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Overview

1. The convection-diffusion equation
— |ntroduction and examples

2. Discretization strategies
— Finite element methods
— Inadequacy of Galerkin methods
— Stabilization: streamline diffusion methods

3. lterative solution algorithms
— Krylov subspace methods
— Splitting methods
— Multigrid



The Convection-Diffusion Equation

—ePu+wlu=finQORY, d=123

Boundary conditions:
u=g,onoQ, Q

U_y 0noQ, 00y,

an

Inflow boundary:

= {xe€0Q | w- n > 0}

Characteristic boundary:

={x€dQ | w- n =0}
Outflow boundary:

0Q. ={xe€0Q |w- n <0}

00,



The Convection-Diffusion Equation
—c0u+wlu = f

Challenging / interesting case:— O

Reduced problem: w-Vu=1f, hyperbolic

Streamlines. parameterized curves
c(s)in Q s.t.c(s)has tangent vector

w(c(s)) onc

— (Ou) V= %u(c(s)) = f

Solutionu to reduced problem solution to ODE

If u(sy) € inflow boundarydQ, , andu(s,) €0Q, say outflowoQ _,

then boundary values are determined by ODE
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Consequence —eu+wllu= f

For smalle, solution to convection-diffusion equation often has
boundary layers, steep gradients near partsoéi.

Also: discontinuities at inflow propagate iffboalong streamlines

Simple (1D) example of first phenomenon:
—&a''+u'=1on (0D,
u(0)=0,u@@® =0

Solution
u(x) = x

_AXE
_e—(lle)(l—x)(l e j

1-¢e"¢

=~ X exceptnearx=1

\ Solution to reduced eguation 4



Additional Conseguence

Theselayers (steep gradients) aredifficult
to resolve with discretization



Conventions of Notation

L = characteristic length scale in boundary
e.g. length of inflow boundary

= X/L In normalized domain

normalization for velocity (windyv,
e.g.w= Ww. where ||w|[=1

X
W

|Nn normalized variables:

2
Ty +(mjw " :(L)f
E E

P WL  Peclet number, characterizes relative contributions
g ' of convection and diffusion



Reference Problems  —-e%u+wu=f

u=0

1.w=(0,1)
Dirichlet b.c. ot
analytic solution °
_ [1-etvey T
U(X, y) - X( 1_ e—2/€ I os o 05

8u/8y=0

2. w=(0,(1+(x+1¥%/4)
Neumann b.c. at outflow
characteristic boundary laye




Reference Problems  —-e0%u+wu=f

3. w: 3 left of vertical |
Interior layer from =0
discontinuous b.c.
downstream boundary layer

4. w=recirculating
(2y(1-x),-2x(1-y) =)
characteristic boundary layers_|

discontinuous b.c.




Weak Formulation —cMu+wu = f

Find udHg (Q)s.tforallvOHE (Q),

jeDu DDV+(W[D]U)V:ij+ J‘vg,\I
Q Q  0Q,

HE(Q) ={v|]v=gp 0ndQp}
Hg, (Q) ={v|lv=0 0ondQp}

Shorthand notationa(u,v) =I(v) for all v

Can show:
a(u,u) > ¢ |[Vu|f = ng Vu -Vu\ Lax-Milgram lemma—
a(uy) < (e+|WL. L) [V ull [WV]] ¢ existence and uniqueness

of solution
I(v) <C|VV||




Approximation by Finite Elements
Givenfinite dimensiondS: OH;, S OH;
findu, 0S! such thaforallv, 0S,

ng Cu,, Mu, +L(W U Vi :L fv, + s, hIn

a(un,vy) =l(v,) for all v,

Typically: finite element spaces are defined by low-order
basis functions, e.g.
— linear or quadratic functions on triangles
— bilinear or biguadratic functions on quadrilaterals
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What happensin such cases?

Problem 1, accurate

Problem 1, inaccurate
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u=x

Problem 2, accurate

8u/8y=0
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Explanations

1. Error analysis: discrete solutiorgigasi-optimal:

|Ou-v,)

[ .
|O(u-u,)| S?W'nfvhmsg

[, =1+% =1+P, large if eissmall

. Ph _ Wnh
2. Mesh Peclet ber: P = =
eclet number F’h oL o

If P,>1, then

— there are oscillations in the discrete solution

— these become pronounced if mesh does not resolve layers
— oscillations propagate into regions where solution is smooth
— problem is most severe fexponential boundary layers



Revisit two examples

Problem 1, exponential layer, widtre~

u=0

0.5

0.5

-1 -0.5 0 05

u=x
du/d y= 0
| SOSC - <5 .
/ AT S D ;
| PRSSESSSSSSSS,
‘3‘0‘:,:,:‘:‘:0 < :
1
u=1




Fix: The Streamline Diffusion M ethod

Petrov-Galerkin method: change the test functions

Galerkin: a(un,vy,) =l(v,) for all v,
Petrov-Galerkin:a(u,,v,+ow-V v;) =l(v,+ow-Vv,) for all v,
Ols a parameter

Result: Vi) =lsdV ine diffus
esu As(Uni Vi) =lso(Vi) Streamline diffusion term

agy (U, V) = ejQ Luy, Muy, +J;2 (wlup, )V, +5J‘Q (Wlluy, ) (Wlv;,)
2
"&ZJAK (DU )JWEIVG) 1 0 for linear/bilinear

(v) = IQ fu, +5jQ f WDV, ) + LQ (v, + WLV, ) gy
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The Streamline Diffusion Method Explained

Augment finite element space
S"=5"+B"
BM: bubble functions, with
support local to element

Principle: augmented spaﬂ places basis functions in
layers not resolved by the grid

We could pose the problem on the augmented space:
find u,in [l s.ta(u,w) =1(v) for all v, inﬂD

Then: decouple unknowns associated with bubble functions
from system— new problemon original grid




The Streamline Diffusion Method Explained
Under appropriate assumptions: this new problem is
Ay(Un Vi) =lso(Vh)

Ay (Uy, V) = 5_‘;2 Ly, Ulu, +_L2 (Wuy,)v,

+ ZAk a_kL (WiDu, ) (Wliv,)

(V) :_[Q fv, +Zk5kLk f (wllv,)

o, determined from elimination of bubble functions
= Streamline diffusion




Compare Galerkin and
Streamline Diffusion

Top: accurate solution,
€=1/200

u=0 u=1

Middle: bilinear elements,
Galerkin,
32x 32 grid

Bottom: bilinear elements,
streamline diffusion, y o
32x 32 grid




Error Bounds

For Galerkin: as noted earlier, quasi-optimality:

[ .
|Ou=-u,)|< ?W inf, o |O(u-v,)|

More careful analysisfor linear/bilinear elements,

|O(u-uy,)|< ChH DZUH

Large in exponential

—— " boundary layers for smal

For streamline diffusion: use norm

M, = (el + aw

Then

lu=—u,[., =Ch® HDZUH

Vil

18



These bounds do not tell thewhole story

For one example (Problemek1/64), compare
errors [f/(u-u)|| onQ andQ. = (-1,1)x(-1,3/4)

(to exclude boundary layer)

Grid Galerkin | Str.Diff. | Galerkin | Str.Diff.
(Py) Q Q Q. Qg
8x8

) 5.62 4.34 3.25 | 8.16e-7
16x16

(Z) 4.91 4.01 148 | 1.64e-5
32x32

2) 3.81 3.23 5.30e-2 1.11e-5
64x64

(>1<) 2.39 239 | 4.98¢-7| 4.98e-7
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Choice of parameter o

Made element-wisea (U,,V;,) = EL Lu, Uu, + Q(W

+ZAk5k. (wu, )(w

R o) s
- 1
5= 2|Wk|(1 URF) if R

.

Up Vi

Vi)

0 if P<1
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Matrix Properties

Givenabasi§g;}", for S}, extendedy{p;}n.;° for
Finite elemenfunctionisu, = Zj u;@; ,problem

becomes find{u;} such that

Zja(¢j’¢i u; =l(g;), 1=12,..n
\orasOl

Leads to matrix equatiorFu=f,

F=¢A+ N (+ 9

Se

21



Matrix Properties

Matrix equation Fu=f, F=cA+ N (+ §

A=[g;], a=/, Vg-Vg , discrete Laplacian,
symmetric positive-definite

N=[n;], n;=/o(wW-V@)g , discrete convection operator,
skew-symmetric (N=-NT)

S=[sl, si=/o(W-Vg)(w-Vg), discrete streamline
upwinding operator,
positive semi-definite

22



End of Part |

Next: how to solve Fu=f ?

23



|terative Solution Algorithms: Krylov Subspace M ethods

SystemFu=f

e Fis a nonsymmetric matrix, So an appropriate Krylov subspace
method is needed

e Examples:

e GMRES

e GMRES(k) restarted
« BICGSTAB
 BICGSTAB()

e Our choices:

* Full GMRES for optimal algorithm, or
« BICGSTAB(2) for suboptimal

24



Propertiesof Krylov Subspace M ethods

Drawback of GMRES: work & storage requirements at step
are proportional to kN

BICGSTAB: Fixed cost per step, independenk of
Drawback: No convergence analysis

Variant: BICGSTAB(l), more robust for complex eigenvalues,
somewhat higher cost per stép2), but still fixed

25



Convergence of GMRES

GMRES: Starting withu,, with residual ;=f-Fu,, computes
u, € span{rg, Fr, ....,F<ro}

for whichr, = f-Fu, satisfies
Il = min, oy 1| RCF)F .

Consequence:
Theorem: For diagonalizabl&=VAV-,

Il < VI IIVAT min, )21 MaXcom P TFoll-

(FEDP < (IVILIVAD (i 25 o O™

FaN

0
Loosdly speaking: residual isreduced by factor of o at each step

Want eigenvaluesto lie in compact set

26



Convergence of GMRES

Size of convergence factqr

1+a

= <a= I;l

27



Key for Fast Convergence: Preconditioning
Splitting operators

SeekQ-~F such that

 the approximation is good, and
e it is inexpensive to apply the action@f to a vector

Splitting: F=Q.-R- —— stationary iterationt,,; = Q- (R-u, + f)

Errore = u-u, satisfies

U-U,, =Q-'R-(u-u)=(I -Q'F)lu-u)=
e = (I _leF)keo
&<

(el /e

Ik

(I -Q'F)"

<|(1 -Q'F)"

28



Preconditioning / Splitting operators

Thus: wanto(l —Q-'F)  to be as smajp@ssible
Equivalently:  eigenvalues &: F
= eigenvalues ofF Q"

p(QEiRF)
s

This is similar to the requirement for rapid corgance of GMRES

} as close to 1 as possible

Solve Q-Fu=Q:*f or|FQii=f, u=Q |

29



Examples of splitting operators

Gauss-Seidel Q- =lower triangle ofA
Line Gauss-Seidel Q- =block lower triangle oA
Symmetric versions Q- = LU,

Incomplete LU factorization F = LU =Q,

Comments:
 All depend on ordering of underlying grid

e Symmetric versions (symmetric GS, ILU)
take some account of underlying flow

e Line/block versions can handle irregular grids

30



Convergence Analysis (Parter & Steuerwalt)

Seek maximal eigenvalue olQ;'R.u=Au or A Q.u=R.u

Subtrac R-u from both sides——

_[1-A _ [ 1-A 2
(Q: —Ru = (T)RFU = (/\hz )(h Re)u
Fu =4, (W°R.)u (2)
Suggests relation foL U= yR U (2)

Lu=-1°u+wu
A to be determined

For many examples of splittings:
h*(R.u,v) = (ru,,v,), r=r(x)(definesR)

h’R. isa"weakmultiplication operator"
and
U, — 1 =minimaleigenvaluef (2)



Consequence: P(Q'R.) =1- Oh?

For model problems:

(1) risconstant (will demonstratein a moment)
(1) on sguare domains, eigenvalues, eigenvector s of

Lfu=uRu
are known:

Wy X /2

ut = "% sin(j7x) e"’'* sin(k7®)

_ _e[(, rk >ﬂ2+(§gj2+(vaéjz]
et o]

W2y/2
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Tofind r: consder centered finite differences

For horizontal line Jacobi splittingRe = bkaridiagonal:

[R-u]. :(g—w_yhju. . +(5+W—yhju. - =2€U. +O(h2)
ij 2 i,j+1 2 1,]-1 1)

2 2
. —1-1 Wl ol % e
= r=2 p=1 2[2n2+( 25) +(2£} ]h

Key point: convection terms lead to smaller convergence factor



Comments/ Extensions

o Similar results obtained from matrix/Fourier arsady

 Young: p(line Gauss Seideloperator) p(line Jacobioperatorj
 “Multi-line” (k-line) splittings — r =2¢/k

» Can extend to other splittings viaatrix comparison theorems
(Varga-Wanicki): Q" 2Q" = p(Q;'R,) < o(Q'R)
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L imitations of analysis above:

Natural ordering of grid
L eft-to-right, bottom-to-top
Plusresulting matrix structure:

Horizontal line red-black
Ordering and matrix structure;

Y oung theory:

Performance of GS:

It does not discriminate

among different orderings

R N W~ 01O
x|

XX | XXX X

XX XXX X

X | X | XXX X

XX | XXX X

---------
ooooooooo
ooooooooo
ooooooooo

cccccc
oooooo
oooooo
oooooo

oo
oo
eee
eee
oo

oo
oooooo

B AN O WO
™
x
x
x

spectral radii (Jacobi or Gauss-Seidel)

Independent of ordering
dependson ordering
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Example: Problem 1
-elPu+u, = f  (01)*, piecewisdinear elements, P=60

Four solution strategies. line Gauss-Seidel iteration with
natural line ordering, following the flow (bottom-to-top)
natural lineordering, against theflow (top-to-bottom)
red-black line ordering, with the flow
red-black line ordering, against the flow

102

10t

100 -

101 -

lle”(K)l|

Natural
against flow

102+
103+

Natural
-4 |
20 with flow

105
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Ordering effects
Errorg, =u-u, satisfieee, = (Q-'R-)“e, =
= e =@ R &< |(QFR:) o]

“Classical” analysis only provides I' H(Q;lRF)kH”k
im

insight in asymptotic sense: =1

k—>00

E. & Chernesky:
bounds for| (Q:'R: )|

for 1D problems

IL_1Ad




Practical consequences

For nonconstant flows: inherent latencies if sweeps don't follow flow
Possible fixes:

* flow-directed orderings (Bey & Wittum, Kellogg, Elebusch, Xu)
o iterations based on multi-directional sweeps

2D version: Uy, =U  +Q(f —Fu,)
_ -1
Uergp = Usyg T Qz (f - Fuk+1/4)
_ -1
Ueigig = Usgp T Q3 (f - Fuk+1/2)

— -1
Uig Uzt Q4 (f - Fuk+3/4)
Speeds convergence when recirculations are present

Contours of stream function . e=1/25 3 £=1/200
10 10
\
x
~ \
107" ~ T e
¥ ~
_ i .
. d—dir GS Y - . 4_dir GS -~ - -
10 = 10
0 100 200 300 400 0 500 1000




Summarizing with an experiment:

02 T T T T T T T 10
0.15 10°
01 ..................................................................................................
10" L
005 ........................ Bose noo aee eemBomacannemenms Smwsrmoamee vsd san xemeomarBsrmermromornMomon s oo
: : : 10°L
0 S ———-—-«-4
: : : 10° L
0.05
10" E
T T T =
015 IR TR o o 10°F
: : GS-preconditioned GMRES
-0.2 L L L L I L . 10° I I 1 I I I | I
0.6 0.7 0.8 0.9 1 11 12 13 14 0 5 10 15 20 5 20 a5 10 5

Eigenvalues of line-GS Asymptotic convergencerate
preconditioned operator, Isfaster with Krylov acceleration
vertical flow, P=40, h=1/32

However: does not overcome latencies
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Multigrid

Flow-following methods are effective for convectidaminated
problems:

GMRES performance for Problem 4

£ =1/25 e =1/200

64x64 128x12 _ B4x64  128x128

32x32
16x16

But: ultimately, solvers discussed above are meshromnt




Multigrid

orksteps,u « (I —Q-"F)u +Q¢
t=P'(f —Fu,) (restrictresidual)
applymultigrid systento coarseroblemF *"é = f
U — u +Pée (prolongcorrectiorandupdate)

presmoot]

for msteps,u — (I —Q='F)u, +Q-'f (postsmodt)
u,, —Uu (updatdor nextiteration)
enc

41



Bottom Line: Performance

Multigrid iterationsfor ||r|)/||rol|<10°

42




For thisto happen:

Two things have to be done correctly

or results above for Problem 4 (recirculating winc
smoother i1<l-directional

2. Coarsaridsolve: F*"é=r

Coarse grid operator must be stable

Even if fine grid is “fine enough,” coarse grid optars
should include streamline diffusion

43



Example/ effect
of smoother

After one four-directiona
Gauss-Seidel step

Iteration error

Error cross section @ x=0.625

After four one-directiona
Gauss-Seidel steps

Ilﬂl‘ ¢

ey
‘w'\.

Error cross section @ x=0.625




Concluding Remarks

e Discretization requires stabilization for conveotidominated
problems

* The best solution algorithms combine
 general techniques of iterative methods
o splitting strategies coupled to the underlying by
e stabilization when needed
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