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Abstract

Through fundamental connections and correspondences, combinatorics acts as a powerful
tool for informing algebraic geometry. One example is the correspondence between reflexive
polytopes and Fano toric varieties, which generalizes to a correspondence between Fano
Combinatorial Divisorial Polytopes (CDPs) and Fano complexity-1 T-varieties. There are
only finitely many reflexive polytopes in any dimension, motivating the conjecture that a
certain class of Fano CDPs is finite in any dimension. Previous work on this conjecture has
focused on the geometric side of the correspondence, and, while successful in 2-dimensions,
the arguments have not generalized to a complete proof in higher dimensions. We take a
combinatorial approach to the problem. We first recover the results in the 2-dimension case,
and generalize key parts of our arguments to higher dimensions, including bounds on some
properties of Fano CDPs. Once complete, we are hopeful that our strategies will extend to
algorithms to classify Fano CDPs, and hence Fano complexity-1 T-varieties.

Keywords: algebraic geometry; combinatorics; reflexive polytopes; Fano complexity-1 T-
varieties
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Chapter 1

Introduction

There are fundamental connections and correspondences between algebraic geometry and
combinatorics. These correspondences are a powerful tool: geometric problems can be
posed as combinatorial problems, and hence combinatorial solutions and results can extend
to geometric solutions and results, and vice versa.

One such example is the correspondence between a class of geometric objects called
Fano toric varieties and a class of combinatorial objects called reflexive polytopes. There
is a finite number of isomorphism classes of reflexive polytopes in any fixed dimension [5].
Consequently, a particularly fruitful use of the described correspondence is that known
algorithms to enumerate reflexive polytopes allow one to enumerate Fano toric varieties [1].

Fano toric varieties naturally generalize to Fano complexity-1 T-varieties, the geometric
object of primary focus in this work. Naturally, the finiteness result for Fano toric varieties
motivates a conjecture concerning the finiteness of Fano complexity-1 T-varieties in any
fixed dimension. Moreover, this conjecture has already been proven for 2-dimensions by
Huggenberger in [2], who also provides a classification of 2-dimensional Fano complexity-1
T-varieties. However, the arguments used to prove the conjecture in 2-dimensions, which
are rooted in algebraic geometry, did not fully establish the conjecture in higher dimensions.
We take a combinatorial approach to the problem by utilizing a correspondence between
complexity-1 T-varieties and combinatorial divisorial polytopes (CDPs), defined by Ilten
and Süß in [3]. Such a combinatorial object consists of two components, a base lattice
polytope, say P , and a finite collection of suitable functions defined over P .

Ilten and Süß define the Fano property of a CDP so that under the correspondence
with complexity-1 T-varieties, the Fano property is preserved. Just as Fano complexity-
1 T-varieties generalize Fano toric varieties, we have that Fano CDPs generalize reflexive
polytopes. In particular, there is a correspondence between reflexive polytopes and Fano
CDPs with exactly two functions.

We reformulate the conjecture concerning the finiteness of Fano complexity-1 T-varieties
into a conjecture concerning the finiteness of Fano CDPs. It turns out that the most naive
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interpretation is not correct; it is not the case that there are only finitely many Fano
CDPs in any fixed dimension. We construct infinite families of inequivalent Fano CDPs in
Chapter 2, but with a key observation: each of these CDPs consist of only two functions.
Hence, the conjecture requires the following precision:

Conjecture 1.1. In any fixed dimension and up to an equivalence relation, there are only
finitely many Fano CDPs with more than two functions.

Through the work of Huggenberger, we know that Conjecture 1.1 holds for 2-dimensional
Fano CDPs. Through combinatorial techniques that are described in Chapter 3, we recover
this result. Furthermore, in analogy to Huggenberger’s classification of 2-dimensional Fano
complexity-1 T-varieties, we complete a classification of 2-dimensional Fano CDPs with
more than two functions, which is given in Appendix A.

We generalize key elements of our arguments from the 2-dimension case to obtain results
for Fano CDPs in higher dimensions. For a fixed base polytope, we give an upper bound on
the number of functions in a Fano CDP with this fixed base. It turns out that we need only
look at the upper bounds given by finitely many bases, and hence we have the following
theorem, which is given as Theorem 4.11 in Chapter 4:

Main Theorem 1. In any fixed dimension, there is a uniform upper bound on the number
of functions in a Fano CDP.

Next we show that fixing a base polytope and number of functions yields only finitely
many possible Fano CDP. Combining this result with Main Theorem 1 gives:

Main Theorem 2. For any fixed lattice polytope in any dimension, there are only finitely
many Fano CDPs with this lattice polytope as its base, up to equivalence.

This result is given as Theorem 5.2 in Chapter 5. To prove Conjecture 1.1 we would
need to bound the set of inequivalent permissible base polytopes, that is, those yielding
Fano CDPs, to a finite set.
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Chapter 2

Background

In Sections 2.1 and 2.2 we define and highlight key properties of reflexive polytopes and
Fano combinatorial divisorial polytopes, respectively.

2.1 Reflexive Polytopes

We proceed first with the necessary definitions toward defining a reflexive polytope, for
which we refer to [1], and follow with examples giving some intuitive understanding of these
definitions.

Definition 2.1. A d-dimensional lattice polytope is the convex hull of a finite collection of
points S = {v1, . . . , vn} ⊂ Zd, where the convex hull of S, denoted Conv(S), is given by

Conv(S) =
{

n∑
i=1

civi : ∀i ci ≥ 0 and
n∑
i=1

ci = 1
}
.

In this document, every reference to a polytope actually refers to a lattice polytope, unless
otherwise specified.

Definition 2.2. We say that F is a face of a lattice polytope P ⊂ Rd if

F = facev(P ) := {u ∈ P : 〈u, v〉 is minimal}

for some v ∈ Zd.

A codimension one face of a polytope is called a facet of the polytope, while a 0-dimensional
face of a polytope is called a vertex of the polytope.

Definition 2.3. A facet F of a lattice polytope P ⊂ Rd is at height 1 if there is some
v ∈ Zd whose components have gcd 1, so that F = facev(P ) and 〈u, v〉 = −1 for all u ∈ F .

For a facet F at height 1, the vector v given in Definition 2.3 is in fact the inward normal
vector of F . Consider the equation 〈u, v〉 = c. Ranging c from −1 to 0 encodes all of the
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lines parallel to F that lie between F and the origin. Since v is integral, there is no integral
point lying on one of these lines strictly between F and the origin. Thus this gives us the
intuition that if a facet F is at height 1, then as F is slid towards the origin, F does not
hit an integral point before reaching the origin.

Definition 2.4. A lattice polytope is reflexive if all of its facets are at height 1.

(a) Non-reflexive (b) Reflexive

Figure 2.1: Examples of 2-dimensional polytopes

Example 2.5. In Figure 2.1 the point emphasized is the origin. The polytope given in
Figure 2.1(a), say P , is the convex hull of {(−2, 0), (0,−1), (1, 1)}, but it is also the convex
hull of {(−2, 0), (0,−1), (1, 1), (−1, 0)}. Intuitively, in 2-dimensions, the convex hull of a set
of points can be found by stretching an elastic bound around all of the points in the set
and releasing. Imagine the elastic band catching on the points as if they are pegs — the
interior and boundary of this shape is the convex hull of the points.

Note that P is not reflexive, as the facet F given by the line segment from (−2, 0)
to (1, 1) is not at height 1: geometrically, if slid toward the origin, F passes the point
(−1, 0) before reaching the origin. Meanwhile, every facet of the polytope, say P ′, given
in Figure 2.1(b) is at height 1, and so P ′ is reflexive. For example, if we denote the facet
given by the line segment from (−2,−1) to (1, 1) by F ′, then taking v = (2,−3) satisfies
Definition 2.3 applied to F ′. Note that P ′ has no interior lattice point except for the origin.
These examples illustrate that a necessary condition of a polytope P being reflexive is that
the origin must be the only interior lattice point of P .

An alternative and equivalent definition of a reflexive polytope can be made through the
dual of a polytope.

Definition 2.6. Let P be a lattice polytope having 0 as an interior point. The dual
polytope of P is

P ◦ = {u ∈ Rd : 〈u, v〉 ≥ −1 for all v ∈ P}.

In general the dual of a lattice polytope is not also a lattice polytope. Reflexive polytopes
are precisely those lattice polytopes whose dual is also a lattice polytope. Furthermore, the
dual of a reflexive polytope is also a reflexive polytope [1, p. 380].

Example 2.7. In Figure 2.2(a) we give a reflexive polytope P , and then its dual in Figure
2.2(b), which is also a reflexive polytope. If we apply Definition 2.6 to the vertex (−1, 1)
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of P , we see that every point (x, y) ∈ P ◦ needs to satisfy −x+ y ≥ −1. That is, the point
(x, y) is above the line y = x − 1, as illustrated in the figure with the red arrow. We can
make similar conclusions with the other vertices of P to fully construct the dual polytope
P ◦.

(a) P (b) P ◦

Figure 2.2: A reflexive polytope and its dual, which is also a reflexive polytope

Definition 2.8. Two lattice polytopes P, P ′ ⊂ Rd are lattice equivalent if there is an
invertible linear map ϕ : Rd → Rd and v ∈ Zd such that ϕ(Zd) = Zd and ϕ(P ) + v = P ′.

The following result concerning reflexive polytopes acts as strong motivation toward Con-
jecture 1.1:

Theorem 2.9 (Lagarias and Ziegler, 1991). In any fixed dimension, there are only finitely
many equivalence classes of reflexive polytopes.

Recent work has focused on the classification of reflexive polytopes, as the classifi-
cation of reflexive polytopes is equivalent to the classification of Fano toric varieties [1,
Theorem 8.3.4]. There are 16 isomorphism classes of 2-dimensional reflexive polytopes [1,
Theorem 8.3.7]. Kreuzer and Skarke determined that there are over 400 isomorphism classes
of reflexive polytopes in 3-dimensions, and over four million in 4-dimensions [4].

2.2 Fano Combinatorial Divisorial Polytopes

In Section 2.2.1, we introduce the notion of a combinatorial divisorial polytope, and then
in Section 2.2.2 we describe the Fano property of a CDP.

2.2.1 Combinatorial Divisorial Polytopes

We can now give the precise definition of a combinatorial divisorial polytope as determined
by Ilten and Süß [3].

Definition 2.10. A d-dimensional combinatorial divisorial polytope (CDP) Ψ consists of a
lattice polytope P ⊂ Rd−1 and functions ψ1, . . . , ψn : P → R such that

1. each ψi is piecewise linear, continuous, and concave;
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2. the vertices of the graph of each ψi are integral;

3.
∑n
i=1 ψi is strictly positive on the interior of P .

We frequently refer to the lattice polytope P as simply the base polytope or base of the
CDP. Moreover, we denote the graph of a function ψi by Γ(ψi). We give an example of the
vertices of some Γ(ψi) in Example 2.11.

We have a correspondence between d-dimensional polytopes and d-dimensional CDPs
with exactly two functions. Starting with a lattice polytope P ⊂ Rd, let π1 : Rd → Rd−1 be
the projection to the first d − 1 coordinates and π2 : Rd → R be the projection to the last
coordinate. Set R = π1(P ), and define ψ1, ψ2 : R → R by ψ1(u) = max(π2(π−1

1 (u) ∩ P ))
and ψ2(u) = −min(π2(π−1

1 (u)∩ P )). Then the base R with the functions ψ1, ψ2 is a CDP.
Moreover, this process can be reversed to obtain a polytope from a CDP with two functions,
by reflecting one of the functions and taking the convex hull of the vertices of the graph of
the CDP.

Example 2.11. An example of this process is illustrated for a 2-dimensional polytope P
in Figure 2.3(a). The polytope P is the convex hull of the points

{(−3, 1), (0, 2), (1, 1), (2,−1), (−1,−2), (−3, 0)}.

We project down one dimension to obtain the 1-dimensional polytope R = [−3, 2], given in
Figure 2.3(b). We encode the missing information by defining two functions ψ1 and −ψ2

over R, where ψ1 gives the “upper” facets of P , and −ψ2 gives the “lower” facets of P .
These functions are also pictured in Figure 2.3(b). Finally, we reflect −ψ2 so that both of
the functions are concave. The resulting CDP is given in Figure 2.3(c).

(a) P ⊂ R2 (b) R = π1(P ) ⊂ R1 (c) Corresponding CDP

Figure 2.3: Example of correspondence between polytopes and CDPs with two functions:
(a) the lattice polytope; (b) the lattice polytope projected down one dimension; and (c) the
corresponding CDP.

The vertices of Γ(ψ2), the graph of the function given in red in Figure 2.3(c), are the
endpoints (−3, 0) and (2, 1), and also the point (−1, 2). Note that these points correspond
to 0-dimensional faces of the original polytope P . Since P is a lattice polytope, the vertices
of both Γ(ψ1) and Γ(ψ2) are indeed integral, as we require in Definition 2.10.
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Before introducing the concept of the regions of linearity of a function ψi in a CDP, we
define a subdivision of a polytope, to which we refer to [7].

Definition 2.12. A subdivision of a lattice polytope P is a finite collection C of lattice
polytopes such that

1. P = ∪R∈CR, as sets of points;

2. the empty polytope is in C;

3. if R ∈ C, then all of its faces are also in C;

4. if Q,R ∈ C, then Q ∩R is a face of both Q and R.

Recall that the functions ψi in a CDP are piecewise linear. Because ψi is concave, the
facets of Γ(ψi) are convex, and hence project down to a decomposition of the base polytope
P into polytopes. Moreover, as Γ(ψi) has integral vertices, the vertices of the polytopes in
the decomposition are integral, and hence the graph of Γ(ψi) corresponds to a subdivision
of the base polytope. We say that a d-dimensional polytope in this subdivision is a region
of linearity of the function ψi, where d is the dimension of P . Examples of possible regions
of linearity of a function ψi defined over a 2-dimensional base are given in Figure 2.4.

Figure 2.4: Example of possible regions of linearity

2.2.2 The Fano Property

Since CDPs can contain any finite number of functions, we can think of CDPs as a gener-
alization of polytopes. The Fano property of a CDP generalizes the reflexive property of
polytopes, as determined by Ilten and Süß [3].

Definition 2.13. A CDP Ψ consisting of base polytope P and functions ψ1, . . . , ψn is said
to be Fano if 0 ∈ P ◦ and there are integers a1, . . . , an such that

1.
∑n
i=1 ai = −2;

2. for all i = 1 . . . n, ψi(0) + ai + 1 > 0, and each facet of Γ(ψi + ai + 1) is at height 1;

3. for any facet F of P not at height 1,
∑n
i=1 ψi is identically 0 on F .

When each facet of Γ(ψi + ai + 1) is at height 1, we say that ψi + ai + 1 is at height 1.
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(a) ψ1 (b) ψ2 (c) ψ3

Figure 2.5: Example of Fano CDP

Example 2.14. Consider the Fano CDP with base polytope P = [−1, 3] and the functions
ψ1, ψ2, and ψ3, depicted in Figure 2.5. Taking a1 = −1, a2 = 0, and a3 = −1, the functions
ψi + ai + 1 are at height 1. Moreover, note that the point 3 is a facet of P which is not at
height 1, but that

∑3
i=1 ψi(3) = 0, as required by Definition 2.13.

Remark 2.15. Under the correspondence between CDPs with two function and polytopes,
we have that the CDP is Fano if and only if the corresponding polytope can be translated so
that it contains the origin as an interior point and is reflexive.

We also have a notion of equivalence of CDPs. We may translate and shear the functions,
or map to an equivalent base polytope, to obtain an equivalent CDP. More precisely: Let
Ψ be a CDP as before. Suppose we have another CDP Φ consisting of functions γ1, . . . , γn

and base polytope P ′ ⊂ Rd−1. Then Ψ and Φ are equivalent if there is a lattice equivalence
ϕ : P → P ′ such that ϕ(0) = 0, a permutation σ ∈ Sn, a point v ∈ Zd−1, and integers
α1, . . . , αn, β1, . . . , βn with

∑n
i=1 αi =

∑n
i=1 βi = 0, so that

γσ(i)(u) = ψi(ϕ(u)) + αi + (βi)〈ϕ(u), v〉 (2.1)

for all u ∈ P , i = 1 . . . n. Furthermore, we can add the constant zero function to Ψ, and
this resulting CDP is equivalent to Ψ.

Remark 2.16. Equivalences between CDPs preserve the Fano property.

Remark 2.17. If Ψ and Φ are two equivalent CDPs with exactly 2 functions, then their
corresponding polytopes are also equivalent.

Example 2.18. Consider the CDP, say Ψ, given in the upper left hand corner of Figure
2.6. Its base polytope is P = [−1, 1], and let ψ1 be the red function, and ψ2 be the black
function. Then Ψ is Fano. Moreover, the corresponding polytope of Ψ is depicted below it,
and it indeed is reflexive.

Returning to the CDP, we shear ψ1 by a factor of −1 and ψ2 by a factor of 1 to obtain
an equivalent Fano CDP, which is depicted to its right. We can also translate the functions,
and then map to an equivalent base, which in this case is given by the reflection of P
through the origin. Note that the corresponding polytopes of the last two CDPs need to
be translated down by 1 so that the origin is interior to the polytope and so that they are
reflexive.
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Figure 2.6: Equivalent CDPs and their corresponding polytopes

As illustrated in Example 2.18, shearing a CDP with exactly two functions corresponds
to shearing its corresponding polytope in the vertical direction, that is, in the direction which
we project along to obtain its corresponding CDP. However, polytopes can be sheared in
other directions, implying that the converse of Remark 2.17 is not true. In fact, infinite
families of inequivalent Fano CDPs can be constructed from an isomorphism class of reflexive
polytopes. Thus the naive generalization of Theorem 2.9 to Fano CDPs, that is, there
being finitely many isomorphism classes of Fano CDPs in any fixed dimension, does not
hold. However, the Fano CDPs arising from reflexive polytopes each consist of only two
functions. Hence Conjecture 1.1 generalizes Theorem 2.9 to Fano CDPs, except those with
exactly two functions.

Example 2.19. Consider the reflexive polytope, say P1, given in the upper left hand corner
of Figure 2.7. It corresponds to a Fano CDP with two functions, depicted below it. We may
shear P1 horizontally to obtain another reflexive polytope, say P2, depicted to the right of
P1, and which also corresponds to a Fano CDP. We could repeat this process, shearing P2 in
the same direction as before. Since these reflexive polytopes are obtained through shearing,
they are all equivalent. However, the Fano CDPs they correspond to are not equivalent:
the bases of the Fano CDPs have different lengths, and hence are not equivalent. Since this
process could be repeated indefinitely, we may construct an infinite number of inequivalent
Fano CDPs, all with exactly two functions.

The equivalence relations among CDPs allow us to make some key assumptions. Let Ψ be
a Fano CDP with base polytope P and functions ψ1, . . . , ψn. Then:

1. We need only consider the translated functions ψ′i := ψi+ai+1, which are at height 1.

2. We may assume that each Γ(ψ′i) is not an integral plane, as otherwise the function
could be sheared and translated to the zero function and hence discarded.

9



Figure 2.7: Equivalent reflexive polytopes can correspond to inequivalent Fano CDPs.

3. For the purposes of enumeration, we may shear ψ′1, . . . , ψ′n−1 to a useful position, and
then shear ψ′n counter actively, so that the net shearing is zero. For example, in some
cases we may shear each of ψ′1, . . . , ψ′n−1 to zero at a particular point in the base
polytope.

Indeed these three steps form the basis of our strategy. Applying Property 3 of Definition
2.10 to the translated functions ψ′i yields

n∑
i=1

ψ′i > n− 2 on the interior of P , and (2.2)

n∑
i=1

ψ′i ≥ n− 2 on the boundary of P . (2.3)

Furthermore, applying Property 3 of Definition 2.13 to the translated functions ψ′i yields

n∑
i=1

ψ′i = n− 2 (2.4)

on any facet F of P which is not at height 1.
Finally, the following definitions offer a way to classify the functions ψ′i, and they fre-

quently appear as separate cases when determining properties of Fano CDPs.

Definition 2.20. Let ψ′i be a function in a CDP with base polytope P . We say ψ′i is integral
if ψ′i(v) is integral for all integral points v ∈ P . Otherwise, we say that ψ′i is non-integral.

A direct consequence of Lemma 4.1, which is proved in Chapter 4 for d-dimensional Fano
CDPs, is the following proposition, which offers an equivalent way to classify the functions
ψ′i.

Proposition 2.21. Let ψ′i be a function in a Fano CDP with base polytope P . Then ψ′i is
integral if and only if ψ′i(0) = 1.

10



Chapter 3

Finiteness and Enumeration in
2-Dimensions

In this chapter we highlight the key ideas in our enumeration of all 2-dimensional Fano
CDPs with more than two functions. These ideas inspire our arguments in the general case,
described in Chapters 4 and 5.

3.1 Bounds on the Number of Functions

We begin by establishing bounds on the number of functions in a 2-dimensional Fano CDP.

Proposition 3.1. Any 2-dimensional Fano CDP Ψ consists of at most 4 functions. More-
over, if the base polytope of Ψ has exactly one of ±1 as a facet, then Ψ consists of at most
3 functions.

The proof of Proposition 3.1 is given in a more general setting in Section 4, and hence
omitted for now. The idea of the proof is to bound the sum ψ′i(−1) + ψ′i(1) above by
concavity arguments, and use the lower bound given in Inequality (2.3). A more subtle
argument is needed to establish Proposition 3.5.

Proposition 3.5. There are no 2-dimensional Fano CDPs with more than two functions
and a base polytope having both −1 and 1 as interior points.

The main idea of the proof is to find bounds on the values of the first n− 1 functions,
ψ′1, . . . , ψ

′
n−1, at the points −1 and 1, through shearing. Then, we can use the preliminary

results established below and the bound n−2 <
∑
ψ′i given in Inequality (2.2) to determine

bounds on the final function, ψ′n, at −1 and 1. The proof formally appears at the end of
this subsection, as we first establish some lemmas.

Lemma 3.2. Suppose ψ′i is a function in a 2-dimensional Fano CDP. If ψ′i(−1) = 1 =
ψ′i(1), then ψ′i is identically 1.
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Proof. Suppose ψ′i(−1) = 1 = ψ′i(1). Then by the concavity of ψ′i and the fact that ψ′i is
at height 1, ψ′i(0) is at least and at most 1, respectively. Thus ψ′i(0) = 1, and moreover,
ψ′i ≡ 1 on [−1, 1]. If the graph of ψ′i had a distinct facet, say F , on the left hand side of
the origin, it would necessarily have positive slope due to concavity, and so the point (0, 1)
would be in between F and the origin. Then F could not be at height 1, a contradiction.
Similarly there could be no distinct facet to the right of the origin. Hence ψ′i ≡ 1.

Lemma 3.3. Suppose ψ′i is a function in a 2-dimensional Fano CDP. If Γ(ψ′i) is not an
integral line, then ψ′i(−1) ≤ 0 or ψ′i(1) ≤ 0.

Proof. Let a = ψ′i(−1) and b = ψ′i(1). Assume, toward a contradiction, that a > 0 and
b > 0.

Suppose ψ′i(0) is non-integral. Then (−1, a) and (1, b) lie on the same facet F of the
graph ψ′i, and so, there are u, v ∈ Z such that −u+av = −1 and u+ bv = −1. The solution
of this system gives u = b−a

a+b . As a, b > 0, we have that |b−a| < |a+b| and so u is an integer
if and only if a = b. Since ψ′i is non-integral, ψ′i ≡ a on [−1, 1] (as it could have no vertex
inside this range). Since a = ψ′i(0) is non-integral, then Γ(ψ′i) would have a non-integral
vertex, which contradictions the definition of a CDP.

Suppose ψ′i(0) is integral. Then ψ′i(0) = 1. As both a, b > 0 and are integers, a = b = 1.
By Lemma 3.2, ψ′i ≡ 1, which we assumed was not the case.

Lemma 3.3 is often used in the form of the following corollary:

Corollary 3.4. Suppose ψ′i is a function in a 2-dimensional Fano CDP and Γ(ψ′i) is not an
integral line. If ψ′i(1) > −1, then ψ′i(−1) ≤ 1. Similarly, if ψ′i(−1) > −1, then ψ′i(1) ≤ 1.

Proof. Let ψ′i be as above, with ψ′i(−1) > −1. Suppose, towards a contradiction, that
ψ′i(1) > 1. Then we may shear ψ′i so that ψ′i(−1) moves up by one and ψ′i(1) moves down
by one. Both resulting values would be positive, contradicting Lemma 3.3. A symmetric
argument gives the result when ψi(1) > −1 and ψi(−1) > 1.

We can use these preliminary results and the bound given in Inequality (2.2), which is
n− 2 <

∑n
i=1 ψ

′
i on the interior of the base polytope, to deduce the following enumeration

steps, which we reference as E1, E2, E3, and E4:

E1. 0 ≤ ψ′i(−1) < 1, i = 1 . . . n− 1
Shear by taking bi = bψ′i(−1)c for i = 1 . . . n−1, and bn = −

∑n−1
i=1 bi in Equation (2.1).

E2. ψ′i(1) ≤ 1, i = 1 . . . n− 1
Apply the lower bound given in E1 to Corollary 3.4.
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E3. −1 < ψ′n(−1) and −1 < ψ′n(1)
Apply the upper bounds given in E1 and E2 to Inequality (2.2).

E4. ψ′n(−1) ≤ 1 and ψ′n(1) ≤ 1
Apply E3 to Corollary 3.4.

We are now able to give the proof of Proposition 3.5.

Proposition 3.5. There are no 2-dimensional Fano CDPs with more than two functions
and a base polytope having both −1 and 1 as interior points.

Proof. Suppose ψ′1, . . . , ψ′n are the functions of such a Fano CDP. Then we may assume E1,
E2, E3, and E4. By Lemma 3.3, either ψ′n(−1) ≤ 0 or ψ′n(1) ≤ 0. Without loss of generality,
assume that ψ′n(−1) ≤ 0 (as otherwise, we may reflect the base polytope through the origin
to obtain an equivalent CDP with ψ′n(−1) ≤ 0).

We will show that ψ′i(1) ≤ 0 for all i = 1 . . . n − 1, which enforces that ψ′n(1) > n − 2.
This bound, together with the upper bound on ψ′n(1) given in E4, implies that n < 3.

Indeed, Inequality (2.2) requires that n − 2 <
∑n−1
i=1 ψ

′
i(−1), as ψ′n(−1) ≤ 0. Since

ψ′i(−1) < 1 for i = 1 . . . n − 1 by E1, if there is some j such that ψ′j(−1) ≤ 0, then the
inequality cannot be satisfied. Hence we have that ψ′i(−1) > 0 for all i = 1 . . . n − 1.
Moreover, since only one of ψ′i(−1) and ψ′i(1) can be positive by Lemma 3.3, we see that
ψ′i(1) ≤ 0 for all i = 1 . . . n− 1. Then again by Inequality (2.3), ψ′n(1) > n− 2.

We also have an upper bound on ψ′n(1) given by E4: ψ′n(1) ≤ 1. Putting the bounds on
ψ′n(1) together, we have n− 2 < ψ′n(1) ≤ 1, and thus n < 3.

3.2 Enumeration

Proposition 3.5 allows us to assume in the remainder of this chapter that the base polytope
P has at least one of −1 and 1 as a facet. Through equivalences of the base polytope, we
may assume that −1 is a facet.

3.2.1 Enumeration of Fano CDPs with base polytope of length 2

Since −1 is a facet of P , we know that ψ′i(−1) is integral, by the definition of a CDP.
With this extra knowledge, we can amend the enumeration steps E1, E2, E3, and E4 to the
following enumeration steps F1, F2, F3, and F4:

F1: ψ′i(−1) = 0
Shear by taking bi = ψ′i(−1) for i = 1 . . . n− 1 and bn = −

∑n=1
i=1 bi in Equation (2.1).

F2: ψ′i(1) ≤ 1, i = 1 . . . n− 1
Apply the lower bound given in F1 to Corollary 3.4.

13



F3: −1 ≤ ψ′n(1)
Apply F2 to Inequality (2.3).

F4: n− 2 ≤ ψ′n(−1)
Apply F1 to Inequality (2.3).

Moreover, a special case of Lemma 4.6, later proved in arbitrary dimensions, is:

Lemma 3.6. Suppose ψ′i is a function in a 2-dimensional Fano CDP. Then

ψ′i(−1) + ψ′i(1) ≤ 1.

Again, the proof of this lemma is given in a more general setting in Section 4.1, so we
omit it for now. We can apply the lower bounds given in F3 and F4 to obtain upper bounds
for ψ′n(1) and ψ′n(−1), respectively:

F5: ψ′n(1) ≤ 1− (n− 2)
Apply F4 to Lemma 3.6.

F6: ψ′n(−1) ≤ 1− ψ′n(1)

We can apply F1,. . . ,F6 to conclude the following proposition:

Proposition 3.7. There are only finitely many 2-dimensional Fano CDPs with n ≥ 3
functions and base polytope P = [−1, 1].

Proof. Suppose Ψ is a Fano CDP with n functions, ψ′1, . . . , ψ′n, and base polytope P =
[−1, 1]. By Proposition 3.1 we need only consider the cases n = 3 and n = 4. We will use
F1,. . . ,F6 to provide upper bounds and lower bounds for the function values over the points
−1 and 1.

Since 1 is a facet of P , ψ′n(1) is integral. Moreover, F3 and F5 give a lower bound
and upper bound for ψ′n(1), respectively. Thus there are only finitely many choices for
ψ′n(1). Fix a value for ψ′n(1). Then we can similarly bound ψ′n(−1) below and above
by F4 and F6, leaving only finitely many choices for ψ′n(−1). Consider the inequality
n−2−ψ′n(1) ≤

∑n−1
i=1 ψ

′
i(1) which is given by Inequality (2.3). For a fixed j ∈ {1, . . . , n−1},

we can bound this inequality above by ψ′j(1)+n−2 by applying the upper bounds on ψ′i(1)
given in F2. This yields:

F7: −ψ′n(1) ≤ ψ′i(1), i = 1 . . . n− 1

Thus ψ′i(1) is bounded above and below for all i, and hence can take only finitely many
values. Thus we see that, for all i = 1 . . . n, there are only finitely many possible choices of
values for the pair ψ′i(−1) and ψ′i(1). Moreover, for any fixed pair of values for ψ′i(−1) and
ψ′i(1), there are only finitely many ways to define ψ′i. This is because there are two options
for ψ′i(0): either ψ′i is linear, or ψ′i(0) = 1. The values of ψ′i(−1), ψ′i(0), and ψ′i(1) certainly
determine the entire function.
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We can use the steps F1,. . . ,F7 to explicitly enumerate all Fano CDPs with base polytope
P = [−1, 1] and 3 or 4 functions. We provide a classification of all such Fano CDPs in
Appendix A.

Example 3.8. As an example of how to use F1,. . . ,F7 for enumeration, we apply them to
find all Fano CDPs with base function P = [−1, 1] and n = 4 functions. Let ψ′i, i = 1 . . . 4,
be the four functions in such a Fano CDP. Assume they are sheared so that ψ′i(−1) = 0,
i = 1 . . . 3 as in F1. We can first establish bounds on ψ′4(1): by F3 and F5, we have
−1 ≤ ψ′4(1) ≤ 1 − (n − 2) = −1. Thus ψ′4(1) = −1. Next we can use F4 and F6 to bound
ψ′4(−1): we have

2 = n− 2 ≤ ψ′4(−1) ≤ 1− ψ′4(1) = 2

and so ψ′4(−1) = 2. Thus

ψ′4 ∈

 ,

 .
Now that we have determined the possible values for ψ′4, we can bound ψ′i(1) for i = 1 . . . 3.
By F2 and F7 we know that

1 = −ψ′4(1) ≤ ψ′i(1) ≤ 1

for all i = 1 . . . 3, and so ψ′i(1) = 1 for all i = 1 . . . 3. As we also assume ψ′i(−1) = 0, we see

that

ψ′1, ψ
′
2, ψ

′
3 ∈

{
,

}
.

3.2.2 Enumeration of Fano CDPs with base polytope of length at least 3

In Proposition 3.1, we eliminated the possibility of a Fano CDP Ψ consisting of a base
polytope P with exactly one facet at height 1, provided that Ψ consists of at least 4 functions.
We now enumerate all possible Fano CDPs with such a base polytope P , consisting of exactly
3 functions. The enumeration will allow us to conclude the following:

Proposition 3.17. There are only finitely many 2-dimensional Fano CDPs with exactly 3
functions and base polytope P such that exactly one of ±1 is a facet of P . In these cases,
P has length at most 6.

Before returning to Proposition 3.17, we prove Lemma 3.12, which determines the pos-
sible forms of the functions in a Fano CDP with such a base P having exactly one facet at
height 1. As before we assume that −1 is a facet of P , and so 1 is an interior point of P .
Let m be the length of P , and thus we may write P = [−1,m − 1]. Note that m − 1 > 1
since 1 is interior to P . Thus m ≥ 3.
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Let ψ′1, ψ′2, ψ′3 be the functions of Ψ at height 1. First we characterize what the ψ′i can
look like, and in particular, what values ψ′i can take at the facets of P . Since we assume
that the facet m− 1 of P is not at height 1, we must satisfy Equation (2.4), that is,

ψ′1(m− 1) + ψ′2(m− 1) + ψ′3(m− 1) = n− 2.

Hence, after identifying all possible values for ψ′i(m − 1), we seek all integer solutions to
Equation (2.4) to enumerate all possible such Fano CDPs. First we establish the following
two lemmas, which help to identify the possible forms of the ψ′i. Lemma 3.9 will be used to
describe the forms of non-integral ψ′i, and Lemma 3.11 will be used to describe the forms
of integral ψ′i.

Lemma 3.9. Let ψ′i be a function in a 2-dimensional Fano CDP with base polytope P =
[−1,m− 1]. Suppose that Γ(ψ′i) has a vertex over a point p ≥ 1, and

F = {(x, ψ′i(x)) : −1 ≤ x ≤ p}

is a facet of Γ(ψ′i). Then ψ′i can be sheared so that ψ′i(−1) = 0 and ψ′i(x) = 1 for all
x ∈ [p,m− 1].

Proof. Let ψ′i, p, and F be as above. By shearing, we may assume that ψ′i(−1) = 0.
Suppose F meets another facet of the graph, F ′, at p. If F ′ has negative slope, then the

point (1, 0) would lie between the origin and F ′, contradicting it being at height 1. Suppose
F ′ has positive slope. If we extend F ′, its value over the point −1 would have to be positive,
due to the concavity of ψ′i. Then the point (−1, 0) would lie between the origin and the
extension of F ′, again contradicting it being at height 1.

Thus we have established that F ′ is horizontal, and hence, to be at height 1, it lies one
unit above the base P . A similar argument as above demonstrates that there is no vertex
of Γ(ψ′i) over any point q > p, giving that ψ′i(x) = 1 for all x ∈ [p,m− 1].

Example 3.10. In Figure 3.1, we give an example of the cases where F ′ has negative and
positive slope for the base polytope P = [−1, 4]. In each case, the black point is the origin,
and the red open circle is the lattice point that lies between F ′ (or the extension of F ′) and
the origin.
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F F ′

(a) F ′ has negative slope

F

F ′

(b) F ′ has positive slope

Figure 3.1: Example of the cases given in the proof of Lemma 3.9

Lemma 3.11. Let ψ′i be a function in a 2-dimensional Fano CDP. If ψ′i is integral, then
it is either linear or has a single vertex at the origin.

Proof. As ψ′i is integral, it may be sheared so that ψ′i ≡ 1 on [−1, 0]. By the exact argument
as given in Lemma 3.2, Γ(ψ′i) has no vertex to the left of the origin. We have the same
result for the right of the origin. Hence Γ(ψ′i) has at most one vertex, and this vertex would
be above the origin.

With these lemmas we can establish the possible values of ψ′i(m− 1).

Lemma 3.12. Assuming that ψ′1(−1) = ψ′2(−1) = 0,

ψ′1(m− 1), ψ′2(m− 1) ∈
{
m

d
, 1,−k(m− 1) + 1

}
and

ψ′3(m− 1) ∈
{
−m+ 2,−m d′

d′ + 1 + 1
}

where k, d, d′ ∈ N, d and d′ + 1 divide m, and 1 < d ≤ m
2 .

Proof. First we will describe the possible forms of ψ′1. Since these forms are determined
as a consequence of the fact that ψ′1(−1) = 0, all of the arguments also apply to ψ′2. We
split our arguments into two cases: one where ψ′1(0) is non-integral, and one where ψ′1(0)
is integral.

Case 1. The value ψ′1(0) is non-integral.

Let d be the smallest number so that ψ′1(d−1) = 1. Since ψ′1(−1) = 0 but 0 < ψ′1(0) < 1,
such a d exists, and d − 1 > 0. Moreover, since ψ′1(−1) = 0 and ψ′1 is at height 1, d is an
integer. By Lemma 3.9, Γ(ψ′i) either has no vertices, or only one vertex. If Γ(ψ′i) has no
vertices, then ψ′i is linear with slope d. Since ψ′i(m− 1) is integral, d must divide m.

Example 3.13. If m = 6, we consider the divisors of 6 to get the following functions given
in Figure 3.2:
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(a) d = 2 (b) d = 3 (c) d = 6

Figure 3.2: Example of non-integral linear ψ′i defined over base P = [−1, 5]

If Γ(ψ′i) has exactly one vertex, then by Lemma 3.9, one of the facets is identically 1. Hence
this unique vertex is at d− 1 ∈ P .

Example 3.14. If m = 4, then we would have the following functions:

(a) d = 2 (b) d = 3

Figure 3.3: Example of non-integral ψ′i which have one vertex and are defined over base
P = [−1, 3]

Thus, if ψ′1(0) is non-integral, then ψ′1(m−1) = 1 or ψ′1(m−1) = m
d , where we may assume

that 1 < d ≤ m
2 .

Case 2. The value ψ′1(0) is integral.

By Lemma 3.11, the graph of ψ′i only has a vertex at the point (0, 1). Let −k be the
slope of ψ′i on [0,m− 1]. In order for ψ′i to be concave and not linear with integral slope, k
is non-negative. Thus ψ′1(m− 1) = −k(m− 1) + 1 for some k ∈ Z≥0.

Example 3.15. If m = 3, some of the functions we could have are given in Figure 3.4:

(a) k = 0 (b) k = 1 (c) k = 2

Figure 3.4: Example of integral ψ′i over base P = [−1, 2]
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Thus in any case

ψ′1(m− 1), ψ′2(m− 1) ∈
{
m

d
, 1,−k(m− 1) + 1

}
,

where k ∈ N and 1 < d ≤ m
2 , as claimed.

Next we determine the possible functions for ψ′3. First note that ψ′3(−1) = 1: this is
an immediate consequence of E4 (which applies because 1 is an interior point of the base
polytope) and F4.

The permissible functions for ψ′3 can be found by shearing any permissible function for
ψ′1 by a factor of −1 (since the value of the function over −1 will go from 0 to 1). Hence we
subtract m− 1 from the possible values of ψ′1(m− 1) and only keep the values that imply
ψ′3(1) > −1 (which is necessary by E3) to see that

ψ′3(m− 1) ∈
{
−m+ 2,−m d′

d′ + 1 + 1
}

where d′ ∈ N and d′ + 1 | m.

Example 3.16. If m = 4, then ψ′3 would be one of the black functions in Figure 3.5, which
are found by shearing the red function:

Figure 3.5: Example of functions at height 1 defined over the base P = [−1, 3]

Proposition 3.17. There are only finitely many 2-dimensional Fano CDPs with exactly 3
functions and base polytope P such that exactly one of ±1 is a facet of P . In these cases,
P has length at most 6.

Proof. As before, we may assume that P = [−1,m − 1] and ψ′1(−1) = ψ′2(−1) = 0. As
determined in the proof of Lemma 3.12, this implies that ψ′3(−1) = 1. By Lemma 3.12,
there are only finitely many choices for the values ψ′i(m − 1), and as seen in the proof,
these choices yield only finitely many possible functions. We can enumerate all possible
combinations of the ψ′i by substituting the values for ψ′i(m − 1) in Equation (2.4) and
finding the integral solutions. These details are omitted.

We provide a classification of all derived Fano CDPs in Appendix A.
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Chapter 4

Bounds on the Number of
Functions

As discussed in the introduction, one of our main results for an arbitrary dimension d is the
existence of a uniform upper bound on the number of functions in a d-dimensional Fano
CDP. Before we establish this theorem, we determine an upper bound on the number of
functions in a Fano CDP that depends on its base polytope P .

This bound is established by first picking a point fj so that fj and its reflection through
the origin −fj both lie on the jth coordinate axis and lie in the base polytope P . Moreover,
we pick the points fj so that for each j these points have a common norm. Then we can give,
through the concavity of the functions ψ′i, an upper bound on the sum ψ′i(−fj) + ψ′i(fj),
which is dependent on the norm |fj |. This process gives an upper bound on

n∑
i=1

(
ψ′i(−fj) + ψ′i(fj)

)
. (4.1)

Recall that Inequality (2.3) gives a lower bound on this sum as well. We sum (4.1) over
all j = 1 . . . d. By arguing that the upper bound on ψ′i(−fj) + ψ′i(fj) can only be achieved
d−1 times for fixed i (as otherwise Γ(ψ′i) would be an integral plane, a case discarded), the
bound given in the theorem statement is implied.

The necessary lemmas used in the proof of this theorem are given in Section 4.1. In
particular, Lemma 4.6 gives an upper bound on the sum ψ′i(−fj)+ψ′i(fj), while Lemma 4.3
limits the number of times that this upper bound can be achieved. A rigorous version of
the proof sketch given above is given in Section 4.2, as well as some subsequent corollaries.

4.1 Preliminary Results

Let Ψ be a (d + 1)-dimensional CDP with base polytope P and functions ψ1, . . . , ψn. Let
ψ′1, . . . , ψ

′
n denote the translated functions that are at height 1, as before.
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Lemma 4.1. Suppose ψ′i(0) = 1. Then ψ′i is linear along the line segment from 0 to v for
all v ∈ ∂P .

Proof. Restrict the base polytope P to the given line, which we denote by L, and let F
be the facet of Γ(ψ′i) above L that includes the point above the origin. Suppose F meets
another facet, say F ′, along L. Extending F ′, its value over the origin would be larger than
1 by the concavity of ψ′i. Then the point (0, . . . , 0, 1) lies between the extension of F ′ and
the origin, contradicting it being at height 1.

A direct consequence of this lemma is that if ψ′i is integral, then the only vertex in the
interior of its graph is over the origin. Moreover, we can also determine the possible regions
of linearity of some integral ψ′i: they are polytopes contained in the base polytope having
the origin as a vertex.

Example 4.2. Figure 4.1 illustrates, with the dotted lines, possible regions of linearity of
the integral functions of a Fano CDP with the depicted 2-dimensional base polytope:

Figure 4.1: Example of regions of linearity of an integral ψ′i

Lemma 4.3. If ψ′i is identically one across every coordinate axis, then ψ′i ≡ 1.

Proof. Let v ∈ ∂P , such that its components vi = 0 for all i = k + 1 . . . d, and vk 6= 0. We
establish that ψ′i ≥ 1 along the line from 0 to v by induction on k. Choose a constant γ 6= 0
so that 1− vk

γ 6= 0, and write αv =
(
1− vk

γ

)
u+ vk

γ w, where

u = α

(
v1

1− vk
γ

. . .
vk−1
1− vk

γ

0 . . . 0
)
, w = α

(
0 . . . 0 γ 0 . . . 0

)
and the constant α > 0 is chosen so that αv, u, w ∈ P . By induction, ψ′i(u) ≥ 1, and by
assumption, ψ′i(w) = 1. Thus, by the concavity of ψ′i, we have that ψ′i(αv) ≥ 1, and so by
Lemma 4.1, ψ′i ≥ 1 along the line from the origin to v. Hence ψ′i ≥ 1 on P .

Suppose that there is some point v ∈ P such that ψ′i(v) > 1. Choosing α > 0 sufficiently
small so that −αv ∈ P , the concavity of ψ′i would imply that ψ′i(−αv) < 1, a contradiction.
Hence ψ′i ≡ 1.

Next we work toward Lemma 4.6, which provides a bound on the sum of the function values
ψ′i(−fj) + ψ′i(fj), where fj and −fj are as defined in the introduction of this chapter.
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Lemma 4.4. If ψ′i is non-integral and at height 1, then ψ′i(0) ≤ 1
2 .

Proof. The point p = (0, . . . , 0, ψ′i(0)) ∈ Rd+1 is on the graph of ψ′i. Since the graph is at
height 1, there is some v ∈ Zd+1 such that 〈p, v〉 = −1, that is,

ψ′i(0) = −1
vd+1

,

where vd+1 is the (d+1)th component of v. Since 0 < ψ′i(0) < 1 by assumption and vd+1 ∈ Z,
we have the desired result.

As a momentary aside, we note that the above lemma yields a bound on the number of
non-integral functions in a Fano CDP:

Corollary 4.5. We can have at most 3 non-integral functions in a Fano CDP.

Proof. Let m be the number of non-integral functions and let l be the number of integral
functions. Then, by Inequality (2.2) and Lemma 4.4, we have

m+ l − 2 <
m+l∑
i=1

ψ′i(0) ≤ m

2 + l =⇒ m < 4.

As alluded to previously, Lemma 4.4 can be used to bound the sum of the function values
at two points centered about the origin.

Lemma 4.6. Let |fj | = f for some f > 0. Suppose ±fj ∈ P . If ψ′i is non-integral, then

ψ′i(−fj) + ψ′i(fj) ≤ 1.

If ψ′i is integral but non-linear along the line segment from −fj to fj, then

ψ′i(−fj) + ψ′i(fj) ≤ 2− f.

Finally, if ψ′i is integral and linear along the line segment from −fj to fj, then

ψ′i(−fj) + ψ′i(fj) = 2.

Proof. First assume that ψ′i is non-integral. Then, by the concavity of ψ′i and by Lemma 4.4,
we have

ψ′i(−fj) + ψ′i(fj)
2 ≤ ψ′i(0) ≤ 1

2
and the result follows.
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Suppose ψ′i is integral. By shearing we may assume that ψ′i(−fj) = 1. If ψ′i is linear
along the line segment from −fj to fj , then ψ′i(fj) = 1, and the result in this case holds.
Otherwise suppose ψ′i is not linear along this line. Then the slope of ψ′i along the line
segment from the origin to fj is at most −1, which gives ψ′i(fj) ≤ 1 − f . Since the bound
on the sum ψ′i(−fj) + ψ′i(fj) is invariant under shearing, the result follows.

4.2 Main Results

With the preliminary results of the previous subsection, we are now equipped to generalize
key parts of our arguments from our work in 2-dimensions. We begin by giving upper
bounds on the number of functions in a Fano CDP.

Theorem 4.7. Let Ψ be a (d+ 1)-dimensional Fano CDP with base polytope P ⊂ Rd and
functions ψ′1, . . . , ψ′n. Then n ≤ 1

cd for some constant 0 < c ≤ 1, only depending on P .

Proof. For each of the d coordinate axes, let fj,1 and fj,2 be the points on the jth coordinate
axis and the boundary of P . Take cj = min{|fj,1|, |fj,2|, 1}. Let c = minj cj and let fj = cej .
Define

Rj := {i : 1 ≤ i ≤ n, ψ′i(−fj) + ψ′i(fj) = 2}

and rj := #Rj for each j = 1 . . . d. Note that, for each i /∈ Rj , we have, by Lemma 4.6,

ψ′i(−fj) + ψ′i(fj) ≤ 2− c.

This bound works for non-integral ψ′i because c ≤ 1. Using this and the lower bound given
in Inequality (2.3), we have

2n− 4 ≤
n∑
i=1

(ψ′i(−fj) + ψ′i(fj)) ≤ 2rj + (n− rj)(2− c) = 2n− cn+ crj

and hence n− 4
c ≤ rj . Moreover, by Corollary 4.3, each ψ′i is not an integral line across at

least one coordinate axis, and so for each i, we have that i /∈ Rj for some j. Thus

d∑
j=1

rj =
n∑
i=1

#{j : i ∈ Rj} ≤
n∑
i=1

(d− 1) = (d− 1)n.

Applying this to the sum of n− 4
c ≤ rj over all j yields n ≤ 4

cd.

Note that if one of the fj or −fj is an interior point of P , then we may use Inequality (2.2)
in place of Inequality (2.3) to obtain the bound n < 1

cd in Theorem 4.7.
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Example 4.8. Consider the 2-dimensional base polytope given in Figure 4.2. The points
f1,1 = (−2, 0) and f1,2 = (1.5, 0) on the 1st coordinate axis and the boundary of P are
highlighted in blue. Moreover, the points f2,1 = (0,−1) and f2,2 = (0, 2

3) on the 2nd

coordinate axis and boundary of P are highlighted in red. In this case, we take f1 = (2
3 , 0)

and f2 = (0, 2
3).

Figure 4.2: Example of the points fj,1 and fj,2 for a 2-dimensional base polytope

This result has many consequences. Although the bound given in Theorem 4.7 depends on
a fixed base polytope, it turns out we need only look at finitely many bases.

Lemma 4.9. Every lattice polytope P having the origin as an interior point contains a
lattice polytope with the origin as its only interior lattice point.

Proof. Let P be as above, and suppose P has p > 1 interior lattice points, as the case p = 1
is trivial. We proceed by induction on p. Write P = Conv{v1, . . . , vk}, where {v1, . . . , vk} is
the set of lattice points in P . Let F1, . . . , Fl be the facets of P . Subdivide P into polytopes
Pi sharing only the facet Fi of P and having the origin as a vertex. An example of such a
subdivion is given in Figure 4.3.

Suppose one of the facets F of some Pj contains a non-zero interior lattice point of P .
In this first case, let R = {vi : vi ∈ Fj ∩ F}. Otherwise some Pj contains an interior lattice
point. In this second case, let R = {vi : vi ∈ Fj}. Take P ′ to be the convex hull of the
points {v1, . . . , vk} − R. By the choice of R, some interior lattice point of P becomes a
vertex of P ′ and also P ′ contains the origin as an interior point. As P ′ contains less interior
lattice points than P , by induction, P ′ contains a lattice polytope with only the origin as
an interior lattice point, and hence so does P .

Example 4.10. Consider Figure 4.3. Let P be the polytope on the left hand side of
Figure 4.3(a). The dotted lines subdivide P into smaller polytopes. Since the point (1, 0)
lies on a facet of one of these smaller polytopes, we remove the point (2, 0) from P to obtain
P ′, given on its right.

Let Q be the polytope on the left hand side of Figure 4.3(b); again we have subdivided
it into smaller polytopes. Since the point (1, 0) is an interior point of one of these smaller
polytopes, we remove the points (1,−1) and (2, 1) from Q to obtain Q′, given on its right.
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(a) First case in proof (b) Second case in proof

Figure 4.3: Examples of the process in the proof of Lemma 4.9

Theorem 4.11. In any fixed dimension, there is a uniform upper bound on the number of
functions in a Fano CDP.

Proof. By Lemma 4.9, any base polytope P contains a lattice polytope P ′ with the origin
as its only interior lattice point. The bound given by Theorem 4.7 for P ′ would also hold
for P , because the points fj picked for P ′ also lie inside P . Moreover, it is known that there
are only finitely many lattice polytopes with exactly one interior lattice point [5]. Taking
the maximum bound given by all such P ′ yields the required result.

Consider a special case of Theorem 4.7, when we may take c = 1 by assuming that, in the
proof, the norm |fj | = 1.

Corollary 4.12. Let P ⊂ Rd be the L1 unit ball. If Ψ is a Fano CDP with base polytope
P , and Ψ contains n functions, then n ≤ 4d. Moreover, this bound is sharp.

Proof. A construction of Fano CDPs defined over P and consisting of n = 4d functions is
suggested by the proof of Theorem 4.7. To reach the upper bound, the values ψ′i(−fj) +
ψ′i(fj) must achieve their upper bound (that is, 2) a maximum number of times, that is,
d− 1 times, for each i = 1 . . . n. One can check that, for fixed 1 ≤ j ≤ d, defining

ψ′i(x) = min{1, xj + 1} for 4(j − 1) < i ≤ 4j and i 6= 4d

and defining

ψ′n(x) = ψ′4d(x) = min
{

1− xd, 1−
d∑

k=1
2xk

}
,

gives rise to the unique Fano CDP satisfying the requirements. Note that ψ′4d is the same
function as ψ′i for 4(d− 1) < i < 4d except sheared in a sufficient way so that the functions
satisfy the bound given in Inequality (2.3).

Example 4.13. In Figure 4.4 we depict the 3-dimensional Fano CDP given by this con-
struction. Its base polytope is the convex hull of {(±1, 0), (0,±1)}. The first four functions
ψ′1, . . . , ψ

′
4 have vertices at the points (−1, 0, 1), (0,−1, 1), (1, 0, 0), and (0, 1, 1). The next

three functions ψ′5, . . . , ψ′7 have vertices at the points (−1, 0, 1), (0,−1, 1), (1, 0, 1), and
(0, 1, 0). The final function ψ′8 is a copy of ψ′5 except sheared by a factor of 2 in both the x
and y direction.
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0

1

1 1

(a) ψ′1, . . . , ψ′4

0

1

1

1

(b) ψ′5, . . . , ψ′7

2

−1

3

−1

(c) ψ′8

Figure 4.4: 3-dimensional Fano CDP achieving upper bound given in Corollary 4.12

Next we modify the arguments of Theorem 4.7 slightly. Namely, we bound the integral
and non-integral functions separately. Adding this step yields a different bound which also
depends on some constant c determined by the base polytope, but without the condition
that c ≤ 1. Unsurprisingly, the bound given also depends on the number of non-integral
functions, denoted by m. Recall from Corollary 4.5 that m ∈ {0, 1, 2, 3}.

Corollary 4.14. Let Ψ be a Fano CDP with base polytope P ⊂ Rd and n functions, m of
which are non-integral. Then

n ≤
(
m+ 4−m

c

)
d

for some constant c > 0 depending only on P .

Proof. The proof is very similar to that of Theorem 4.7, except we define fj = min{|fj,1|, |fj,2|}
instead of fj = min{|fj,1|, |fj,2|, 1}. Moreover we bound the sum of the function values
ψ′i(−fj) +ψ′i(fj) separately in the cases where ψ′i is integral and non-integral (these bounds
are those given in Lemma 4.6).

If m = 0, then the bound is n ≤ 4
cd, where c > 0, and we can conclude:

Corollary 4.15. If P ⊂ Rd contains the unit ball of radius r > 4d, there is no Fano CDP
with all integral functions and with P as its base.

Proof. Let Ψ and P be as above. Then constant c given in Corollary 4.14 satisfies c > 4d.
Thus we have

n ≤ 4
c
d <

( 1
4d
)
4d = 1,

a contradiction, and so there is no such Ψ.
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Chapter 5

Finiteness over a Fixed Base

In this chapter we consider how to enumerate Fano CDPs consisting of a fixed base and a
fixed number of functions. At some steps of the main proof we appeal to results in areas of
algebra for which the background material is not covered in this document. The interested
reader can refer to [1] and [6] for background knowledge.

Theorem 5.1. Let P be a fixed lattice polytope and n a fixed positive integer. Then there
are only finitely many Fano CDPs with base polytope P and n functions.

Proof. The proof given below is similar to the structure of our enumeration strategy in
2-dimensions: By shearing, we can determine certain bounds on the first n − 1 functions
ψ′1, . . . , ψ

′
n−1 at each point u ∈ P . These bounds and Inequality (2.3) allow us to bound

ψ′n(u) for each u ∈ P . In turn, we may completely bound the functions ψ′1, . . . , ψ′n−1 at
each point u ∈ P .

Step 1. Fix regions of linearity.

Associate to each ψ′i a set of regions of linearity of the function, which we refer to as
Ri. Recall that the regions of linearity Ri correspond to a subdivision of P into lattice
polytopes. Since P contains only finitely many lattice points, there are only finitely many
ways to define the regions of linearity associated to ψ′i.

Step 2. Give upper bounds for ψ′1, . . . , ψ′n−1.

Consider the (not necessarily lattice) polytopes given by intersections of the form R′1 ∩
· · · ∩ R′n−1, where R′i is a region of linearity from Ri. Let R be one of the d-dimensional
polytopes containing the origin obtained through this process. Note that the restriction of
each ψ′i to R is a linear function for i = 1 . . . n − 1. Let C be the cone generated by R.
By Theorem 11.1.9 of [1], it contains a unimodular basis v1, . . . , vd (that is, a basis for the
lattice). Any element of C is a scalar multiple of a point in R, and hence R contains points
p1, . . . , pd where pi = αivi for some αi ∈ R. As the intersection of convex sets is convex [7,
p. 3], we can assume that |pi| ≤ 1.
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The unimodular basis v1, . . . , vd corresponds to a basis v∗1, . . . , v∗d in the dual space so
that v∗i (vj) = δij [6, p. 143]. Thus, if we shear ψ′i over a point pj , then ψ′i(pk) stays fixed
for k 6= j. Hence we may assume that 0 ≤ ψ′i(pj) < 1 for all i = 1 . . . n− 1 and j = 1 . . . d.

As the restriction of ψ′i to R is a linear function, it is determined by its values at the
points in the set {0, p1, . . . , pd}. Let Li be the extension of this function to all of P . By
the concavity of ψ′i, the maximum of Li bounds ψ′i by above. Let S be the set of linear
functions ϕ defined on P such that for each point p ∈ {0, p1, . . . , pd} either ϕ(p) = 0 or
ϕ(p) = 1. Then each of these functions ϕ attains a maximum, say Mϕ on P . Moreover,
since S is finite, Mi := max{Mϕ : ϕ ∈ S} exists and provides an upper bound for Li. Hence
Mi is also an upper bound for ψ′i.

Step 3. Give lower bound for ψ′n.

The upper bounds for ψ′1, . . . , ψ′n−1 give a lower bound for ψ′n, through use of Inequal-
ity (2.3), that is, n− 2 ≤

∑
ψ′i.

Step 4. Give upper bound for ψ′n(u) at each u ∈ P .

Let u ∈ P . Let α > 0 be sufficiently small so that v = −αu and the origin are in
the same region of planarity of ψ′n. By the concavity of ψ′n, the line through the points
(0, ψ′n(0)) and (v, ψ′n(v)) provides an upper bound for ψ′n(u). Moreover, this upper bound
in maximized by increasing the value for ψ′n(0) and decreasing the value for ψ′n(v). Thus
the upper bound ψ′n(0) ≤ 1 and the lower bound for ψ′n(v) given in Step 3 provides an
upper bound for ψ′n(u).

Step 5. Give lower bounds for ψ′i(u) for each u ∈ P and i = 1 . . . n− 1.

The upper bounds for ψ′1(u), . . . , ψ′n(u) yield lower bounds for ψ′1(u), . . . , ψ′n−1(u), again
by Inequality (2.3).

Step 6. Conclude finiteness by counting possible vertices of graphs.

As the vertices of the graph of each ψ′i are integral by definition, and the function values
here are bounded above and below, there are only finitely many ways to choose the vertices
of Γ(ψ′i). Since Γ(ψ′i) is determined by its vertices, there are only finitely many ways to
define the ψ′i.

Hence fixed P and n yield only finitely many possible Fano CDPs. By Theorem 4.7, we
need only consider finitely many possible values of n. Thus we have the following result:

Theorem 5.2. For any fixed lattice polytope in any dimension, there are only finitely many
Fano CDPs consisting of this lattice polytope as its base, up to equivalence.
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Chapter 6

Concluding Remarks

While we have achieved key results that are integral toward proving Conjecture 1.1, further
work is still needed. According to Theorem 5.2, we know that we have finiteness of Fano
CDPs with more than two functions for a fixed base. Hence, Conjecture 1.1 could be
established by showing that the set of isomorphism classes of base polytopes yielding such
Fano CDPs is in fact finite.

Furthermore, the proof of Theorem 5.1 suggests a strategy to enumerate Fano CDPs.
The strategy in its current state may be sufficient in the enumeration of Fano CDPs over
some simple bases, but in general, may require more restrictions and greater precision.
Future application of this work could focus on improving and implementing this enumeration
procedure. Moreover, improving the enumeration procedure could result in the bounding
of permissible base polytopes, just as our enumeration strategies in 2-dimensions were the
basis for our proofs of finiteness and restriction of permissible base polytopes.

29



Bibliography

[1] John Little David Cox and Hal Schenck. Toric Varieties. American Mathematical
Society, New York, N. Y., 2011.

[2] E. Huggenberger. Fano varieties with torus action of complexity one. PhD thesis,
University of Tübingen, 2013.

[3] Nathan Ilten and Hendrik Süß. K-stability for fano manifolds with torus action of
complexity one, 2015. arXiv:1507.04442v2 [math.AG].

[4] Maximilian Kreuzer and Harald Skarke. Palp: A package for analysing lattice polytopes
with applications to toric geometry. Computer Physics Communications, 157(1):87–106,
2004.

[5] J. C. Lagarias and G. M. Ziegler. Bounds for lattice polytopes containing a fixed number
of interior points in a sublattice. Can. J. Math., 43(5):1022–1035, 1991.

[6] Serge Lang. Algebra. Springer-Verlag, New York, N. Y., 2002.

[7] G. M. Ziegler. Lectures on Polytopes. Springer, New York, N. Y., 1995.

30



Appendix A

Classification: 2-Dimensions

The following tables, through pictorial representation, give a classification of the equivalence
classes of 2-dimensional Fano CDPs with more than two functions. Note that in each of the
following figures, the left endpoint of the base polytope is −1.

Number ψ′1 ψ′2 ψ′3

1

2

3

4

5

6

7

Table A.1: Base polytope length m = 2, number of functions n = 3
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Number ψ′1 ψ′2 ψ′3 ψ′4

8

9

10

11

Table A.2: Base polytope length m = 2, number of functions n = 4

Number ψ′1 ψ′2 ψ′3

12

13

14

15

16

17

18

19

20

Table A.3: Base polytope length m = 3, number of functions n = 3
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Number ψ′1 ψ′2 ψ′3

21

22

23

24

25

26

27

28

29

Table A.4: Base polytope length m = 4, number of functions n = 3

Number ψ′1 ψ′2 ψ′3

30

31

32

33

34

Table A.5: Base polytope length m = 6, number of functions n = 3

33


	Approval
	Abstract
	Acknowledgements
	Table of Contents
	Introduction
	Background
	Reflexive Polytopes
	Fano Combinatorial Divisorial Polytopes
	Combinatorial Divisorial Polytopes
	The Fano Property


	Finiteness and Enumeration in 2-Dimensions
	Bounds on the Number of Functions
	Enumeration
	Enumeration of Fano CDPs with base polytope of length 2
	Enumeration of Fano CDPs with base polytope of length at least 3


	Bounds on the Number of Functions
	Preliminary Results
	Main Results

	Finiteness over a Fixed Base
	Concluding Remarks
	Bibliography
	Appendix Classification: 2-Dimensions

