5.1b)

where νp, νs, and νn represent the volume fraction of the positive electrode, separator, and negative

electrode, respectively. The thermal conductivity of positive electrode, kp, negative electrode, kn,

and separator, ks, in the presence of electrolyte liquid are obtained from Eq. (4.28).

By assuming that temperature has no variation in azimuthal direction (ϕ-direction), the tran-

sient temperature field inside the battery core can be described by the energy balance equation in

cylindrical coordinates [98, 102, 106],

ρcp
∂T
∂ t

= kz
∂ 2T
∂ z2

+ kr
1
r
∂
∂ r

(

r
∂T
∂ r

)

+ ġ (5.2)

in which t is the time, while r and z represent the components of the position vector in cylindrical

coordinate system. The functions T (r,z, t) and ġ(r,z, t) denote the temperature field and volumetric

heat generation rate inside the battery core, respectively (Fig. 5.1b). The density, ρ , specific heat, cp,

and orthotropic thermal conductivities, kr and kz, [cf. Eq. (5.1)], are the thermophysical parameters

for the core region, for which the values are listed in Table 5.2.

Table 5.2: Thermophysical properties, entropic heat generation coefficients, and apparent
DC resistance for the battery core [98].

Parameter kr kz ρ cp dVoc,p/dT dVoc,n/dT Rd
[Wm−1 K−1] [Wm−1 K−1] [kgm−3] [J kg−1 K−1] [VK−1] [VK−1] [mΩ]

Values 0.74 0.85 3900 1882 −1.0×10−3 −6.3×10−4 3
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Convective thermal boundary conditions at surfaces of the battery case are applied. Accordingly,

boundary conditions for the battery core are,

−kz
∂T
∂ z

=

[

1
hz,0

+
lc
kc

]−1
(T −T0) at z= 0 (5.3a)

+kz
∂T
∂ z

=

[

1
hz,L

+
lc
kc

]−1
(T −T0) at z= L (5.3b)

−kr
∂T
∂ r

= 0 at r = 0 (5.3c)

+kr
∂T
∂ r

=

[

1
hr

+
lc
kc

]−1
(T −T0) at r = R (5.3d)

where lc and kc denote the thickness and the thermal conductivity of the battery case, respectively.

The environment temperature is represented by T0. The convective heat transfer coefficients at the

bottom, top, and lateral surface of the battery are denoted by hz,0, hz,L, and hr, respectively.

The initial temperature of the battery is assumed the same as the environment temperature, T0;

T = T0 at t = 0 (5.4)

As mentioned in Section 4.4, during regular charging, the primary charging reactions are domi-

nant at the electrodes, and the overall reaction is,

Ni(OH)2+M→ NiO(OH)+MH −14.65[kJmol−1] (5.5)

while during overcharging, the side reactions become dominant, i.e., the oxygen generated at the

positive electrode reacts with hydrogen at the negative electrode to form water [cf. Eq. (5.6)] and

release plenty of enthalpy reaction [110].

2H+
1
2
O2 → H2O −285.9[kJmol−1] (5.6)

Since heat generation rate in regular charging and overcharging processes are different, as dis-

cussed in Section 4.4.2, we calculate them differently with the following formulas [45, 98];

ġ=

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

I
V

(

V −Voc+T
dVoc
dT

)

regular charging

1
V

(

RdI2+nF∆H
)

overcharging

(5.7)

The constants Rd = 3mΩ (see Table 5.2), n = 0.5, F = 96487A s/mol, and ∆H = 285.9 k J/mol

respectively denote apparent DC resistance of the battery, electric charge number, the Faraday con-

stant, and enthalpy of the recombination reaction [cf. Eq. (5.6)], respectively [98, 111].
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During regular charging, the heat generation consists of irreversible heat I(V −Voc)/V due to

polarization and ohmic potential loss, reversible heat IT (dVoc/dT )/V due to the entropy change in

electrochemical reactions. During overcharging period, the heat generation involves Joule heating

Rd I2/V , and recombination reaction heat nF ∆H/V .

The battery temperature coefficient (entropic heat generation coefficient) dVoc/dT can be pre-

sented as [98],
dVoc
dT

=
dVoc,p
dT

−
dVoc,n
dT

(5.8)

where the first term on the right hand-side represents the temperature coefficient of the positive

electrode and the second term denotes the temperature coefficient of the negative electrode; values

are listed in Table 5.2.

5.2 Analytical solution

To simplify the initial-boundary-value problem [cf. Eqs. (5.2)–(5.4)] and the corresponding

auxiliary equations [cf. Eqs. (5.7) and (5.8)], we define a new variable,

θ = T −T0 thus dθ = dT (5.9)

and rewrite the governing equations in terms of new variable. This gives,

ρcp
∂θ
∂ t

= kz
∂ 2θ
∂ z2

+ kr
1
r
∂
∂ r

(

r
∂θ
∂ r

)

+ ġ (5.10a)

with

ġ=

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

I
V

[

V −Voc+(θ +T0)
dVoc
dθ

]

regular charging

1
V

(

RdI2+nF ∆H
)

overcharging

(5.10b)

for which the boundary conditions are,

−kz
∂θ
∂ z

=

[

1
hz,0

+
lc
kc

]−1
θ at z= 0 (5.11a)

+kz
∂θ
∂ z

=

[

1
hz,L

+
lc
kc

]−1
θ at z= L (5.11b)

−kr
∂θ
∂ r

= 0 at r = 0 (5.11c)

+kr
∂θ
∂ r

=

[

1
hr

+
lc
kc

]−1
θ at r = R (5.11d)
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and the initial condition is;

θ = 0 at t = 0 (5.12)

Equation (5.10) describes the temperature rise, θ , inside the battery core with respect to the

space and time, and is solved analytically using the method of integral-transformation, as demon-

strated in the previous chapter. In this part, we aim to modify the solution introduced in Chapter 2,

apply it to cylindrical-shaped batteries. The integral-transform technique removes the spatial de-

pendency from the differential equation of heat conduction. In the Cartesian coordinate system,

this integral-transform is called the Fourier transform, and in the cylindrical coordinate system it is

called the Hankel transform [73].

5.2.1 Fourier transformation

The Fourier transform and the inversion formula for the temperature function θ(r,z, t) with

respect to z ∈ {0,L} are defined as [73];

Transformation : θ̄ (r,αn, t) =
∫ L

0
Φ
(

αn,z′
)

θ
(

r,z′, t
)

dz′ (5.13a)

Inversion : θ(r,z, t) =
∞

∑
n=1

Φ(αn,z) θ̄ (r,αn, t) (5.13b)

The function Φ(αn,z) is the transformation kernel (normalized eigenfunction) in z-direction,

Φ(αn,z) =
φ (αn,z)√

Nz
(5.14)

and φ (αn,z) is the eigenfunction;

φ (αn,z) = αn cos(αnz)+Hz,0 sin(αnz) (5.15)

The eigenfunction is solution of the following Sturm–Liouville system corresponding to Eqs. (5.10a),

(5.11a), and (5.11b),

d2φ
dz2

+α2nφ = 0 (5.16a)

−
dφ
dz

+Hz,0φ = 0 at z= 0 (5.16b)

+
dφ
dz

+Hz,Lφ = 0 at z= L (5.16c)

where Hz,0 = hz,0/kz and Hz,L = hz,L/kz. In Eqs. (5.13)–(5.16), αn indicates the n-th eigenvalue in

z-direction. The eigenvalues are positive roots (infinite) of the following transcendental equation
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[73];

tan(Lαn) =
αn (Hz,0+Hz,L)
α2n −Hz,0Hz,L

(5.17)

Eigenvalues normalization factor, Nz, which appears in Eq. (5.14) is obtained as [73];

Nz =
1
2

[

Hz,0
α2n

+
α2n +H2z,0

α2n

(

L+
Hz,L

α2n +H2z,L

)]

(5.18)

The integral-transform of the initial-boundary-value problem [cf. Eqs. (5.10)–(5.12)], according

to transformation (5.13a), yields the following PDE for θ̄ ;

ρcp
∂ θ̄
∂ t

=−kzα2n θ̄ + kr
1
r
∂
∂ r

(

r
∂ θ̄
∂ r

)

+ ¯̇g (5.19a)

with

¯̇g=

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

I
V

∫ L

0
Φ(αn,z)

(

V −Voc+T0
dVoc
dθ

)

dz+
I
V
θ̄
dVoc
dθ

regular charging

1
V

∫ L

0
Φ(αn,z)

(

RdI2+nF∆H
)

dz overcharging

(5.19b)

The transformed boundary conditions are,

−kr
∂ θ̄
∂ r

= 0, at r = 0 (5.20a)

+kr
∂ θ̄
∂ r

=

[

1
hr

+
lc
kc

]−1
θ̄ , at r = R (5.20b)

and the transformed initial condition is,

θ̄ = 0, at t = 0 (5.21)

where θ̄ ≡ θ̄ (r,αn, t), and quantities with a bar refer to transformed quantities as given in Eq. (5.13a).

Due to the Fourier transformation, in Eq. (5.19) the derivative term with respect to z is transformed

to an algebraic term, thus, boundary conditions in z-direction are not required.

5.2.2 Henkel transformation

Equations (5.19)–(5.21) include a differential operator with respect to the radial direction r ∈

{0,R} which can be transformed to algebraic terms by means of Henkel transform. The Henkel

transform and its corresponding inversion formula are [73];

Transformation : ¯̄θ (βm,αn, t) =
∫ R

0
r′Ψ

(

βm,r′)θ̄(r′,αn, t
)

dr′ (5.22a)

Inversion : θ̄ (r,αn, t) =
∞

∑
m=1

Ψ(βm,r) ¯̄θ (βm,αn, t) (5.22b)
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Here, the quantities with two bars are transferred by Eq. (5.13a) and Eq. (5.22a); first bar denotes

the Fourier transform and the second one Henkel transform.

The function Ψ(βm,z) is the transformation kernel (normalized eigenfunction) in r-direction;

Ψ(βm,r) =
ψ (βm,r)√

Nr
(5.23)

and ψ (βm,r) is the eigenfunction,

ψ (βm,r) = J0 (βmr) (5.24)

The eigenfunction is solution of the following homogenous eigenvalue problem in r-direction

[73],

d
dr

(

r
dψ
dr

)

+β 2m rψ = 0 (5.25a)

−
dψ
dr

= 0 at r = 0 (5.25b)

+
dψ
dr

+Hrψ = 0 at r = R (5.25c)

in which Hr = hr/kr. In Eqs. (5.22)–(5.25), βm denotes the m-th eigenvalue in r-direction. The

eigenvalues are positive roots of the following transcendental equation [73],

βm
d J0(r)
dr

∣

∣

∣

∣

βm R
=−Hr J0(βmR) (5.26)

in which J0 is the Bessel function of the first kind. Eigenvalues normalization factor Nr [cf.

Eq. (5.23)] is evaluated as;

Nr =
R2

2

[

1+
H2r
β 2m

]

J20 (βmR) (5.27)

The integral transform of Eqs. (5.19)–(5.21), according to the transformation (5.22a), yields the

following ODE for ¯̄θ ;

ρcp
d ¯̄θ
dt

=−∆m,n ¯̄θ + ¯̇̄g (5.28a)

with

∆m,n =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

kzα2n + krβ 2m+
I
V

dVoc
dθ

charging

kzα2n + krβ 2m overcharging

(5.28b)

and

¯̇̄g=

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

I
V

∫ R

0

∫ L

0
rΨ(βm,r)Φ(αn,z)

(

V −Voc+T0
dVoc
dθ

)

dzdr regular charging

1
V

∫ R

0

∫ L

0
rΨ(βm,r)Φ(αn,z)

(

RdI2+nF ∆H
)

dzdr overcharging

(5.28c)
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The required initial condition for the ODE is,

¯̄θ = 0 at t = 0 (5.28d)

where ¯̄θ ≡ ¯̄θ (βm,αn, t).

5.2.3 Inversion of the transformed temperature function

Using the Fourier and the Henkel transforms, the original PDE of heat conduction [cf. Eq. (5.2)]

is converted to an inhomogeneous first-order ODE [cf. Eq. (5.28a)] for the double transformed

temperature function ¯̄θ (βm,αn, t), subject to a prescribed initial condition as given by Eq. (5.28d).

An exact solution for Eq. (5.28a) is straightforward to be obtained, that is,

¯̄θ (λm,λn, t) = exp
(

−
∆m,n
ρcp

t
)

[

∫

t

¯̇̄g(t)
ρcp

exp
(

∆m,n
ρcp

t
)

dt+C

]

(5.29)

for which the corresponding integrating constant, C , must be evaluated from the given initial con-

dition, ¯̄θ (βm,αn,0) = 0.

When the above solution is inverted successively by means of inversion formulas, i.e., Eqs. (5.13b)

and (5.22b), a series form solution for the original problem can be obtained as;

θ (r,z, t) =
∞

∑
m=1

∞

∑
n=1

Ψ(βm,r)Φ(αn,z) ¯̄θ (βm,αn, t) (5.30)

5.3 Results and discussions

In this section, the thermal behavior of the sample NiMH battery during fast-charging process

is investigated by the proposed analytical approach. The required calculations, as explained in

section 5.2, are programmed symbolically in Mathematica 9.0 c⃝ [112] to obtain a generic solution

for temperature field inside the battery core. Solutions for the temperature distribution inside the

battery, as given in Eq. (6.34), are obtained and compared to the experimental data from Ref. [98],

and numerical results.

5.3.1 Model validation with experimental data

The voltage response of the considered NiMH battery during charging processes at 8A, 18A,

and 32A is reported in Ref. [98], and shown with symbols in Fig. 5.2. Note that, since the capacity
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of the battery is 8Ah, the charging time at 8A, 16A, and 32A correspond to 3600, 1800, and 900

seconds, respectively. A sixth-order polynomial is fitted to each constant current charging process

as presented with lines in Fig. 5.2. These polynomials are used to evaluate the irreversible heat

generation I (V −Voc)/V term, in Eq. (5.7). Figure 5.3 compares the measured surface average

OCV
1C-rate (8 A)
2C-rate (16 A)
4C-rate (32A)

V
o
lt

ag
e

V[
]

Capacity Ah[ ]

Figure 5.2: Variations of the battery voltage versus capacity (Ah) are shown during charg-
ing processes. Symbols indicate the data from Ref. [98], for open-circuit voltage (black
circles), 8A charging current (black diamonds), 16A charging current (white triangles),
and 32A charging current (white squares). Solid lines represent sixth-order polynomial fits
to the actual data.

temperature profiles of the battery core during charge at 1 C, 2C, and 4C constant current, bor-

rowed from Ref. [98], with the ones obtained from the analytical model, at varying charging times

under forced-convection cooling at all battery surfaces, hz,0 = hz,L = hr = 25Wm−2 K−1. The sharp

increase in the temperature corresponds to the overcharging period when the recombination reaction

heat is involved [cf. Eq. (5.7)]. From the temperature trend, one can conclude that the total heat

generation rate increases slowly during charging period and jumps quickly thereafter. When the cell

is being charged, the reversible and irreversible (due to primary reactions) contribute to the total heat

generation rate while the Joule heating is negligible [113]. When the cell is being overcharged, the

heat generation rate increases dramatically because the enthalpy potential of recombination reaction

are comparably large [cf.Eqs. (5.5) and (5.6)]. Initially, the recombination reaction is negligible, and
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Figure 5.3: Calculated average surface temperature profiles of the battery core during
charge at 1 C, 2C, and 4C constant current are compared to experimental tempera-
ture measurements (symbols) [98]. Analytical temperature distributions are denoted by
dashed-line (red) for first term approximation and solid lines (blue) for series solution. A
forced-convection cooling is considered at all surfaces of the battery, hz,0 = hz,L = hr =
25Wm−2 K−1, and the ambient and initial temperature of 24 ◦C is assumed.

all the current applied to the cell is used to convert the active materials from discharge to charge

state. When charge input exceeds 100% of nominal cell capacity, it is obvious that the primary re-

action current decreases, while the total current remain the same, consequently, the recombination

reaction and relative heat generation rate become significant [113]. Figure 5.3 shows an excellent

agreement between the analytical results and experimental measurements. The comparison shows

that even the first term approximation (one eigenvalue) is accurate enough to predict the average

surface temperature of the battery and further increase in the number of eigenvalues will not have

any significant impact on the results accuracy.

The inconsistency between the measured and calculated temperature values later in the over-

charging processes, is related to the fact that the rate of heat generation during overcharging period

is overestimated in Eq. (5.7); because only part of generated oxygen at the positive electrode is

reduced at the negative electrode [98]. Moreover, in the proposed analytical model, the battery ther-

mal capacity, cp, is assumed to be independent of temperature, and the thermal conductivity of the
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porous materials is approximated by averaging, as given in Eq. (4.28) which in reality, due to the

pores distribution and their size, the thermal conductivities may vary in different locations.

5.3.2 Model validation with numerical data

Variation of the maximum temperature, Tmax, at the center of the battery and the minimum

temperature, Tmin, at the rim of the battery as a function charging time are shown in Fig. 5.4. A

convective heat transfer with small and moderate heat transfer coefficients is assumed at all surfaces

of the battery case, hz,0 = hz,L = hr = {6,25}Wm−2 K−1; and both ambient and initial conditions

are set to T0 = 24 ◦C. The temperatures Tmax and Tmin calculated numerically with a finite element

package (COMSOL Multiphysics, Version 4.3b), shown with symbols, are applied to validate the

results obtained from proposed analytical model, shown with lines. In the numerical calculation,

the relative tolerance was set to 10−6. Since a pure diffusion model without any discontinuity is

considered in this study, the numerical solution is not grid-dependent and takes seconds to two

minutes as charge rate decreases.
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Figure 5.4: Temperature variation versus time is shown for different charge rates. Maxi-
mum temperature at the battery center (red lines) and minimum temperature at the battery
rim (blue lines) are compared to numerical data for maximum and minimum temperature
(symbols). In plots (a)-(f), thermal response of the battery during 8A, 16A, and 32A
charge current is shown for small and moderate heat transfer coefficients considered at all
surfaces hz,0 = hz,L = hr = {6,25}Wm−2 K−1. The dashed lines represent the analytical
results with first term approximation and solid lines indicate the series solution results.

77



The battery thermal responses at 8A charging are plotted in Figs. 5.4a and b, whereas Figs. 5.4c

and d represent the same information for 16A charging current, and Figs. 5.4e and f correspond

to the same data at 32A charging current. Two sets of the analytical results are presented for Tmax

and Tmin, in which the dashed lines denote the analytical solution with the first eigenvalue in each

direction only, i.e., the first term approximation, and the solid lines show the analytical solution with

10 eigenvalues, i.e., series solution. The comparisons show a fair agreement between the analytical

and numerical results. From Fig. 5.4, one can conclude that the proposed analytical model is able to

provide an acceptable accuracy with minimum computational effort which takes only a fraction of

seconds. In other word, the main advantage of the developed analytical model, is that only the first

eigenvalue in each direction is sufficient to predict the thermal behavior of the battery under different

conditions in terms of charging current and convective cooling (natural or forced-convection).

5.3.3 Effect of convective cooling on temperature distribution

In Fig. 5.5, two-dimensional temperature profile at the end of charging at 32A is shown. Plot

(a) presents the temperature distribution when a forced convection is applied at all surfaces of the

battery case, hz,0 = hz,L = hr = 25Wm−2 K−1, while plot (b) present the temperature distribution

when all the surfaces are faced to a natural-convection, hz,0 = hz,L = hr = 6Wm−2 K−1. Plot (c)

belongs to the case in which a forced-convection is assumed on top and lateral boundaries, hz,L =

hr = 25Wm−2 K−1, and a natural-convection on bottom boundary, hz,0 = 6Wm−2 K−1, whereas

plot (d) corresponds to the case in which a forced-convection is only used at the top boundary,

hz,L = 25Wm−2 K−1, and natural-convection on the other boundaries, hz,0 = hr = 6Wm−2 K−1.

The latter cases are defined to examine the effects of non-uniform boundary conditions on the tem-

perature distribution. By comparing plots (a) with (b), we can conclude that although the battery

temperature is markedly lower under forced-convection than natural-convection, when the charg-

ing process is under natural-convection the temperature gradient is not as pronounced as that un-

der forced-convection, note the difference between minimum and maximum values of temperature.

However, a more uniformed temperature distribution and a high heat dissipation rate are predicted

in plot (c) when forced-convection is applied at the top and lateral surfaces of the battery case.

Furthermore, plot (d) shows that applying forced-convection only at the top boundary can not be

sufficient to dissipate the generated heat.
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Figure 5.5: Two-dimensional temperature profile at the end of 32A charge process is plot-
ted for a) forced-convection at all surfaces hz,0 = hz,L = hr = 25Wm−2 K−1, b) natural-
convection at all surfaces hz,0 = hz,L = hr = 6Wm−2 K−1, c) forced-convection at top and
lateral surfaces hz,L = hr = 25Wm−2 K−1 and natural-convection at the bottom surface
hz,0 = 6Wm−2 K−1, and d) forced-convection at the top surface hz,L = 25Wm−2 K−1 and
natural-convection at other surfaces hz,0 = hr = 6Wm−2 K−1. Ambient and initial temper-
ature of 24 ◦C is assumed.
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5.4 Conclusion

The integral-transform technique introduced in the previous chapter was adapted to investigate

the the temperature distribution in spirally wound batteries.

The developed model was employed to study the temperature rise in a 8 A h cylindrical NiMH

cell during fast-charging processes with an overcharging periods at 1 C (8 A), 2C (16 A), and 4C

(32 A) rates, where the transient heat generation during charging period was approximated from

the electrical performance of the battery. The accuracy of the model was validated by comparing

with experimental and numerical data. The comparisons confirmed that even the first term of the

series solution suffices to accurately describe the two-dimensional temperature distribution inside

the battery core with the modest computational effort. Hence, the proposed model can be considered

as a robust tool for studying the thermal behavior of the spirally wound batteries in various operating

conditions.

From the overcharge modeling, a sharp rise in the battery temperature was reported which is

as a result of recombination heat; therefore, in fast-charging NiMH batteries, it is recommended

to avoid overcharging. Furthermore, the results obtained from the proposed model demonstrated

that, the heat dissipation can be improved by applying a forced-convection cooling at all battery

surfaces, however it can increase the temperature gradient. The modeling of non-uniform boundary

conditions suggested that a natural-convection at the bottom surface and forced-convection at the

other surfaces of the battery, can result in a more uniform temperature and a high rate of heat

dissipation.

To conclude, it is essential to point out that the major limitation of the developed thermal model

is the necessity of linear boundary conditions. This limit that is defined by Sturm-Liouville theory,

implies that the heat transfer coefficient, h, must be constant on the surface. In reality, when the

batteries are horizontally arranged in the battery pack, the convective heat transfer coefficient, h,

varies over battery surfaces, because the cooling fluid follows the curvature of the battery and this

complicated flow pattern influences the heat transfer coefficient. Thus, the heat transfer coefficient

will vary along the circumference of the battery (in ϕ-direction).
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Chapter 6

Distributed Analytical Electro-Thermal

Model for Pouch-Type Lithium-Ion

Batteries

In this chapter, an analytic multi-physics model for pouch-type Li-ion batteries is presented,

which to the best of authors knowledge, no analytical model has been introduced in this regard.

In present model, both electrical and thermal processes occurring in the battery are considered to

resolve their interplay on heat generation and battery thermal behavior. Voltage response of the sam-

ple Li-ion battery during galvanostatic discharge processes is measured to obtain the concentration-

independent polarization expression introduced in previous section. Using the separation of vari-

ables method, a closed-form electrical model is proposed. Joule heating on each electrode evaluated

from analytical description of the potential and current density fields, is used as a local heat source

in a two-dimensional thermal model. The distributed thermal model is solved analytically with the

method of integral transform. The analytical results are successfully validated through comparisons

with experimental and numerical data.

6.1 Formulation of the problem

Figure 6.1a schematically shows the core of a pouch-type lithium-ion battery, corresponding

to Fig. 3.1, that is constructed of several cell assemblies, also known as electrode assemblies. In

Fig. 6.1b, a single cell assembly is depicted. For better illustration, different layers in the cell
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Figure 6.1: a) Core (electrode-separator stack) of a pouch-type lithium-ion battery is
shown. b) Schematic of a single cell assembly in the battery is shown. The battery core is
constructed by repeating the cell assembly. Different layers of the cell are separated for the
sake of presentation. The arrows in z-direction correspond to transfer current, the transport
of Li+ from the negative electrode to the positive electrode during a discharge process. The
arrows in x-y plane represent current streamlines on electrodes.

assembly are shown separated while in the actual battery these layers are compressed; see Fig. 6.1b.

Each cell assembly includes a negative electrode, two layers of separator sheets, and a positive

electrode.

Arrows in Fig. 6.1 b present current streamlines during discharge processes. The through-plane

straight arrows represent the transport of Li+ between the electrodes, i.e., transfer current. The in-

plane arrows in x-y plane represent the transport of charges (e−), i.e., the electrical current, on the

electrode layers. The direction of transfer and electric currents is reversed for a charging process. As

shown in the Fig. 6.1b, electrical constriction occur at the tabs of positive and negative electrodes.

For the sake of convenience, the transfer current on both sides of each electrode can be considered

to occur on one side of the electrodes. This approach is common in the literature.

6.1.1 Electrical model

A dimensional analysis can be performed to show that owing to the small thickness of layers in

the cell assembly, compared to their dimensions in x- and y-directions, the distribution of potential

in the electrodes is two-dimensional in x-y plane [114]. Accordingly, the governing differential
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equation for the charge balance in each electrodes reads

−∇ · i j+
J ·n j
δelec, j

= 0 ( j = p,n) (6.1)

where i j = {ix, iy,0} j is the in-plane current density vector on each electrode (Am−2). The subscript

j corresponds to domains of the positive electrode Ωp and the negative electrode Ωn. The reaction

current density vector on the electrodes is J= {Jx,Jy,J} in (Am−2), where Jx and Jy are side reac-

tions and are considered to be negligible. The through-plane component of the reaction current, J,

referred to as transfer current, corresponds to the intercalation of lithium ions in active materials on

both sides of the electrodes. The electrode thickness in z-direction is δelec, j in (m), and n j is the unit

normal vector on each electrode surface pointing outward; np = {0,0,−1} and nn = {0,0,+1}.

According to the Ohm’s law, components of i j are related to the potential distribution via

ix, j =−σeff, j
∂Vj
∂x

and iy, j =−σeff, j
∂Vj
∂y

( j = p,n) (6.2)

where x and y indicate the spatial position (m), and Vj = Vj(x,y) is the two-dimensional potential

distribution in the electrode (V).

The quantity σeff, j is the effective electrical conductivity (Sm−1), that for each electrode is

σeff, j =
1

δelec, j
(δcc, jσcc, j+2δam, jσam, j) ( j = p,n) (6.3a)

where

δelec, j = δcc, j+2δam, j ( j = p,n) (6.3b)

and δcc, j and δam, j are thicknesses of current collector and active material layers, respectively. Elec-

trical conductivity of the current collector and the active material are denoted by σcc, j and σam, j.

As depicted in Fig. 6.2, each electrode can be considered as a rectangular domain in x-y plane

of width a and height c. The through-plane current enters (or exits) the domain through its surface

in x-y plane, whereas the in-plane current is allowed to exit (or enter) the domain through the tab

constriction of width b on the boundary at y = c. The distance between the centre of the tab and

y-axis is denoted by e j. With reference to Fig. 6.2, the relevant boundary conditions for Eq. (6.1) at
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Figure 6.2: Two-dimensional schematic of electrodes in x-y plane. Width and height of
electrodes and width of the electrode tab are the same for both positive and negative elec-
trodes. The distance of the tab centre from y-axis, denoted by e j, differs between the
electrodes.

the positive domain are

−σeff,p
∂Vp
∂x

= 0 at x= 0 (6.4a)

−σeff,p
∂Vp
∂x

= 0 at x= a (6.4b)

−σeff,p
∂Vp
∂y

= 0 at y= 0 (6.4c)

−σeff,p
∂Vp
∂y

= itab,p at ep−
b
2
< x< ep+

b
2
, y= c (6.4d)

−σeff,p
∂Vp
∂y

= 0 at ep+
b
2
< x< ep−

b
2
, y= c (6.4e)

Similarly, for the negative domain

−σeff,n
∂Vn
∂x

= 0 at x= 0 (6.5a)

−σeff,n
∂Vn
∂x

= 0 at x= a (6.5b)

−σeff,n
∂Vn
∂y

= 0 at y= 0 (6.5c)

Vn = 0 at en−
b
2
< x< en+

b
2
, y= c (6.5d)

−σeff,n
∂Vn
∂y

= 0 at en+
b
2
< x< en−

b
2
, y= c (6.5e)
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The above boundary conditions imply that no current passes through boundaries of Ωp and Ωn

except for the tab boundaries. In Eq. (6.4d), itab,p is the in-plane current density (Am−2) at the tab

of positive electrode

itab,p =
Icell

bδelec,p
(6.6)

where Icell is the applied discharge current (A) for a single cell (electrode) assembly, and bδelec,p

is the cross-sectional area of the positive tab. In Eq. (6.5d), potential at the tab boundary of the

negative electrode is set to zero in order to provide a reference for voltage distribution [115].

6.1.2 Two-dimensional thermal model

In the electrical model it was assumed that potential distribution is independent of z-direction.

This assumption can be extended to the thermal model as well; since thickness of electrodes in z-

direction is very small compared to their dimensions in x- and y-directions, heat will conduct quickly

across the thin direction and the temperature will become, to a good approximation, uniform across

z-direction [116]. Also, in Section 4.3 where the thermal performance in the cross-section of the Li-

ion battery is investigated, the results show that the non-uniformity in through-plane direction would

not be significant when the thickness of cell is small comparing to other dimensions. Accordingly,

the three-dimensional energy balance equation defined in Eq. 5.2 can be modified as;

ρcp
∂T
∂ t

= κeff
∂ 2T
∂x21

+κeff
∂ 2T
∂x22

+ ġ, (6.7)

κeff, the in-plane thermal conductivity of the cell assembly calculated from

κeff =
1
δcell

(δcc,pκcc,p+δcc,nκcc,n+2δam,pκam,p+2δam,nκam,n+2δssκss) (6.8a)

where

δcell = δcc,p+δcc,n+2δam,p+2δam,n+2δss (6.8b)

with δss as the thickness of separator sheet. Thermal conductivities of current collector foils, active

materials, and separator sheet are denoted by κcc, κam, and κss, respectively, and their values are

listed in Table 3.2.

The net rate of volumetric heating inside the battery is the difference between heat generation

and heat dissipation rates

ġ= νec ġec+νelec,p ġohm,p+νelec,n ġohm,n−
qdiss
δcell

(6.9)
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where ġec and ġohm, j are the electrochemical and ohmic heat generation rates per unit volume.

The coefficients νec and νelec, j are volume ratios for electrochemical and ohmic heat generation

rates [114]

νec =
Vec
Vcell

=
2δam,p+2δam,n+2δss

δcell

νelec, j =
Velec, j
Vcell

=
2δam, j+2δcc, j

δcell
( j = p,n)

The quantities Vcell, Velec, j, and Vec denote the total volume of the cell assembly, volume of each

electrode, and volume of the cell which participates in electrochemical reactions.

The electrochemical heat in each electrode is calculated from Bernardi equation, Eq. (4.4).

Likewise Section 4.3, we assume dVoc/dT is constant and its value is considered 0.0002 (VK−1)

[8, 44].

For each electrode, the ohmic (Joulean) heat generation rate reads

ġohm, j =
1

σeff, j
(i2x, j+ i2y, j) ( j = p,n) (6.10)

where ix and iy are the components of in-plane current density on each electrode obtained from the

electrical model; see Eq. (6.2).

The last term in Eq. (6.9) takes account for the volumetric heat dissipation to the ambient from

x-y plane. The heat dissipation flux qdiss is calculated from Newton’s law of cooling

qdiss = 2heff (Ts−T0) (6.11)

where T0 is the constant ambient temperature, Ts is the surface temperate, and heff is the effective

heat transfer coefficient (Wm−2 K−1) at the surface of the cell (both front and back surfaces in x-y

plane).

The thermal boundary conditions for the energy balance equation [cf. Eq. (6.7)] are

−κeff
∂T
∂x

=

[

δcase
κcase

+
1
hx,0

]−1
(T −T0) at x= 0 (6.12a)

+κeff
∂T
∂x

=

[

δcase
κcase

+
1
hx,a

]−1
(T −T0) at x= a (6.12b)

−κeff
∂T
∂y

=

[

δcase
κcase

+
1
hy,0

]−1
(T −T0) at y= 0 (6.12c)

+κeff
∂T
∂y

=

[

δcase
κcase

+
1
hy,c

]−1
(T −T0) at y= c (6.12d)

where δcase and κcase are the thickness and the thermal conductivity of the battery case; see Table 3.2.

The convective heat transfer coefficients are denoted by h (Wm−2 K−1) with relevant subscripts
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which indicate the location of the boundary. The initial temperature of the battery is assumed to be

the ambient temperature.

T = T0 at t = 0 (6.13)

6.2 Polarization expression

Distribution of the transfer current density J, which appears in the electrical model [cf. Eq. (6.1)],

is dictated by the local rate of electrochemical reactions in electrodes. For an accurate description

of J a distributed electrochemical model [24, 114] is preferred. In this study, instead of using an

electrochemical model, a mathematical model [71, 117] is employed to predict the time depen-

dent distribution of J in the experimental battery during constant-current discharge processes. The

model uses a concentration-independent polarization expressions to describe the local overpotential

between the electrodes. Some parameters in the polarization expression must be evaluated from ex-

perimental data. The procedure explained below can be applied to obtain polarization expressions

for both charge and discharge processes. For charge processes, experimental data for charging are

required. In this study, only discharge mode is considered.

Experimental observations [71] and electrochemical simulations [32] of galvanostatic discharge

processes confirm that at a fixed depth-of-discharge (DOD), the battery voltage exhibits an approx-

imately linear dependency on current density. Accordingly, a linear polarization expression can be

assumed as [71, 115, 117]

J (x,y) = Yec [Vp (x,y)−Vn (x,y)−Voc] (6.14)

where, Yec is the electrochemical conductance (i.e., the conductance of separator and electrolyte) per

unit area of the cell (Sm−2), andVp−Vn corresponds to the potential difference between two points

on the positive and negative electrodes with the same coordinates in x-y plane. By convention, J

assumes positive and negative values for charge and discharge processes, respectively.

The current of the cell assembly Icell and the current of battery Ibatt are related to the transfer

current density J via

Icell =
∫ a

0

∫ c

0
J (x,y)dydx and Ibatt = IcellN (6.15)

The number of cell assemblies inside the battery core [cf. Fig. 6.1a] is denoted by N. For the

considered battery N = 18.
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In the mathematical model, both Yec and Voc are considered to solely depend on DOD, and their

dependency is expressed in a polynomial form

Yec =
L

∑
l=0

ClDODl (6.16)

Voc =
M

∑
m=0

DmDODm (6.17)

where Cl andDm are the constants to be determined from experimental voltage data during constant-

current discharge processes.

DOD is defined as the fraction of cell capacity Qcell (Ah), released during a discharge pro-

cess. Given an initial DOD at t = 0 and assuming 100% coulombic efficiency, DOD (in %) can be

calculated related to discharge time t (s) via

DOD(t) = DOD(0)+
1

3600Qcell

∫ t

0
|Icell (t)| dt (6.18)

where Qcell = Qbatt/N and the constant 3600 has the unit of second/hour.

To find coefficients Cl and Dm, experimental data must be used to evaluate the battery voltage,

Vbatt, at different DOD values during discharge processes at different currents. In Fig. 6.3, battery

voltage variations are plotted against J̄ = Icell/(ac), which is the mean value for transfer current

J. As shown in the figure, at a constant DOD, variations of the battery voltage versus transfer

current density, shown by symbols, can be approximated by a linear function (lines). In account for

Eq. (6.14), Yec is the inverse of the line slope and Voc is the intercept [71]. Plots in Fig. 6.4a and b

depict the dependency of Voc and Yec on DOD, obtained from measurements presented in Chapter 3

[cf. Fig. 3.8] and the above-mentioned procedure. Solid lines present sixth-order polynomial fits to

the calculated values (symbols).

To account for temperature effects in the polarization expression, dependency of the electro-

chemical conductance and open-circuit potential on temperature must be considered. According to

Arrhenius equation which gives the relationship between the electrochemical reaction rate constant

and the temperature, a temperature dependent Yec can be defined [58, 118]

Yec = Yec, ref Exp
[

CT

(

1
T0

−
1
Tref

)]

(6.19)

Furthermore, Nernst equation which gives the relationship between the equilibrium potential and

the temperature can be used to describe the Seebeck effect on Voc [58, 118]

Voc =Voc, ref+DT (T0−Tref) (6.20)
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Figure 6.3: The linear dependency of battery voltage and transfer current density at constant
values of DOD.

The coefficients CT and DT are constants that must be determined from experiment [58, 118] to

fit the temperature dependence of Yec and Voc. The subscript ‘ref’ denotes values at a reference

temperature Tref. In this study, Tref = T0 is considered.

6.3 Numerical analysis

Equations in Sections 6.1 and 6.2, which govern the electro-thermal performance of the cell,

form a nonlinear system and must be solved numerically. A finite element PDE solver, COMSOL

MULTIPHYSICS (Version 4.3a), is used to simultaneously solve the governing equations over two

separated domains, Ωp and Ωn, to obtain: i) the transient fields of potential on each electrode, ii)

variations of transfer current density between the electrodes, and iii) temperature distribution in the

cell assembly.

Once the potential distribution on positive and negative electrodes is calculated numerically,

averaged potential over the positive tab at different DOD values yields the voltage response of the
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Figure 6.4: a) The dependency of open-circuit potential Voc on DOD. b) The dependency
of electrochemical conductance Yec on DOD.

battery

Vbatt =Vtab,p−Vtab,n =
1
b

∫ ep+ b
2

ep− b
2

Vp (x,c)dx (6.21)

where b is the width of the tab.

In Fig. 6.5, voltage response of the battery at different discharge rates, calculated from Eq. (6.21),

is compared to experimental voltage values, i.e., data in Fig. 3.8. The comparison shows a satisfac-

tory agreement between the calculated and measured voltage of the battery, even at the nonlinear

portion of discharge curves. Note that since cell assemblies inside the battery core are connected in

parallel, Vbatt =Vcell. Our numerical analysis shows that at the beginning of a discharge the transfer

Figure 6.5: Variation of battery voltage versus depth-of-discharge (DOD) for different dis-
charge currents are shown. Symbols correspond to measured values and lines represent
numerically calculated values.

90



current density J is concentrated near the tabs. At mid-way through the discharge the distribution

of J becomes quite uniform, but still remains slightly higher in the vicinity of tabs. However, near

the end of discharge when active materials are depleted near the tabs, the transfer current is forced

away from the tabs towards the bottom of electrodes where active materials are less utilized. We

observed this trend at all discharge rates.

To investigate the distribution of transfer current during discharge processes, its maximum and

minimum values are reported relative to the mean value and normalized by the mean value, i.e.,

(J− J̄)/J̄. Variation of (Jmin− J̄)/J̄ and (Jmax− J̄)/J̄ with respect to DOD at different discharge

rates (2 C, 3C, and 4C) are calculated from numerical model and plotted in Fig. 6.6. The plots

confirm that maximum deviation of J with respect to J̄ is about 6%. This observation suggest that

a uniform transfer current can be assumed during discharge processes. This is the key assumption

in development of the analytical electro-thermal model in the following sections.

20 400 60 80 100

min max

DOD [%]

a

b

c

(
)/

J
J

J
-

Figure 6.6: Minimum and maximum deviations of transfer current J with respect to the
mean value J̄ are shown during discharge processes at 2C-rate (plot a), 3C-rate (plot b),
and 4C-rate (plot c).
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6.4 Analytical solutions

In this section, closed-form analytical solutions for electrical problem (Section 6.1.1) and ther-

mal problem (Section 6.1.2) are developed. We shall solve the electrical problem first to find the

distribution of in-plane current density vector i j on electrodes. Nonetheless, in order to approach

the problem analytically, a uniform transfer current density J must be assumed.

Results from the numerical analysis show that transfer current is not uniformly distributed;

however, its variations is not drastic—less then 6% during most of the discharge process, as shown

in Fig. 6.6. Accordingly, a uniform transfer current density is superimposed in our analysis which

allows to develop a theoretical electro-thermal analysis. A similar assumption is proposed by Doyle

and Newman [119] for development of an analytical electrochemical model. Note that uniformity

of transfer current is a desired feature for Li-ion batteries; it means that active materials are evenly

utilized and battery degradation rate is minimized.

6.4.1 Analytical solution for potential and current density distribu-

tions

We define a new variable to transform the governing Poisson equation, Eq. (6.1), and the cor-

responding boundary conditions, Eqs. (6.4e) and (6.5e), into a Laplace equation, for which an an-

alytical solution is accessible with the method of separation of variables. Let us introduce w, that

relates V to J̄.n via

Vj (x,y) = wj (x,y)−
1
2

J̄.n j
δelec, jσeff, j

y2 ( j = p,n) (6.22)

SubstitutingVj (x,y) from Eq. (6.22) into Eq. (6.1) and boundary conditions (6.4e) and (6.5e) yields

the following homogenous equation

∂ 2wj

∂x2
+
∂ 2wj

∂y2
= 0 ( j = p,n) (6.23)

with transformed boundary conditions for both electrodes ( j = p,n)
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∂wj

∂x
= 0, at x= 0, (6.24a)

∂wj

∂x
= 0, at x= a, (6.24b)

∂wj

∂y
= 0, at y= 0, (6.24c)

∂wj

∂y
=

(

J̄.n
)

c
δelec, jσeff, j

(

1−
a
b

)

, at e j−
b
2
< x< e j+

b
2
, y= c, (6.24d)

∂wj

∂y
=

(

J̄.n j
)

c
δelec, jσeff, j

, at e j+
b
2
< x< e j−

b
2
, y= c (6.24e)

Note that in derivation of Eq. (6.24d) for the positive electrode, the cell discharge current Icell

is replaced with (J̄.n) ac, with reference to Eq. (6.15). Also, for the negative electrode an equiv-

alent second-type (Neumann) boundary condition is introduced instead of the original first-type

(Dirichlet) boundary condition, because the method of separation of variables with mixed boundary

conditions cannot be applied on a Laplace equation. For this reason a reference potential of zero

cannot be prescribed in the analytical approach. Indeed, in the transformed system, the through-

plane current density is eliminated from the source term of the original Poisson equation and its

effects are reflected on the transformed boundary conditions.

Using the method of separation of variables,the general solution for Eq.(6.22) can be given as

wj (x,y) =
∞

∑
k=1

Ak, j cos(αk x)cosh(αk y) ( j = p,n) (6.25)

in which the summation is taken over all discrete spectrum of eigenvalues αk = kπ/a. The terms

cos(αkx) and cosh(ky) are the eigenfunctions, and Ak, j is the coefficient to be determined for each

domain ( j = p,n) from boundary conditions at y= c, i.e.

∞

∑
k=1

Ak, j cos(αk x)sinh(αk y) =

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

J̄.n j c
δelec, jσeff, j

(

1−
a
b

)

at e j−
b
2
< x< e j+

b
2

J̄.n j c
δelec, jσeff, j

at e j+
b
2
< x< e j−

b
2

(6.26)

The unknown coefficient Ak, j must be obtained from the orthogonality condition for eigenfunc-

tions [73, 74]
∫

Ak, jαk cos(αk x)cos(αl x)sinh(αk c)dx= 0 for k ̸= l (6.27)
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Thus, multiplying both sides of Eq. (6.26) with cosαlx and subsequent integrating yields the

following relation for l = k

∫

Ak, jαk cos2(αk x) sinh(αk c)dx=
J̄.n j c

δelec, jσeff, j
[

∫ e j− b
2

0
cos(αk x)dx+

(

1−
a
b

)

∫ e j+ b
2

e j− b
2

cos(αk x)dx+
∫ e j+ b

2

a
cos(αk x)dx

]

(6.28)

from which Ak, j is evaluated as

Ak, j =
4
(

J̄.n j
)

c [b sin(αk a)−2acos(αk e j)sin(αk b/2)]
δcell, jσeff, j bαk sinh(αk c) [2αk a+ sin(2αk a)]

(6.29)

Finally, the solution for potential follows from Eq. (6.22)

Vj (x,y) =
∞

∑
k=1

Ak, j cos(αkx)cosh(αk y)−
1
2

J̄.n j
δelec, jσeff, j

y2 (6.30)

Once the potential distribution is known, the in-plane current distribution can be obtained from

Eq. (6.2).

6.4.2 Analytical solution for temperature distribution

Equation (6.7) that describes the transient two-dimensional temperature distribution inside the

battery core is solved analytically using the method of integral-transformation as detailed in Chap-

ter 4 for three-dimensional energy equation. Using the polarization expression in Eq. (6.14), one

can rewrite the overpotential term in Eq. (4.4) as

Vp−Vn−Voc =
J̄
Yec

(6.31)

Accordingly, the electrochemical heat generation in Eq. (4.4) recasts to

ġec =
Icell
Vcell

[

J̄
Yec

+T
dVoc
dT

]

(6.32)

For the sake of convenience in formulation of the integral-transformation technique we define a new

temperature function θ(x,y, t) = T (x,y, t)−T0. The respective double integral-transformation and

the inversion formula for θ(x,y, t) in a two-dimensional domain with x ∈ [0,a] and y ∈ [0,c] are

¯̄θ (βm,γn, t) =
∫ a

x′=0

∫ c

y′=0
Φ
(

βm,x′
)

·Ψ
(

γn,y′
)

·θ
(

x′,y′, t
)

·dx′ ·dy′ (6.33a)

θ(x,y, t) =
∞

∑
m=1

∞

∑
n=1

Φ(βm,x) ·Ψ(γn,y) · ¯̄θ(βm,γn, t) (6.33b)

94



where the functions Φ(βm,x) and Ψ(γn,y) are the transformation kernels (normalized eigenfunc-

tions); βm and γn denote infinite lists of eigenvalues in x- and y-directions, respectively.

For convective cooling boundary conditions, the eigenvalues are calculated from transcendental

equation [cf. Eq. (4.15)], and the kernels are estimated from Eqs. (4.13) and (4.16).

By applying the method of integral transform, partial differential equation of energy can be

transformed into an ordinary differential equation with the following analytical solution

T (x,y, t) = T0+
∞

∑
m=1

∞

∑
n=1

Φ(βm,y) ·Ψ(γn,x) ·exp
(

−
∆m,n
ρcp

t
)

[

∫

t

¯̇̄g(t)
ρcp

exp
(

∆m,n
ρcp

t
)

dt+C

]

(6.34)

where

∆m,n = νec
Icell
Vcell

dVoc
dT

+κeff
(

λ 2n +λ 2m
)

−2h (6.35)

¯̇̄g=
∫ c

0

∫ a

0
Φ(βm,x) ·Ψ(γn,y) ·

[

νec
Icell
Vcell

(

J̄
Yec

+T0
dVoc
dT

)

+νelec,p ġohm,p+νelec,n ġohm,n
]

dxdy

(6.36)

and the corresponding integrating constant C must be evaluated from the given initial condition,

Eq. (6.13).

6.5 Results and discussion

The analytical solutions, presented in Section 6.4, are programmed symbolically in MATHE-

MATICA (Version 9.0) to obtain a generic solution for the temperature filed. Both analytical and

numerical computations are performed on a single processor PC, with a 64-bit quad-core CPU (Core

i7) and 10GB of RAM.

6.5.1 Potential and current density distributions

As mentioned in section (6.4), the analytical model does not allow a zero reference potential

to be applied on the electrode boundary at the tabs. The absence of a reference potential in the

analytical solution yields a positive potential on the negative electrode (with maximum at the tab)

and a negative potential on the positive electrode (with minimum at the tab). However, the analytic

solution allows one to easily find the maximum potential on the negative electrode, Vmaxn , and shift

the potential distribution on both electrodes such that a reference potential of zero is set at the tab
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of negative electrode. The shifted potential distributions read

Ṽn(x,y) =Vn(x,y)−Vmaxn (6.37)

and

Ṽp(x,y) = Ṽn(x,y)+Voc− (J̄.np)/Yec (6.38)

where Yec and Voc are functionn of DOD. Note that the solution in Eq. (6.37) only accounts for the

potential variation on the negative electrodes due to in-plane electrical resistivity, but the potential

solution in Eq. (6.38) takes account for both in-plane electrical resistivity and the through-plane

electo-chemical resistivity. The battery voltage with respect to DOD can be evaluated as

Vbatt =
1
b

∫ ep+ b
2

ep− b
2

Ṽp(x,c)dx (6.39)

In Fig. 6.7b potential distributions on positive and negative electrodes, obtained from the analytical

model, are shown at t = 60s (DOD=5%) during a 3C-rate discharge process. The results show

satisfactory agreement with the numerical data shown in Fig. 6.7b.
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Figure 6.7: The potential distribution on negative electrode and positive electrode, obtained
from a) the numerical analysis model and b) proposed analytical, is shown during a 3C-rate
discharge process at DOD = 5%.
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The minor difference between the magnitude of potential distribution in analytical and numer-

ical models corresponds to the assumption of a uniform reaction current J̄ in the analytical model

instead of a distributed reaction current J(x,y), and also the differences in setting the reference

electrode in analytical and numerical approaches.

Figure 6.8a and b compare the magnitude of in-plane current density distribution on negative

and positive electrodes obtained analytically (from Eq. (6.40)) and numerically. The results show

fair agreement, however, in contrast to the numerical model, in the analytical model since tab bound-

ary conditions are the same [cf. Eq (.6.24d)] the current distribution at the vicinity of the tabs turn

out to be similar.

|i| j =
√

i2x, j+ i2y, j ( j = p, n) (6.40)
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Figure 6.8: The magnitude of in-plane current density distribution on negative and positive
electrodes obtained from a) the proposed analytical model and b) numerical analysis, is
shown during 3C-rate discharge process at DOD=5%.
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6.5.2 Temperature distributions

In this section, the proposed analytical approach is employed to investigate the thermal behavior

of the Li-ion cell, and the results, i.e. solution of Eq. (6.34), are compared with experimental

temperature measurements and numerical data.

To explain the spatial and temporal temperature behaviour in the battery, we compare the evolu-

tion of temperature between three different locations during 1C, 2C, and 3C-discharge processes.

Results together with the positions of three monitoring points are depicted in Fig. 6.9.

A small convective heat transfer coefficient, h= 5 Wm−2 K−1, is considered at the surfaces and

boundaries of the battery; both ambient and initial conditions are set to T0 = 22◦C. Temperature

of the corresponding locations measured through experimental study (symbols) and calculated by

numerical model (dashed-lines) are used to validate the results of the proposed analytical model

(lines). Overall, the analytical results are in well consistency with the data acquired from the exper-

iments and numerical simulations.

The results in Fig. 6.9 indicate the occurrence of the maximum temperature at the location 1

which is due to Joule heating caused by the constriction of the current flow at the vicinity of the

tab as it is confirmed in Fig. 6.10 presenting the summation of the polarization and ohmic heat

generation rates.
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Location 1 Location 2 Location 3

1

2

3

Figure 6.9: Temperature variation versus DOD is shown for different discharge currents.
The maximum temperature at the vicinity of the positive electrode’s tab (red lines), the
centre temperature (black lines), and the minimum temperature at the bottom of the bat-
tery (blue lines) are compared with the ones obtained from numerical (dashed lines) and
experimental (symbols) studies. A natural convection (h= 5 Wm−2K−1) is applied at the
surfaces and boundaries of the battery and both ambient and initial temperatures are set to
22◦C.
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Figure 6.10: Summation of polarization and ohmic heat generation rates versus DOD for
different discharge currents calculated at three different locations. The dashed lines rep-
resent the numerical data and the solid lines show the ones obtained from Eqs. (6.31) and
(6.10).
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The spatial variation of the volumetric heat generation rate in the electrode-domain at the end

of 1C, 2C, and 3C-discharge processes are plotted in Fig. 6.11. This quantity over the electrode

domain volume includes heat from cell overpotential and ohmic losses obtained from Eqs. (6.31)

and (6.10). In Fig. 6.11 the highest heat generation rates are established close to the tabs where

the electrical current in the electrodes converges to or diverges from the tabs of the cell resulting

a higher rate of heat generation owning to higher currents. In consequence, higher temperature

for higher heat generation rate can further energize the local transfer reaction which promotes a

non-uniform discharge reaction over the cell. Although the ohmic heat from electrical heating in

the electrode contributes a relatively small amount, just 8-18% of the total heat generation in the

considered battery, depending on the internal electrical path design of a cell, this heat is highly

localized which causes spatial non-uniformity in the total heat generation as is shown in Fig. 6.11.
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Figure 6.11: Contour of volumetric heat generation rate (irreversible and ohmic heating) in
the cell at the end of a) 1C-discharge process, b) 2C-discharge process, and c) 3C-discharge
process.

Figure. 6.11 also shows that the heat generation rate in the positive electrode tab is higher

than that of the negative electrode tab the reason is that the current collector of positive electrode

which is made by the aluminum foil has larger electrical resistivity than the current collector of

negative electrode which is made by copper foil, and thus more Joule heat is generated on the

positive electrode than on the negative electrode [41].

6.6 Conclusion

In this chapter, a new mathematical procedure was performed to accurately predict the ohmic

heating and transient temperature behavior of the battery during galvanostatic processes. The fol-

lowing steps were taken to develop and validate the present model:

• a large lithium-ion battery pouch (20Ah) was characterized experimentally to obtain its po-

larization expression,
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• transient behavior of the battery during constant current discharge processes was simulated

numerically to study the distributions of the reaction current density in the electrode assem-

bly,

• based on the constant current density assumption, the governing equations of the electrical

model for positive and negative fields were decoupled, an analytical solution was proposed

to approximate the ohmic heat generation in the electrode domains. The assumption required

for development of the analytical model was justified by an independent full numerical sim-

ulation of the problem,

• a compact series form solution for ohmic heating in the battery was obtained and then coupled

to the transient thermal model through heat source term,

• the electro-thermal model was solved analytically using method of integral transformation,

• developed model was validated through comparison with the numerical and experimental

studies.

It should be emphasized that a uniform transfer current density was assumed in the presented ana-

lytical model which is valid for DOD< 90% confirmed by numerical studies.

The validated model was applied to study the transient thermal response of the battery during

standard constant current discharge tests. The results showed that the maximum temperature in the

battery arises at the vicinity of the tabs, where the ohmic heat is established as a result of the con-

vergence/divergence of the current streamlines. It was confirmed that ohmic heating in the electrode

contributes a relatively small portion (8-18%) of the total heat generation in the considered battery;

nonetheless, this highly localized heat can cause spatial non-uniformity in total heat generation and

consequently in temperature profile. To conclude, it is important to affirm that the proposed ana-

lytical model can be used to study the effect of electrode configurations on the heat generation and

temperature profiles.
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Chapter 7

Numerical Electro-Thermal Model for

Lithium-Ion Batteries

The analytical models proposed in the previous chapters can accurately predict the electro-

thermal performance of batteries across constant-current processes. However, the models can not

accurately simulate the dynamic response of batteries to transiently changing load profiles. The

polarization expression [cf. Eq. (6.14)] used to describe the voltage response of the battery is only

a function of DOD and has no time dependent relaxation term. This limitation is addressed in this

chapter, where the polarization expression is extended to an equivalent circuit model that enables

simulations of the voltage and temperature profiles of the battery across more dynamic profiles.

7.1 Model development

The ECM is a simplified electro-chemical model that can simulate the I−V characteristics of

the battery with modest computational effort. Detailed electro-chemical models often require sig-

nificant memory and computation, which are not desirable for actual BTMS and BMS in electrified

vehicles. ECMs, as lumped models, utilize the electrical circuit elements such as voltage source,

resistor, and parallel resistance-capacitor (RC) pairs to represent the voltage behaviour of the bat-

tery. The number of RC networks in the equivalent circuit is an important factor that determines the

accuracy and complexity of the model. The sufficient number of RC branches in the ECM can be

defined from the transient response of the cell voltage during the relaxation phase when the pulse
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current is removed. Normally, the experimental data is fitted to a few equivalent circuits with dif-

ferent number of RC branches and the circuit that can provide the best match to the experimental

data is often selected. The parameters of the ECM are a function of T and SOC and should be

identified from a set of characterization tests conducted at different operating conditions. Several

characterization test profiles simulate the discharge behaviour of the battery and overlook the charge

profile [51–53, 55, 66]. The HPPC profile, as discussed in Chapter 3, is the one that incorporates

both discharge and charge pulses [54, 72] to derive the internal resistance and polarization resis-

tances of the cell as a function of SOC with sufficient resolution to reliably establish cell voltage

response time constants during discharge, rest, and charge (regen) operating regimes. In this study,

the voltage curves obtained from HPPC tests, performed in Chapter 3, are used to characterize the

ECM parameters.

7.1.1 ECM parameter estimation

Following Ref. [53], first the number of RC-networks in the model is determined by fitting

the model to the transient response of the cell voltage during the relaxation phase when the pulse

current is removed. The data is separately fitted to three different models: 1) one RC-network pair

(first-order ECM), 2) two pairs of RC-networks (second-order ECM), and 3) three pairs of RC-

networks (third-order ECM), the results are presented in Fig. 7.1. The R-squared values for fitted

model with one, two, and three pairs of RC networks are 0.907, 0.9912, and 0.995, respectively. The

results show that one RC network pair can not produce a satisfactory match to the experimental data.

Whereas, the second-order ECM can fit the experimental data with a R-squared value comparable

with that of third-order model but with a lower computational cost. Hence, as a compromise between

the accuracy and complexity, the model with two pairs of RC networks is selected; the schematic

of the considered model is presented in Fig. 7.2. As shown in Fig. 7.2, the model consists of

six components: Voc, internal resistance, R0 and two parallel RC networks each consists of one

resistance (R1, R2) and capacitance (C1, C2), each representing a different aspect of the battery. Voc

is the battery open circuit voltage and R0 is the ohmic or internal resistance of the cell responsible

for the immediate voltage drop or rise when the battery is being discharged or charged. Two parallel

pairs of RC consisting of R1, R2,C1 andC2, are responsible for the transient response of the battery.

R1 and C1 describe the fast dynamics of the battery, depicting the reaction kinetics and the surface

effects on the electrodes. Essentially, R1 is the charge transfer resistance and C1 represents the
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Figure 7.1: Fitting the measured voltage (symbols) during relaxation phase (when HPPC
pulse is removed) to first-order (blue line), second-order (green line), and third-order (black
line) ECM, to determine the optimum number of RC pairs that can accurately describe the
voltage behaviour of the experimental battery with the modest computational effort.

electrochemical double layer capacitance. R2 and C2 represent the slower dynamics of the battery,

in the order of hours and are more representative of the diffusion processes in the electrolyte and

active material.

The electrical behavior of the presented circuit can be formulated as;

φbatt =Voc−φ0−φ1−φ2 (7.1)

where
⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

Voc = f(SOC)

SOC= SOC0− 1
Qcell ·

∫ t
0 I(t) ·dt

(7.2)

From Kirchhoffs law, the three voltage loss terms (φ0, φ1, φ2) read as:

φ0 = I ·R0 (7.3a)
φ1
R1

+C1
dφ1
dt

= I1 (7.3b)

φ2
R2

+C2
dφ2
dt

= I2 (7.3c)
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Figure 7.2: Schematic of ECM with two RC-pairs representing the considered Li-ion cell.

Note that φ0 is a function of internal resistance (R0) whereas φ1 and φ2 are functions of both resis-

tance and capacitance, which account for voltage relaxation effect during dynamic operation of a

battery.

The model parameters should be defined from a set of experimental data collected at different T

and SOC. The parameter estimation involves two main steps: i) cycling the battery with a standard

charactrization test (HPPC profile in this study) at different operating temperatures, see Fig. 3.10 ii)

extracting the parameters from the collected experiments at each temperature and SOC; the details of

the procedure are provided in the following paragraphs. The main goal of the parameter estimation

process is to find best possible parameter values to make the model match the experimental data.

By iteratively comparing the simulation result against experiment data, the model parameters for

the specific operating condition can be found as an optimal fit. The procedure is based on an Excel

function named LINEST that uses the regressive equations derived from Eq. 7.3 as:

φbatt = φoc−R0 I−R1 I1−R2 I2 (7.4a)

I1 =
[

1−
[1− exp(−∆t/∆τ1)]

(∆t/τ1)

]

Ii +
[

[1− exp(−∆τ1)]
(∆t/τ1)

− exp(−∆t/∆τ1)
]

Ii−1

+exp(−∆t/∆τ1) I1, i−1
(7.4b)

I2 =
[

1−
[1− exp(−∆t/∆τ2)]

(∆t/τ2)

]

Ii +
[

[1− exp(−∆τ2)]
(∆t/τ2)

− exp(−∆t/∆τ2)
]

Ii−1

+exp(−∆t/∆τ2) I1, i−1
(7.4c)

where i represents the index for each time step. The fitting process should be performed at each

SOC and T . Figure. 7.3 shows a sample of fitting procedure performed at 50% SOC and 0 ◦C.

As reported in Fig. 7.3b, the match between the fitted and measured voltage is excellent with a

maximum relative difference (%) between the fitted and measured voltage of 1%.
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Figure 7.3: Results of the parameter estimation process performed at 50% of SOC and 0◦C.
a) Plotted the fitted voltage against the measured voltage and b) the relative difference (%)
between the measured and fitted data.

The results of the parameter estimation procedure are plotted in Figure 7.4, which shows the

estimated parameters as function of SOC and T .
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109



Since SOC and temperature are continuously changing, the model parameters should be updates

at each time step by interpolation. A two-dimensional interpolation method is used to fit ECM

parameters that are functions of both temperature and SOC.

For comparison, in Fig. 7.5, the cell voltage calculated from Eq (7.1) is plotted against the mea-

sured voltage during HPPC cycle at 25 ◦C. The result implies that by using the estimated parameters

provided in Fig. 7.4, the model can capture the battery voltage behaviour across the HPPC profile

with a fair accuracy.

ce
ll

V
[V

]
ol

ta
ge

,
V

Figure 7.5: Experimental (red dashed line) and simulated (black solid line) voltage re-
sponse of the battery to HPPC profile at 25◦C.

7.1.2 Electro-thermal model

The schematic of the calculation domains (positive and negative electrode) is presented in

Fig. 6.2. The geometry and the mesh in COMSOLMULTIPHYSICS (Version 5.0a) software which

is used to solve the governing equations defined on the positive and negative domains. Following

Ref. [55], the developed ECM as a zero-dimensional model, is applied to each grid element of the

geometry to obtain a distributed behaviour for the current and voltage of the cell. To incorporate

all of the small ECMs together, the governing equations for the charge balance, see Eqs. (6.1) and

(6.2), are solved in the cell domains. Note that the corresponding boundary conditions detailed in

Eqs. (6.4) and (6.5) are still applicable.

In electrode domains where electrochemical reaction occurs (J ̸= 0), local cell voltage, φbatt(x,y)

from Eq. (7.3), is the same as the potential difference calculated from the charge balance equations
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[cf. Eqs. (6.1) and (6.2)] [55];

φbatt(x,y) =Voc(x,y)−φ0(x,y)−φ1(x,y)−φ2(x,y) =Vp(x,y)−Vn(x,y) (7.5)

From Eq. (7.5), φ0 can be defined as:

φ0(x,y) =Voc(x,y)− (Vp(x,y)−Vn(x,y))−φ1(x,y)−φ2(x,y) (7.6)

The reaction current density, J, calculated from the polarization expression [cf. Eq. (6.14)] in Chap-

ter 6 can be estimated from Eq. (7.3a) to simulate the I−V characteristics of the battery at transiently

changing load profile as opposed to polarization expression that is limited to the galvanostatic pro-

cesses. Therefore, J can be expressed as:

J =
φ0

R0 ac
(7.7)

The transient thermal behaviour of the battery can still be described by the two-dimensional

energy equation, Eq. (6.7), and the corresponding boundary and initial conditions, Eqs. (6.12) and

(6.13), presented in Chapter 6. Likewise, Eq. (6.9) is used to estimate the net rate of volumetric

heat, ġ, generated in the battery core.

7.1.3 Results and discussion

The Equations that govern the electro-thermal performance of the cell and simulate the I−V

characteristics of the battery, [cf. Eq. (7.3)], form a system of nonlinear equations that can not be

solved analytically. Hence, COMSOL MULTIPHYSICS (Version 5.0a), is used to simultaneously

solve the governing equations over two separated domains, Ωp and Ωn, and to predict the unsteady

temperature profile of the Li-ion cell for a given electric load, ambient temperature, and thermal

boundary conditions. Experimental validation of the developed multi-physics model at various C-

rates (1 C, 2C, 3C, 4C) and temperatures (-10, 0, 25, 40, 55 ◦C) is presented in Fig. 7.6. Because

of the excessive temperature rise (above the safety limit) in the battery during 4C-rate discharge

conducted at 55 ◦C, the voltage measurement is terminated before completion of the process. The

experimental discharge curves agree well with those obtained from the modeling at different en-

vironmental temperatures. However, the simulated result starts to deviate from the measured data

for the discharge rates above 3C. This is because it is difficult to handle mass transport limiting

phenomena with standard ECM; additional variables such as a Warburg circuit can help to resolve

this problem [55], however, this exceeds the scope of this study.
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The discharge curves in Fig. 7.6 show that the discharge capacity of the cell drops significantly

as the temperature decreases below 0 ◦C. At low temperature the activation energy needed for chem-

ical reactions to occur is higher. The intercalation and deintercalation mechanism at the electrodes

need more energy, therefore fewer lithium ions can participate in the active cell process. This leads

to a temporary capacity loss. Moreover, low intercalation and deintercalation means a lower cell

voltage, which influences the deliverable power from the battery. Nonetheless, the above-mentioned

effects are temporary; when the temperature is restored the to desirable level, the capacity and power

capabilities are recovered [120].
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The surface average temperature of the battery as a function of discharge time at different dis-

charge rates is plotted in Figure 7.7. Plots a-e are intended to assess the temperature effect, where

cell is discharged at 2 C, 3C, and 4C rates in an environment of −10 ◦C, 0 ◦C, 25 ◦C, 40 ◦C, 55 ◦C.

In this study the ambient of−10 ◦C is considered as the representative subzero temperature for auto-

motive applications, at which the battery is still capable of delivering reasonable performance. The

agreement between the model and experiment is acceptable, except for a slight under-prediction

on temperature near the end of the process for 0 and −10 ◦C cases. There is a hypothesis that the

discrepancy between the predicted and measured data is caused by extremely high sensitivity of cell

performance at subfreezing temperatures to operating conditions. Since the cell voltage is lowered

with decrease of temperature [see Fig. 7.6], especially at subzero temperatures, cell temperature rise

is more marked at a lower ambient temperature due to the higher cell resistance and larger voltage

loss [121].

The sensitivity of the discharge performance of the cell at subzero ambient to the heat trans-

fer conditions is investigated in Fig. 7.8, in which the voltage and temperature profiles of the cell

simulated at different convective cooling conditions, are plotted against time. Four heat trans-

fer conditions including: adiabatic (h= 0Wm−2 K−1), h= 10Wm−2 K−1, h= 50Wm−2 K−1, and

h= 100Wm−2 K−1 are considered at the ambient of −10 ◦C. Figure. 7.8 shows that by decreasing

the convective cooling coefficient, approaching to adiabatic conditions, the cell capacity increases

(10%). The low heat transfer coefficient at −10 ◦C, implies large cell resistance, and stronger

electro-chemical and thermal interaction that leads to a higher temperature rise, and larger per-

formance boost, which is more noticeable near adiabatic conditions (where h approaches zero). In

other words, when the cell is operated at sub ambient temperature, the lower the heat transfer coef-

ficient, h, the higher the discharge capacity can be delivered as a result of a faster temperature rise.

It can be concluded that an efficient BTMS is necessary to regulate the batteries cooling or heating

conditions according to climate conditions. The New European Driving Cycle (NEDC) as a combi-

nation of various charge and discharge rates, is used to demonstrate the capability of the model in

simulating the dynamic response of the cell to transiently changing load profiles. Figure 7.9 shows

a comparison between the experimental test data (dashed lines) and the electro-thermal model pre-

diction (solid lines). The time variation of the current, SOC, average voltage, and average surface

temperature are plotted in Fig. 7.9 a, b, c, and d, respectively. The overall electrical and thermal

performance obtained from the modeling and experiential studies, are in a fair agreement. At the

end of the cycle, the maximum applied discharge current of 4 C, causes a sharp increase in the cell

115



Time [s]

0 200 400 600 800 1000
1.5

2.0

2.5

3.0

3.5

!20

0

20

40

60

V
o
lt

ag
e 

[V
]

T
em

p
er

at
u

re
 [

°C
]h=0 (adiabatic)

h=10

h=50

h=100

h, heat transfer coefficient (W/m K)
2

►

►

h=100
h=50

h=10
h=0 (adiabatic)
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h= 10Wm−2 K−1, h= 50Wm−2 K−1, and h= 100Wm−2 K−1.

temperature, by more than 4◦C, and an immediate voltage drop within approximately, 16 s. As pre-

dicted in Fig. 7.9 b, during the whole cycle, the capacity of the battery is depleted 20%, from 100

to 80% of SOC.

116



0 200 400 600 800 1000 1200
!80

!60

!40

!20

0

20

0 200 400 600 800 1000
3.0

3.2

3.4

3.6

3.8

4.0

Time [s]

V
o

lt
ag

e 
[V

]

T
em

p
er

at
u

re
 [

°C
]

Time [s]

C
u

rr
en

t 
[A

]

Time [s]
0 200 400 600 800 1000 1200

80

85

90

95

S
O

C
 [

%
]

Time [s]

a b

dc

! ! ! !
! ! ! ! ! ! ! ! ! !

! ! ! ! ! ! !
! ! ! ! ! !

!
!

!
! ! ! ! !

! !
! ! ! ! ! !

!
! ! !

! ! ! ! ! ! ! !

! ! !
!

!

!

!

!

!

! !

18

20

22

24

26

0 200 400 600 800 1000 1200

Figure 7.9: Comparison of electro-thermal model prediction (solid lines) with experi-
mental results (dashed lines) conducted at ambient of 21◦C with a convective cooling of
15Wm−2 K−1. a) Current (A), b) state-of-charge (%), c) average surface temperature (◦C),
and d) average voltage (V).

7.2 Conclusion

In this chapter, a numerical multi-physics model was developed that can accurately predict the

ohmic heating and transient temperature and voltage behavior of the battery. The model is based on

second-order ECM and it is capable of simulating various cell operation modes with good accuracy.

The following steps were taken to develop and validate the present model:

• a series of characterization tests (HPPC) was conducted at different environmental tempera-

ture,

• using the experimental data, the ECM parameters were determined as a function of tempera-

ture and SOC,
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• to consider the effect of temperature and SOC on the cell performance, ECM parameters

were interpolated by two-dimensional interpolation method,

• the linear polarization expression applied in Chapter 6 was replaced by ECM which enabled

us to simulate the voltage response of the cell to transiently changing profiles,

• the ECM was coupled with the electro-thermal model detailed in Chapter 6 to estimate the

reaction current density as well as including the effect of temperature on the ECM parameters,

• developed model was validated through comparison with the experimental studies.

The validated model was applied to study the transient thermal response of the battery during stan-

dard constant current discharge tests conducted at different environmental temperature (from sub-

zero to warm ambient conditions). The results showed that the discharge capacity of the cell drops

significantly as the temperature decreases below 0 ◦C. It means less lithium ions can participate in

the active cell process that can lead to a temporary capacity loss. Moreover, at a lower ambient

temperature, cell temperature rise was more marked due to the higher the cell resistance and larger

voltage loss. The analysis proved that sub ambient temperature, the lower the heat transfer coeffi-

cient, h, the higher discharge capacity that can be delivered as a result of a faster temperature rise.

It means that an effective BTMS is necessary to regulate the batteries cooling or heating conditions

according to climate conditions. To show the capability of the developed model in simulating the

dynamic behaviour of the battery, the voltage and temperature response of the cell to New European

Driving Cycle was simulated and validated by the experimental data.
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Chapter 8

Summary and Future Work

8.1 Summary of thesis

Li-ion batteries are today considered the prime solution as energy storage system for EV/HEVs,

due to their high specific energy and power. Since their performance, life and reliability are quite

dependent on the operating temperature, great interest has been devoted to thermal models to fully

understand the thermal characteristics in the batteries across various operating conditions. The

focus of this thesis is to develop a complete range of modeling approaches from full numerical

to analytical models as a fast simulation tool for predicting the temperature distribution inside the

pouch-type batteries. The presented modeling strategy is divided into two main parts: i) analytical

solutions, and ii) numerical simulations.

In the first part of the study, a series of analytical models is proposed to describe distributions

of potential and current density in the electrodes along with the temperature filed in Li-ion batteries

during standard galvanostatic processes. First, a three-dimensional analytical solution is developed

for temperature profile inside the Li-ion batteries. The solution is used to describe the special and

temporal temperature evolution inside a pouch-type Li-ion cell subjected to the convective cooling

at its surfaces. The results are successfully verified with the result of an independent numerical

simulation. To demonstrate the versatility of the proposed model, the solution is adapted to study

the thermal behavior of the prismatic and cylindrical-type NiMH batteries during fast charging pro-

cesses. Afterward, to resolve the interplay of electrical and thermal processes on the heat generation

and thermal processes, a closed-form model is developed for the electrical field inside the battery

electrodes. The solution is coupled to the transient thermal model through the heat source term
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(Joulean heat). The results of the proposed multi-physics model are validated through compari-

son with the experimental and numerical studies for standard constant current discharge tests. The

model results show that the maximum temperature in the battery arises at the vicinity of the tabs,

where the ohmic heat is established as a result of the convergence/divergence of the current stream-

lines.

In the second part of the study, an equivalent circuit model is developed to simulate the current-

voltage characteristics of the battery during transiently changing load profiles. The model that is

calibrated by a set of characterization tests collected over a wide range of temperature, then coupled

with a numerical electro-thermal model. The validated ECM-based model is capable of predicting

the time variation of the surface temperature, voltage, and state of charge (SOC) of the battery

during different driving cycles and environmental temperatures.

The list of contributions resulted from the present study is listed below;

• A Distributed analytical electro-thermal model for pouch-type lithium-ion batteries [122],

• Theoretical analysis of potential and current distributions in planar electrodes of lithium-ion

batteries [123],

• A computationally-effective thermal model for spirally wound nickel-metal hydride batteries

[124],

• Analytical assessment of the thermal behavior of nickel-metal hydride batteries during fast

charging [125],

• Electrical constriction resistance in current collectors of large-scale lithium-ion batteries

[126],

• Transient three-dimensional thermal model for batteries with thin electrodes [127].

8.2 Future work

Improvements and expansion of the proposed models in this thesis can be made. The empirical

equations for the ECM parameters were determined as function of SOC and temperature while the

effect of the operating current was neglected that may not be suitable for high power applications.

To include this effect, more experiments are necessary to be conducted. In addition, the effect of
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the degradation on the battery performance can be studied by adding the available empirical SOH

models to the present ECM model. Also, the ECM model can be applied to develop a BMS for the

battery pack for monitoring the SOC and SOH.

The developed electro-thermal models have the potential to be adapted to other types of the bat-

tery, in terms of chemistry and geometry, for example they can be applied to study the performance

of NiMH and cylindrical-shaped batteries across different operating conditions.

Finally, there are many research possibilities on pack level’s thermal modeling. Little research

has been conducted on pack level, since testing such high power and high capacity battery packs

require expensive testing equipment. The models in this study can be extended to a sophisticated

large-scale battery pack model, where the non uniformity of the cell temperature and the heating in-

fluence of neighbouring cells can be simulated. The model can also provide an insight to the BTMS

design by simulating the temperature response of the cell and battery pack to different heating and

cooling strategies, including both active and passive systems. Once an efficient BTMS is simulated,

the system can be built and its performance across variety of operating conditions can be tested by

using the facilities available in LAEC.
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[80] C. Léger, C. Tessier, M. Ménétrier, C. Denage, and C. Delmas. Investigation of the
second discharge plateau of the β (III)-NiOOH / β (II)-Ni(OH)2 system. Journal of
Electrochemical Society, 146:924 – 932, 1999.

[81] D. Li, K. Yang, S. Chen, and F. Wu. Thermal behavior of overcharged nickel/metal
hydride batteries. Journal of Power Sources, 184:622 – 626, 2008. 52, 55, 57, 65

[82] X. Li, M. Xiao, and S.Y. Choe. Reduced order model (rom) of a pouch type lithium
polymer battery based on electrochemical thermal principles for real time applica-
tions. Electrochimica Acta, 97:66 – 78, 2013. 19

[83] X. Lin, H.E. Perez, S. Mohan, J.B. Siegel, A.G. Stefanopoulou, Y. Ding, and M.P.
Castanier. A lumped-parameter electro-thermal model for cylindrical batteries. Jour-
nal of Power Sources, 257:1 – 11, 2014. 21, 23, 105

[84] David Linden and Thomas B. Reddy. Handbook of batteries. McGraw-Hill, New
York, third edition edition, 2011. 6, 16

[85] Gregory L.P. Extended kalman filtering for battery management systems of lipb-
based hev battery packs: Part 2. modeling and identification. Journal of Power
Sources, 134:262 – 276, 2004. 22

[86] R. Mahamud and C. Park. Spatial-resolution, lumped-capacitance thermal model for
cylindrical li-ion batteries under high biot number conditions. Applied Mathematical
Modelling, 37:2787 – 2801, 2013. 65

[87] .G. Miranda and C.W. Hong. Integrated modeling for the cyclic behavior of high
power li-ion batteries under extended operating conditions. Applied Energy, 111:681
– 689, 2013. 21, 22, 23

[88] S. Motupally, C.C. Streinz, and J.W. Weidner. Proton diffusion in nickel hydroxide:
Prediction of active material utilization. Vidts, 145:29 – 34, 1998.

[89] P. Liu M.W. Verbrugge. Electrochemical characterization of high-power lithium ion
batteries using triangular voltage and current excitation sources. Journal of Power
Sources, 174:2 – 8, 2007. 22

[90] R.S. Conell M.W. Verbrugge. Electrochemical and thermal characterization of bat-
tery modules commensurate with electric vehicle integration. Journal of The Elec-
trochemical Society, 149:A45 – A53, 2002.

[91] P. Nelson, I. Bloom, K. Amine, and G. Henriksen. Design modeling of lithium-ion
battery performance. Journal of Power Sources, 110:437 – 444, 2002. 49

[92] J. Newman and K.E. Thomas-Alyea. Electrochemical systems. John Wiley, New
Jersey, 3rd edition, 2004. 43

[93] J. Newman and W. Tiedemann. Porous-electrode theory with battery applications.
AIChE Journal, 21:25 – 41, 1975.

128



[94] J. Newman and W. Tiedemann. Potential and current distribution in electrochemical
cells: Interpretation of the half-cell voltage measurements as a function of reference-
electrode location. Journal of The Electrochemical Society, 140:1961 – 1968, 1993.
85, 87

[95] J. Newman and W. Tiedemann. Temperature rise in a battery module with constant
heat generation. Journal of The Electrochemical Society, 142:1054 – 1057, 1995. 20

[96] K. Onda, T. Ohshima, M. Nakayama, K. Fukuda, and T. Araki. Thermal behavior
of small lithium-ion battery during rapid charge and discharge cycles. Journal of
Power Sources, 158:535 – 542, 2006. 13

[97] M. Ouyang, G. Liu, L. Lu, J. Li, and X. Han. Enhancing the estimation accuracy
in low state-of-charge area: A novel onboard battery model through surface state of
charge determination. Journal of Power Sources, 270:221 – 237, 2014. 22
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