Schrodinger’s Cat
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uh, Mr. Schrodinger? Your mail came in today
Oh, hello Jeffrey? \ with this package.

J “

Why the hell would someone
send you a dead cat?
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Wavefunctions

Wavefunctions are...

“Matter Waves” Solutions of the Schrédinger Equation

From classical physics, The wavefunction ¥(r,t) for a system

w(x) =" =COS(2:XJ+ isin(zzxj is a solution of the Schrodinger
equation, a differential equation for
the spatial (r) and temporal (t)
behaviour of de Broglie waves.

IS @ wave propagating in the positive x direction.
Using de Broglie’s relation for a particle,
v (x) =exp(ipx/#) h=h/2n

Y contains all information about the dynamical properties of the system. In principle,
all observable properties may be deduced by performing the appropriate mathematical
operation on V.

Y(r,t) is a function of time and all the coordinates of all the particles that make up the
system.

Y(r,t) can be interpreted as the amplitude of the probability density for the spatial
description of the system.



Properties of Wavefunctions

For a single particle wavefunction, y(r)
the probability density of the particle atris |y |2 = y*y

I.e. probability of finding the particle in region dx is y*(X)y(x)dx

or in volume dt is y*(t)y(t)dt

An acceptable wavefunction is ... continuous usually also oy /oq
single-valued actually y *y
finite everywhere fw*w dr=1

These limitations force y to obey boundary conditions which result in quantization
I.e. only some solutions of the Schrodinger equation survive.

A wavefunction is normalized if [y*ydr=1

Two wavefunctions y, and v, are orthogonal  if jwl*\pz dt=0



The Schrodinger Equation
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Assume  W(r,t) =y(r)o(t) and V =V(r)

n o ddt
then VRO +V (o) = () D
m dt
o, in do
\% V(r)=—-—
2my vV ¢ dt The time-independent
Schrodinger equation
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This equation is separable in y and ¢ : —;l—vzw +Vy =Ey
m

( d)(t) — Ce-iEt/h

l.e. —

. do
ih—=E
dt d),

¥(r,t)=Cy(r)e™ is a stationary state, because W*¥ =C%y*vy is independent of time



The Free Particle

The translational motion of a single free particle moving in 1 dimension is described by

A ~ B
Hy, =E vy, where H=-—— isan operator.

2
2m ax and V = 0 for a free particle.

2
I.e. v, =(_2mE“)\yn a 2nd-order differential equation

dx’ h?
Solutions:  ,, =Ce", k?=2mE, /W*=p° |}
ie. y, =Ce™"  nlabels different solutions

In general’ \Vn — Ae+ian/h + Be—ipnx/h

This represents an oscillation with wavelength h/p, since
exp{xipx/#} = cos(2nx/A) £isin(2nx/L), A=h/p

Momentum, p, is associated with the first derivative of y

Kinetic energy, E, depends on the second derivative of y

Foragiven energy, E,, y*y=C? aconstant.



The Particle in a 1-D Box

0 oo “box™ = square well potential
\ /A
V(X)=o O0>x x>a
Y
) V(x)=0 0<x<a

particle somewhere on this line

r X hz 2

> Solve Hy=Ey for H=———— +V(x
0 4 v=sv 2m dx? ()
By extrapolation from the free particle wavefunction,
\y:Cexp{i[Zm(E—V)]mx/h} inside the box

= Cexp{—[Zm(V -B)]” x/h} for V > E outside the box

—>0a Vo> = The particle is confined to the box (potential well).
Within the walls the situation is identical to the free particle...

e, y,=Ae"™" 4 Be™'" or Ccos(p,x/h)+Dsin(p,x/#%) ... until boundary
conditions are applied.



The Particle in a 1-D Box (continued)

v, =Ccos(p, x/#%)+ Dsin(p,x/#)

Apply boundary At x=0, y=0 = C=0

conditions At x=a, y=0 = Dsin(p,x/h)=0;ie p,alh=nn
v, = Dsin(nnx / a) n=1,2,3,.. n iscalled the quantum number
2 2 232
g =P N7 n=1,2,3, ..
2m  2ma

Boundary conditions impose quantization.

The value of D is found by

. . v, *y, dr=1
normalizing the wavefunction: I” "

1/2
Dzjoasinz(nnx/a)dx=%aD2:1 — D:(g)

a
v,=|—| sin|—
a a



The Particle iIn a 1-D Box — Solutions

2 212
Energy Levels E, = nm h2 n=123, ..
2ma
AS a — o, E becomes a

AE=E,, —E —0, continuous function

2 1/2 nTCX
Wavefunctions y, = (_j sin (_j
a a

Larger n and/or smaller a — sharper “wiggles”
— higher momentum and Kinetic energy.

Wavefunctions of different energy
(different n) are orthogonal.

a 2\ca . (WX . (21X
e.g. _[0 Wy, dX = (ajjo sm(ajsm(aj dx=0

Z.é.E.

If a decreases, E and AE become larger



Molecular Energy Levels
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~<—m szm......\ Tt..... &._J:m.......k
very short A gamma Electronic Vibrational Rotational Translational
rays used to probe UV + visible IR microwave ~0

nuclear energy levels
A 10°-10%m 10°-10%m 104-102m Iﬁ —>

very long A used in radio frequency spectroscopy NMR



Spectroscopy — Fundamentals

Frequency v Hz (s") o=2nv rads”
Wavelength =% m 1 micron=1um=10%m
v 1A=0.1nm=10%1m
Wavenumber ~ v=1/% cm® =" (Hz)_1
¢ (cms™) ¢ =2.998 x 1010 ¢m s

Emission and absorption spectroscopy are resonant processes.

ho=hv=AE h=6.626 x 1034 Js
h=h/2n
The intensities of spectral lines depend on...
population of states: Boltzmann distribution M =exXp(—AE/KT)
transition probability: specific selection rules o

often depend on symmetry

path length and concentration:  Beer-Lambert Law IL: exp(—e[M]I)
0

10
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Statistical Interpretation of vy

Born

The probability density of finding

_ 2 _ %
a particle at position r P =y (r) =v*v p()

The probability of finding the
Pab :I

b b 2
particle between a and b p(r)dr :Ia lw(r)| dr

a

N.B. The wave function may be complex, but a probability must be real and nonnegative.

The statistical interpretation implies indeterminacy: Until you measure the position you
only know the probability of finding it at a particular position.

The Copenhagen interpretation says that the particle is not anywhere particular until we
measure it. Measurement collapses the wave function. Bohr

Measurements on a set of identical particles will generate different values (subject to
the probability distribution yy™).

e8] 2 o8]
The average position is the expectation value:  (r)= J-_wr|\v(r)| dr = LO\V*“V dr
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Schrodinger’s Cat

Schrddinger
A closed box contains a small amount of radioactive material,

a Geiger counter hooked to a triggering device that can break
a vial of poison gas

...and a cat.
What is the state of the cat after a short time (during which one atom might decay)?
As long as the box is shut the cat’s state is indeterminate:

1
=—7=Walive T Vea
v ﬁ(w. et )

Opening the box collapses the wave function to one state or the other.

Alternative (modern) explanation:

Triggering the Geiger counter is the measurement, not opening the box.



