14 The Probabilistic Method

Probabilistic Graph Theory

Theorem 14.1 (Szele) For every positive integer n, there exists a tournament on n vertices

with at least n'2~ =Y Hamiltonian paths.

Proof: Construct a tournament by randomly orienting each edge of K, in each direction
independently with probability % For any permutation o of the vertices, let X, be the
indicator random variable which has value 1 if ¢ is the vertex sequence of a Hamiltonian path,
and 0 otherwise. Let X be the random variable which is the total number of Hamiltonain
paths. Then X = )" X, and we have

E(X) =) E(X,) =nl2"""Y,

Thus, there must exist at least one tournament on n vertices which has > n!2- (=1 Hamil-

tonain paths as claimed. O
Theorem 14.2 Every graph G has a bipartite subgraph H for which |E(H)| > |E(G).

Proof: Choose a random subset S C V(G) by independently choosing each vertex to be in S
with probability % Let H be the subgraph of G' containing all of the vertices, and all edges
with exactly one end in S. For every edge e, let X, be the indicator random variable with
value 1 if e € E(H) and 0 otherwise. If e = uv, then e will be in H if u € S and v € S or if
ug SandveS, soE(X,)=P(e € E(H)) =1 and we find

E(|E(H)) = Y E(X.)=3|EG).
e€cE(G)

Thus, there must exist at least one bipartite subgraph H with |E(H)| > 3|E(G)|. O

Theorem 14.3 (Erdos) If (?) < 2@_1, then R(t,t) > n. In particular, R(t,t) > 25 for
t > 3.

Proof: Construct a random red/blue colouring of the edges of K, by colouring each edge
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independently either red or blue with probability 5. For any fixed set S of t vertices, let



2

Ag be the event that the induced subgraph on S is monochromatic (either all its edges are
red or all its edges are blue). Now P(Ag) = 21-(2) 50 the probability that at least one of

the events Ag occurs is at most (?)21_(2) < 1. Therefore, with positive probability, none of
the Ag events occur, so there is a red/blue edge-colouring without a monochromatic K; and
R(t,t) > n. If t > 3 then setting n = |22 | we have

i
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This completes the proof. O

Theorem 14.4 FEwvery loopless graph G satisfies
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Proof: Choose an ordering vy, v, ..., v, of V(G) uniformly at random. Let S be the set
of all vertices which appear before all of their neighbors in our ordering. Observe that S

is an independent set. Now, for each vertex v, let X, be the indicator random variable

which has value 1 if v € S and 0 otherwise. Then E(X,) = P(v € 5) = m SO
E(1S]) = > evie) E(Xo) = Xiev(a m and we conclude that there must exist at least
one ordering for which the set S is an independent set with the required size. U

Dominating Set: If G is a graph, a set of vertices S C V(G) is a dominating set if every

vertex is either in S or has a neighbor in S.

Theorem 14.5 (Alon) Let G be a simple n-vertex graph with minimum degree . Then G

1+In(6+1)

has a dominating set of size at most n 311

Proof: Choose a subset S C V(G) by selecting each vertex to be in S independently with

probability p where p = lng‘il). Note that E(]S|) = pn. Let T be the set of vertices which

are not in S and have no neighbor in S, and observe that S U T is a dominating set. For

every vertex v, let X, be the indicator random variable which has value 1 if x € T and 0



otherwise. Note that E(X,) =P(v € T) < (1 — p)°*L. Thus we have

E(SUT]) = E(S]) +E(T])

0+1
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141In(5+1)
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Here the last inequality follows from (1 + %)™ < e® which is an easy consequence of the
Taylor expansion of e®. Since there must exist a set S U T with size at most the expected

value, this completes the proof. Il

Theorem 14.6 (Erdos) For every g, k there exists a graph with chromatic number > k and
no cycle of length < g.
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5" Now, let n > 5 be an integer large enough

Proof: For typographical reasons, we set 6 =
so that 2g4/n < % and ﬁ > k and set p = n~'™?. Form a random graph on n vertices
by choosing each possible edge to occur independently with probability p. Let G be the

resulting graph, and let X be the number of cycles of G with length < g. Now we have

E(X) — Z n(n — 1)..2.i(n—i+ 1)pi

g

< S
=3

< gvn

So, by Markov’s inequality, we have P(X > §) < P(X > 2gy/n) < 5 =E(X) < 3. Thus,

X < 2 with probability > 1. Set t = [% Inn]. Then (using the identity 1 —p < e~? for the



third inequality) we find

Fa@ 20 < (7)a-n®

t(t—1)

< n'(l-p) 2

< (ne—p(tfl)/z)t

< (ne—p(s/zp)lnn)t
1 t
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Since P(X < %) > %
X < % and a(G) < t. Form the graph H from G by removing from G a vertex from each
cycle of length < g. Then H has no cycles of length < g, [V(H)| > %, and o(H) < o(G) <t

so we have

and P(a(G) < t) > 1 there is a specific G with n vertices for which

x(H) > H
> 5
2 Gpinnts
Ty
>k

So H satisfies the theorem. O

Crossing Number and Applications

Crossing Number: The crossing number of a graph G, denoted cr(G), is the minimum
number of crossings in a drawing of G in the plane with the property that edges only meet

vertices at their endpoints and exactly two edges cross at each crossing point.

Lemma 14.7 If G = (V, E) is simple, then cr(G) > |E| — 3|V].
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Proof: We proceed by induction on |E|. As a base, note that the result is trivial when
|E| < 1. For the inductive step, consider a drawing of G in the plane with a minimum
number of crossings. If there are no crossings, then the formula follows from Lemma ?77.
Otherwise, choose an edge e which is crossed, and consider the graph G — e. By keeping
the same drawing (except for the deleted edge e) we find that cr(G) > ¢r(G —e) + 1. Now,
by induction we have cr(G —e) > |E\ {e}| — |V| = |E| — 1 — |V]| and combining these
inequalities yields the desired result. U

Theorem 14.8 If G = (V, E) is simple, then cr(G) > GLﬁl/jz'

Proof: Let |V| = n and |E| = m and fix a drawing of G in the plane with a minimum number
of crossings. Set p = 2 (note that this is < 1) and choose a random subset S of vertices by
selecting each vertex to be in S independently with probability p. Let H = G[S] and let X
be the random variable which counts the number of crossings of H in the induced drawing.
By the previous lemma, we have that X > |E(H)| — 3|V (H)| so we find

0 < E(X—|EH)|+3|V(H)|)
= E(X) - E(|E(H)|) + 3E(|V(H)])
= p4cr(G)—p2m+3pn

- (e 2.

Thus cr(G) > 25 as desired. O

= 64n?

Theorem 14.9 (Szemerédi, Trotter) Let P be a collection of points in R? and let L be
a collection of lines in R%. Then the number of incidences between P and L is at most

(IPRILIE + 1P|+ 12]).

Proof: Let ¢ be the number of incidences between P and L. Removing a line from L which
does not contain a point in P only improves the bound, so we may assume that every line
contains at least one point. Construct a graph G drawn in the plane by declaring each point
in P to be a vertex, and treating each segment of a line between two consecutive points in
P to be an edge. Now we have |V (G)| = |P|, |E(G)| = ¢ — |L|, and the number of crossings
is at most |L|>. If |E(Q)| < 4|V(G)| then we have ¢ < 4|P| + |L| and we are finished.
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Otherwise, by the previous theorem we find |L|*> > cr(G) > (‘é;”lf'lf so 4|P|3|L|3 > ¢ — ||

and this completes the proof. 0

Sum sets & Product sets: If A, B are subsets of R, then we let A+ B = {a +b :
acAandbe B} and A-B={ab:a € Aand b € B}.

Theorem 14.10 (Elekes) Let A be a finite subset of R. Then |A+ A|-|A- Al > 6—14]14\3.

Proof: Let P = (A+ A) x (A- A) C R? and note that |A|?> < |P| < |AJ*. For every a,b € A
let £, be the line {(z,y) : y = a(r —b)} and let L = {l,p : a,b € A}. If £, € L, then for
every ¢ € A the line L is incident with the point (a + ¢,c — b) € P, so L is incident with
> |A| points. Thus, by the Szemerédi Trotter theorem we have

AP = ]A]- L]
< 4(1ARIP)3 + 1P|+ |AP)
< 16|AJ3|P|5.

Rearranging we get é\Alg < |P| which completes the proof. O



