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ABSTRACT

This article focuses on the neglected contributions of Emmanuel-Etienne Duvillard (1755-1832), especially his Recherches sur les rentes (Paris and Geneva 1787).  More than two centuries ago, Duvillard developed a creative financial measure technically analogous to the modified internal rate of return (a discounting-based investment decision criterion) and applied it to the calculation of life annuity refunding during the period of financial crisis which preceded the French Revolution. He used simple but interesting mathematical methods that united the calculus with graphical representations in order to demonstrate the existence of a maximum for the duration and value of the return. In order to assess Duvillard’s theoretical contributions, a brief look is given to the calculation of the modified internal rate of return developed in the decade of the 1950s.  Notions now considered classical like time preference, cash flow discounting techniques, and the reinvestment problem are likewise considered from a comparative perspective.

The Man of Forty Ecus:

This appears to me impracticable and impossible.

The Geometricians:

You have very great reason, and this impossibility is a geometrical demonstration that there is a basic vice of reasoning in our new ministers.

Voltaire, The Man of Forty Ecus

1.  GENERAL INTRODUCTION 

Emmanuel-Etienne Duvillard of Durand is most well known as one of the first authors of mortality tables.  It is for these tables that historians of demography have studied his work, in particular the mortality table in “Analysis and Tables of the influence of  smallpox at each age and that of a preventative such as a vaccine can have on the population and its and longevity” [Duvillard 1806].
  The ‘critical fortune’ of Duvillard is thus essentially bound to his mortality tables.  In 1807, Dr. Odier wrote a greatly favorable account now in the British Library.  By 1830, however, other specialists were strongly critical and this damaged the reputation of the author.
  J and M. Dupâquier [1985] declare that Duvillard published the mortality tables in connection with his quarrel against the management of the first ‘Bureau of Statistics’ in France, of which he was an assistant director in August 1805 and on September first 1812.
  As highlighted by Jonckheere [1965], these tables rested on the compilation of very disparate statistics: several French parishes of the Ancien Regime and, especially, from statistics for the town of Geneva from the years 1770-1783.  The goal of Duvillard was by no means to propose a representative table of French mortality; rather he wanted to put to rest the quarrel about smallpox transmission which had opposed, forty five years earlier, D. Bernoulli and D' Alembert, and had been decided in favour of the former.
 

In his 1806 work, Duvillard mainly seeks to express the law of mortality using a simple equation, resting on the assumption of a stationary population.  Moreover, the work itself was only the tenth chapter of an unpublished work, Travail sur une Caisse nationale d’epargnes (Work on a National Saving Plan), presented to the Academy of Sciences in the 22 germinal year IV (April 11, 1796).  The author explains:

Numerical work is not the essential part of the work that I last had the honor to present to the Institute.  If there is any merit in this work, it consists, in the first place, in having imagined that there are necessary relations, independent of the actual empirical observations, between the various elements of a regular population.  Secondly, in having discovered & demonstrated these analytically in all their extent and to have found a criterion to gauge, according to empirical observation, if a population is or is not in a regular state, and to decide on the time period when it approached this state most closely, in order to be able, by putting these facts into application, to deduce the law of mortality and population.

This quotation, as well as the studies of Baumol and Goldfeld [1968], Crépel [1990], Israël  [1991, 1993] and Thuillier [1997] ably demonstrate that Duvillard’s first interest was not limited, in fact, to empirical demography.  Duvillard also aimed at insurance as well as actuarial and financial calculations, using demographic statistics, in the calculation of life annuities and life insurance, applying abstract methods of an analytical and geometrical nature.  These are precisely the methods that we will study in examining an older work of the author:  Recherches sur les rentes, les emprunts et les remboursements (Research on annuities, loans and refunding), published in 1787.

Available studies on Duvillard’s work give little biographical or historical information on the 1787 publication.  In fact, Duvillard himself spoke little on the period of his life during which he conceived and wrote this work.  Born in Geneva into a French family of Protestant origin, he settled in Paris in January 1775 to work at the Comptroller General of Finance. Having returned to his native city after Turgot’s retirement, it is there that he prepared the manuscript of his book, and it was for its approval by the Academy of Science that he returned to Paris in August 1786, carrying a letter from Charles Bonnet à Bailly (see Annex III of Biondi 2003). Almost nothing is known of the life of Duvillard during his stay in Geneva between 1776 and 1786. He obtained a doctorate there on March 8, 1777 and married Marguerite Christine Rouvière on October 20, 1782  [Stelling-Michaud 1972].  He undoubtedly took part, in one way or another, in the innumerable banking and speculative activities involving life annuities which took place in this city.  In 1784, he announced a publication project through subscription for a class on mathematical applications in trade and industry [Thuillier 1997, p. 135-136].  It is while preparing this publication that he conceived the idea of a maximum, which constitutes the core of his Recherches sur les rentes [ Duvillard 1787, p. 22, note 8] which was published in Paris and Geneva in 1787 ‘under granted privilege from the Paris Royal Academy of Sciences’. As highlighted by G. Thuillier [1997, p.1, 125] Duvillard established a connection with Condorcet who had written the Academy’s report.  Having brought his family, he settled permanently in Paris where he carried out the remainder of his career.

Duvillard’s Recherches sur les rentes centers on the life annuities emitted by the French government and the difficulties of their repayment.  Many experts discussed this problem and tried to find solutions that were more or less equitable.
  To summarize, the general idea consisted of finding an equivalent value for a life annuity using a discounting calculation aimed at bringing all the cash flows to the same point in time, incorporating the probabilities of death provided by mortality tables.
  The French author of reference on such matters at the time was Antoine Deparcieux.  The subject fits within the progression of studies on loans and financial placements, as in the activities of insurance, originating with the first tables of calculated discount rates that likely appeared in the 16th century.
 The last Scholastics came to justify certain commercial practices, formerly considered as usury, by grounding them in the idea of an equitable proportion between risk and return, which could thus transform the prohibited chance speculations into compensation for risk.  At the beginning of the 17th century, Grotius (Huig van Groot) turned to this argument in order to exculpate bankers of a charge of usury.  As early as the middle of the 17th century, several scholars tried to develop questions concerning compound interest issuing from the field of probability.  On the epistemological level, this debate inserts itself into the evolution of the theory of discounting future cash flows.  Retrospectively, R.H. Parker [1968] draws a connection to three modern subjects: actuarial science, engineering science and, finally, economics, to which we can add the ‘engineering-economics’ or applied economics.
  As Daston [1988, p.112 ] observes, these early scholars invented a new abstract method to tackle the question of risk, studied until then by theologians and lawyers, by proposing ‘scientifically’ founded general rules  for determining its price.
Created in England a little after the middle of the 17th century, in particular by Graunt and Petty, and rather quickly diffused on the Continent, initially in Holland by the brothers Huyghens, Hudde and de Witt, then everywhere in Europe, political arithmetic represented a significant stage in the development of economic science.  Moreover, it is at that time that mortality tables were first constructed by E Halley.  This new science then became diversified, particularly in relation to the great probabilistic scientists of 18th century, such as the Bernoullis, de Moivre, Condorcet and Laplace.  Several traditions have at times ignored or opposed themselves, but always remained more or less connected to the calculation of life annuities.  Hence, in France, the work undertaken by scientific theorists such as Deparcieux or Buffon, and then Condorcet and Laplace, converged with administrative investigations towards the end of the century.  The debates were also marked by the bitter discussions between D’Alemhert and Daniel Bernoulli on the relative probabilistic calculations related to the transmission of small pox.  In England, it is the ‘more private’calculation of life annuities prices which draws the attention of authors like de Moivre, Simpson, Price and Morgan.  Through his early contact with the Turgot ministry (1774-1776), Duvillard found himself somewhat in the ‘French tradition’. This is confirmed by his highly mathematical style as well as by the fact that he submitted his 1786 work to the Paris Academy of Science.  We now know that in spite of the relations maintained by Price with encyclopedists such as Morellet, Turgot and Condorcet, the French and English traditions in political arithmetic did not have the intellectual connections that might have been assumed before making a closer investigation.  It is, therefore, unlikely that Duvillard drew inspiration from the ideas (although remarkable) of Richard Price. 

In any case, in the 18th century, the evolution of ideas, as well as the newest economic and financial practices at the core of the Industrial Revolution, followed the philosophical and epistemological developments described above, which resulted from the opposition to the medieval prohibition of usury.  Certain authors, such as Norton Wise [1995] and Ted Porter [1995], associate this proposition with the emergence of a ‘quantifying spirit of capitalism’, which establishes in theory and practice an ideal of quantification and, consequently, the habit of relying on numbers (‘trust in numbers’). Moreover, there exists, since the beginning of the 20th  century, notably from the debates between M. Weber, G Simmel and W. Sombart, many studies pointing in this direction devoted to the emergence, evolution, and forms of the capitalist spirit.  Duvillard’s contribution, studied and approved by Condorcet, Cousin and Vasco, falls under this general movement.  It demonstrates a definite modernity, in particular with its use of maximization and analysis based on a sequence of financial cash flows.

This article attempts to analyze the financial calculations of Duvillard as well as his ‘economic views’ by situating them in their historical context and by comparing them with the modern analytical framework.
  In the first part, we will show the exactness of his financial calculations (which were already highlighted by G.B. Vasco in his report of 1787 for the Biblioteca Oltremontana).  Duvillard develops, through mathematical methods which combine analytical calculations and graphical representation, an original financial technique, analogous to the current internal rate of return, which he applies to the evaluation of life annuities.  Beyond acknowledging the analytical similarity between the formulas of Duvillard and today’s internal rate of return, the question of interpreting this analytical device remains open.  Our second part will be devoted to the author’s economic views, in particular to his account of discounting methods.  Today’s traditional reference points, such as intertemporal preferences and discounted cash flow logic, can be thus be reintegrated from a comparative perspective.

PART I:  DUVILLARD’S CALCULATIONS

2. THE SUBJECT OF THE DUVILLARD’S WORK

     Duvillard begins his Recherches with the following: 

I show in particular, in the work which I present to the public, that a mathematician experienced with these matters, working under the commands of the Minister of Finance, could have been able, on many occasions, to allow the State to borrow the same amount that it borrowed in the past, while letting it save many millions, without at all decreasing the attraction offered to the lenders, nor their real advantage [ Duvillard 1787, Introduction].  

Then he starts the subject which he will tackle by giving some definitions.  First, regarding loans refunded with annuities certain:

 If  we  do not want to refund capital in a lump sum which includes the interest, we can initially refund the quantity a, then the quantity b, then successively the quantities d, e, f, g,…,u, until the entire debt is extinguished. 

    Such an unspecified capital has to be refunded with the annual interest i for 1, & this will make 1 + i = q.  

    
For the first year we will owe c * i for the interest; & if we pay a, what will be as principal will be a – c * i ; therefore, the balance of outstanding capital owed will be c – (a – c * i) or c * q – a [Duvillard, 1787, p. 1]

Duvillard’s analysis consists, therefore, of a refunding with what the author calls the annuities a, b, d,…, u. If the number of annuities is fixed at the beginning and if they are all equal, we can always imagine that a fraction of each annuity is devoted to pay the interest and the other remaining fraction devoted to pay back the capital.  These fixed coupon annuities are then a mode of refunding the capital which is an alternative involving refunding by constant fractions (thus a straight-line depreciation for each year) versus refunding through a lump sum at maturity (thus a single depreciation at the end of the fixed period).  This can be seen in the following table: 
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Duvillard explains this repayment method in a more general way, with his notations:  
And in general, at the end of t years, the remaining amount owing is [in capital account] c * q t – (a * q t-1 + b * q t-2 + d * q t-3 +e * q t-4 +…+ u). I suppose here a compounded discount rate. […]  As well as supposing that the discount rate is compounded and taken as it should be, the quantities a, b, d, e, & c can be such that the debt is reduced to zero, that is, we will suppose that  c*qt – (a*qt-1 + b*qt-2 + …+ u ) = 0 [Duvillard 1787, p. 1,2,3 ].  

Duvillard also adds that the quantities a, b, d, etc. can be equal, increasing or decreasing according to all kinds of laws.  He goes to tackle the particular case where the quantities are equal and annual, consisting of constant annuities. The previous equation then becomes: 

cqt – a ( qt-1 + qt-2 + qt-3 +…+q0) = 0
with:

(1) 
m = c(1+i)t = cqt = [a(qt - 1)] / i
This specification consists of the value discounted to the year t of the initial borrowed capital, or of the “amount m of all these perceived annual installments, at the time where we cease to receive payments” [Duvillard 1787, p.20]. We will call this the ‘future value’, in keeping with modern terminology. 

Starting from this formula, the author applies his calculations to the refunding of life annuities; it is undoubtedly for this reason he considers time t as variable in continuing the analysis.  This passage from a fixed time to a variable time brings his analytical framework closer to what today is referred to as a series of cash flows resulting from investment in capital account from an initial expenditure repaid with a sinking fund (see §§ 9 - 10).

Duvillard thus tries to advance towards his practical objective, to understand the financial crisis of the French State that was being caused in part by the very high interest payments being made on the life annuities.
 After having established this basic formula, Duvillard examines this type of annuity and distinguishes in particular what they bring to their owners and the price that is paid to buy them:

If life annuities were not calculated only with an ordinary interest rate, it would not suffice to bring in as many Lenders as the Borrower desires.  From this result the necessity is to increase the natural rate of the owner without increasing its price [Duvillard 1787, p. 13].

Within his analytical framework, Duvillard does not link the calculated profitability of the investment with its current market price.  This point of view brings him to develop his own economic calculations free from any reference to today’s concept of a ‘financial market’  that is supposed to align the supply price with the cost for the buyer of the security, at least in equilibrium (see §6 and §10).

Duvillard’s framework consists of the borrower, i.e. the State’s Treasury, going above the ordinary interest rate.  The author also does not provide a precise definition concerning the exact meaning of the above mentioned level; it does not represent a legal rate, but rather the usual level that is generally accepted without specific reference to the economic sector or the financial investment.  In fact, it was common in the 18th century and still in the 19th century to regard as ordinary a rate around 5 %, as Duvillard seems to do throughout his work. 


He thus defines the ‘apparent rate from the annuity’ r, i.e. the relationship between the annuity received each year and the initial invested start-up capital, by

r = a / c > i

where i is the ordinary rate.
   It consists of the rate of a perpetual annuity with constant terms, a common way at the time to evaluate investments which is still used today, particularly in real estate investments.

Duvillard [1787] distinguishes three classes of people likely to buy these increased annuities:

1) Those only able to accumulate, through compound interest, a fraction of the annuity. 2) The professional investors, such as bankers & all those who enjoy assured credit [Duvillard 1787, p.15], who must support annual expenditures and cannot accumulate the entire annuity either.  3) Finally, “the capitalists who seek highest return for their funds” [ibid. p.17] and accumulate these annuities and the interest which comes from the accumulation on these annuities.

Although he is interested in those who accumulate only a fraction of their annuity and also with those who spend it all (no accumulation, therefore no  reinvestment is possible), it is especially the third class of lenders, whom he calls capitalists, that are the subject of Duvillard’s report “since it is necessary for them to accumulate their annuities in a trade with an interest so extremely below the one that the borrower can support that they can raise their profits as high as the promised sacrifices of the borrower seem to promise” [ibid.].  He then summarizes the practical aspect of this work: to show that the lender should not aim at this exploitation of the borrower.

The analytical framework at this point becomes that of a sinking fund investment, which produces positive annual flows, that one can only reinvest at the current rate (that is where the interest rate i is used) to lower than the return on the investment itself (in this case, the interest rate r for which the annuity is established ).

As observed previously, Duvillard proposes to use annuities certain as a benchmark for analyzing life annuities [Duvillard 1787, p. 54] where the number of annuities (as the meaning which this term had in the 18th century) was not fixed in advance; the concept of annuities (with the number of periods fixed in advance) slips thus, for author, towards the current concept of a cash flow having a constant amount for each year, paid during an unspecified number of periods and thus variable according to time.  This idea can be confirmed by the fact that the author also examines the case where the annuities have a variable payment. 

Here thus are the two assumptions, explicitly considered by Duvillard, which represent the key of his analysis:

· The investment must be into a sinking fund.

· The lender reinvests the received annual annuity payment (from the sinking fund) with a lower interest rate than the r of the original annuity.

3. THE ' INTERNAL RATE OF RETURN' IN DUVILLARD’S FORMULATION

“Indeed, how to find at which interest rate [compounded] one invests money, when one places it in a sinking fund with a certain annuity, paid only for a certain specified time period?”[Duvillard 1787, p. 20].

Duvillard establishes two calculations relevant for his analysis, for the case where time is still given.  First Duvillard looks for the initial amount m, the previously mentioned “future value”, following from the accumulated annuities in the sinking fund: 

“We will then seek to find the interest rate [compounded]  at which the original capital should have been invested to reach this above mentioned amount m for the duration t of the annuity a, which will be found using the following formula
: 

(2) y = -1 + t√(m/c)”

After having determined these two values, the future value of the accumulated annual annuities and the compound interest rate y, the solution will be completed: 

“& we will be able to say that the investment in the annuity, as it was mentioned, is equivalent to a simple investment, during the duration of the supposed annuity [t], at the rate [compounded] that we just determined [y]” [Duvillard 1787, p. 20 ]. 

 It is from these principles that Duvillard built the table which summarized the formulas from which he developed his calculations, in particular for variable time periods.

Here Duvillard determines what is called in modern terminology the internal rate of return (or IRR) of a given investment even if it is in a different analytical framework.
 As in contemporary financial analysis, Duvillard considers the compound interest rate for an equivalent investment-deposit.  Analyzing the formula which defines y: 

m = c ( 1 + y ) t

Or as described in (1): 

c ( 1 + y ) t = (a (qt – 1))/ i = a (qt-1 + qt-2 + …+q0)

It can be seen that on the left hand side is the future value of the original capital invested at the ‘internal rate of return’ y, the rate at which Duvillard constructed the future value; the author arrives at the same result as in the modern calculation.  To show the reasoning behind this equivalence, the internal rate of return is constructed as the rate which neutralizes the net present value (NPV), that is, for a series a0 , …, a( , at the rate ρ: 

NPVρ = a0 / (1+ ρ)0 + a1/(1+ ρ)1 + …+ a(  / (1+ ρ) (
For simplicity, a0 < 0 (the initial investment), a1, …, a(  ≥ 0  and ρ > 0.  In the case of annuities (that is a1 = …= a(  and a0 = -c): 

NPVρ =   - c + a ( 1/(1+ ρ) + 1/(1+ ρ)2 +… + 1/(1+ ρ) ( )
The ‘internal rate of return’ (IRR) is then defined as the value of the rate ρ for which NPVρ  is equal to zero, that is, in this last case:

(3)
 c = a( 1/ (1+IRR) + …+  1/ (1+IRR) ( )
We will see how Duvillard calculated the IRR as it has been adopted nowadays, even if he based his analysis on the future value.

  
Indeed, there is an elementary mathematical relation between the NPV and the future value (NFV) usually defined as:

(4)
NFVρ = (1+ ρ) t * NPVρ      given that -1< ρ < ∞

We can thus take ρ = IRR of the equation NPVρ = 0, hence NFVρ = 0 and one can conclude ρ = IRR either from the equation NPVρ = 0, or from NFV( = 0, the two steps being equivalent; and then equation (4) will become:

(5) 

c ( (1+IRR) ( ) = a [ (1+IRR) ( -1 + ( (1+IRR) ( -2 ) + …+ 1]

In this relationship, the left hand side represents a reinvestment of funds at rate IRR during time ( which is given.  To understand the logic of the calculation determined by Duvillard, it must be recognized that the annual installments are being made at an interest rate other than the IRR.
Duvillard had, of course, emphasized that, if the annuity’s rate ρ and the reinvestment rate i are equal, the internal rate of return y which he defines, is also equal to the two above mentioned values [Duvillard 1787, p. 18]. 

If we imagine, that in equation (5), the case where the reinvestment rate i is lower than the rate ρ of the annuity a, with q = 1+ i, then the following definition for modified internal rate of return (MIRR) is determined:

(6)
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In other words, the modified internal rate of return is defined as the rate for which the future value of the investment of the initial capital at rate MIRR and the future value of the investment in an annuity with the rate i are equal. We can easily verify the identity of this formulation with Duvillard’s equation (1), since the second member of (6) is equal to the second member of (1).

We will thus call from now on DIRR the ‘modified’ internal rate of return such as defined by Duvillard.  It consists of a special case of today’s MIRR.

4.  DUVILLARD’S “MAXIMUM” IN THE MODIFIED INTERNAL RATE OF RETURN

     The true goal of Duvillard’s analysis was not the only construction of this financial indicator y, or DIRR, but rather the analysis of a maximum, which he finds in the evolution of y across time.  Compared to contemporary analysis, this research implies a significant discrepancy that will be examined in Part II (see in particular § 9).

A curious & significant result presents itself, which initially seems as a paradox, & which will be taken for nonsense by any person who will not be able or will not want to follow me attentively.  This paradox, is that there is a maximum here;  that is, a certain annuity duration for such that the required interest rate is higher than with any other, so that increasing or decreasing  the annuity’s duration, fixed as such, will decrease the required interest rate. [Duvillard 1787, p. 20]

To find this “maximum” (optimal lending period), Duvillard [1787, p. 22] formulates the following question:

We ask: which is the interest rate y for un for which we have set up our investment, from which we will receive an annuity a on un, that we will replace by measure of i on un, as we reach time t?”

The answer is obviously contained in the formula (1), with c = 1:
(7)
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Where y = DIRR, i= the current rate, a = r = interest rate of the annuity (for c = 1).  The author thus establishes a function y(t) which he solves for a and i that will maximize y* at the time t*.
  He employs a method that we can call geometric, but he also begins with an intuitive explanation for the existence of such a maximum: there is a certain time where “the annuities and their accumulating compounded interest” will be equal to the initial capital [Duvillard 1787, p. 20]. 
  At this time, the modified internal rate of return, that defined by DIRR, is zero; after this point, the DIRR continues to increase and soon it will become larger than the ordinary interest i applicable to the annuities.

     As Duvillard explains, it is for this reason there will be a maximum; since the first term in (7), initially smaller, will increase according to a rate more extreme than the rate i which the amount of the annuity (second term) yields.  There will necessarily be:
One time where the annual increase (of the original capital) is equal to double the increase (by the ordinary interest and the constant annual installment which will be paid) that is received from the amount of the annuities [Duvillard, 1787, p. 21 ].

Beyond this point, the DIRR always will be included between the rate to which one reinvests the annual installments i and the rate r (which is greater than i by definition).  Therefore, there is a maximum for the DIRR with respect to the time that Duvillard calculates by differentiating equation (7).
  He suggests several ways of obtaining this maximum value, including an interesting method by recursion.
  This consists of choosing an unspecified value for t, provided that the value for y which will result from it is positive; we can then substitute the value for Q = y + 1 determined in the calculated equation given by Duvillard; we bring this result equal to t and reintroduce it into the initial equation, this process continues until the time the maximum gain from interest is determined.  

Presenting his scientific research in a letter to the Academy of Science, in May 1813, Duvillard regards this method of recursion as news:

Thus, for example, in my Recherches sur les Rentes, regarding the loans and the reimbursements on page 23, I had solved for the value of r from the exponential equation [...] while I gave it in various forms unnecessarily, the Lagrange theorem could never give me this value in a convergent series.  I was obliged to seek a new method.  I have developed this method in the text.  It was found skillfully and cleverly by the commissioner [Condorcet and Cousin] charged with the examination of this work.  I could have easily generated it if the nature of my principal object had allowed.

Both Lagrange and Legendre demonstrated interest in the mathematical techniques used by Duvillard: 

He thus let this part of mixed Mathematics contribute to the progress which modern Geometricians made with the Analysis.

Duvillard also built several tables with the corresponding values for the optimal time, the DIRR and the future value.

Finally, lets demonstrate the existence of a maximum y* by studying the function y(t) and its first derivative, using the assumptions made by Duvillard.  Let us return to Duvillard’s equation (7) in which c is not equal to 1; we can write it in the following way, with a, i, c  being given:
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Duvillard begins by calculating t while supposing y(t) to be equal to zero, which he reports in the annexed table to his work; note that this case is close to the modern idea of a “recovery delay” modified while taking into account the discounted cash flows. 
  For Duvillard:
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for y(t) = 0.  He points out that
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We can write the first derivative in the following form, by using the formula for deriving compound functions:
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When we study the derivative y'(t), we check that for t sufficiently small, it is close to the second factor; for t sufficiently large, it is close to the first factor, as soon as the second tends towards q = 1 + i  we can show the existence of the solution for the derivative equal to zero
.

5.  INCREASING AND DECREASING ANNUITES; LIFE ANUITITES

 
Although the focus in this work is on constant annuities, Duvillard does not forget to approach, at least briefly, more general cases.  For example, he mentions the case of a succession of annuities in an arithmetic progression; it is the case of annuities which decrease by a constant quantity (which is a percentage of the annuity a); he calculates the DIRR and the time associated with the maximum.  He finds that, in this case, under certain conditions, there will always be a maximum [Duvillard 1787, p. 39-40].

In the case of the regularly increasing annuity, if the rate r of the annuity is larger than the rate of reinvestment i, there be a maximum and, if the increase is itself variable, there could be more than one [Duvillard 1787, p. 41 ].

He also approaches several methods of reimbursements for life annuities, with random draw and premiums on reimbursements, or by amortization in arithmetic or geometrical progression.  He also considers the rate y and the time of the maximum [Duvillard p. 42 -54]. 

 He also compares two annuities with different amounts, each payable with a different maximum time and with the same rate of re-employment for the earnings.  

Such a comparison is not possible with the IRR such as it is used today. 
  In fact, with the DIRR (or the MIRR) the comparison can be done as long that we choose the longest duration as a reference and imagine the earnings from the other annuity to be invested for a shorter period with the rate of re-employment i lasting until the end of the longest duration.  This is indeed the assumption used by Duvillard [1787, p.29]:

Moreover, it is easy to see that it is not necessary to hesitate over the choice between two different annuities, each payable until the time of their maximum; though the time T during which one will pay the smallest annuity a, being larger than that t, during which we would pay the larger annuity A; since we compare these two products [:] 
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His result consists in saying that it is always preferable to choose the largest annuity A, if it is paid until the time of its maximum.  He underlines, moreover, that times of the maximums relative to the rates of 6 to 12 percent are included within the limits of human of life, the ordinary rate being 4 to 6 percent.  Lastly, he makes following remarks:

In general, the higher is the interest rate at which one will place the annuity [i], the more distant will be the term of the maximum; & on the contrary, the larger the annuity will be [hence a higher r], the interest of accumulation [i] remaining the same, the shorter the term of its maximum will be, & the accumulated amount smaller [Duvillard 1787, p. 29 ].

6.  CONSEQUENCES AND APPLICATIONS

The true goal of Duvillard’s analysis is, as mentioned earlier, the study of life annuities.  The Genevan scientist applies to them the logic just presented [Duvillard 1787, p.54]  in order to dispute their emission from the public’s Treasury.  The most remarkable consequence of this maximum is, in his opinion, that the advantage of the lender is not always increasing over time, “though the loads of the borrower” [ibid.] become even larger. 

 
Even if the author does not refer directly to the political and financial context of his time, one should not forget the financial crisis of the Ancien Régime with all its political and social consequences.  It is known that Duvillard, as an employee of the Ministry of Finance, took part in the decisions to repurchase the life annuities before the Revolution.  The calculations for the repurchases were based on very delicate analysis of these public loans [Crépel 1990].  In spite of his efforts, he never really achieved influence over the final decisions, as he explains in the following text:

 I showed that it was enough to reimburse without reducing the received capital when the rate of the life annuity exceeded that which was naturally owed;  and reconciling as much as it was possible, the interest of the State and justice due to the holder, providing service to all, I provided ways to liquidate this Debt [ …]

[…] I have directed this operation scientifically until the moment where another legislative assembly will change this mode of liquidation and reduce to a third the Capital of the National Debt.
  We can feel well that I was not consulted on this last operation.

Duvillard [1787] finally finds that there is, in these life annuities with higher rate than the current level, a “money unemployment”.
  As he sees it, the monarch should borrow only to invest in some advantageous business, such as in commerce or manufactures that can be regarded as paying the debts allocated to this business.  He must thus borrow:
to gain returns from this commerce or manufacture at higher interest than he is engaged to pay.  Thus the subjects of a monarch face the engagements from borrowing that he makes, & he only borrows not to deprive the funds that industry values with an interest rate much higher than from which he borrows, & to service, in this manner, the capital of others to the profit of the nation [Duvillard 1787, p. 85-6].

Elsewhere, he is even more explicit:

This reversed capital in circulation had been used to service different loans and different purchases; it would have been employed to build houses, clear lands, refresh neglected lands, to better harvest the country fields, to better direct the fruitfulness of the ground towards the most useful plants for mankind, to increase the number of manufactures, to extend the businesses etc., etc.,  and all that would have been operated by sums which did not exist before, or which had no value [Duvillard , quoted according to Thuillier 1997, p. 231].  

Duvillard [1787] is very critical towards life annuities.  He makes allusion to the bankers who negotiate to buy them at a much lower price than the actual value of these annuities:

Everyone can easily verify these calculations.  If we find them correct, we will conclude from it that if several people made a great fortune, while being interested in the annuities of the used form; that is because they purchase them at a price much lower than their true value, wherever they negotiated them.  But the true lenders are those which always keep the annuities,  & it is their benefit which it is the focus here; however this benefit is extremely small compared to that which we would have initially believed [Duvillard 1787, p. 68-9].

It would be necessary then, for example, that the borrower removes these annuities as soon as they reach their maximum, provided that it leaves, for example, the holders to re-lend them at the same conditions.  The lenders will have at the end of the period a sum much greater and the borrower will pay him the sum as an annuity, but after having received new capital [Duvillard 1787, p. 34].  As Duvillard argues:

It is not thus necessary to ask here who loses when both profit, like someone asked me [Duvillard 1787, P. 85 ].
We find here a reference to the difficulties Duvillard had in communicating his analysis: 

I was astonished by the easiness with which Mr. de Calonne seized the cause of  these results [from his Recherches] which appeared to others as paradoxes [Duvillard quoted by Thuillier 1997, p.1].  

The author devotes several paragraphs to developing solutions suited to avoiding as much as possible this excessive expenditure by the State.
  Ultimately, all these methods use the analytical results from the DIRR.  According to Duvillard, the simplest consists in transforming the compound interest annuities, fixed at the level of the DIRR, either for the maximum or during an indefinite time period.
   The borrower will thus have a considerable saving on the interest paid.

Another method is based on the substitution of life annuities with several annuities equal or larger, for a shorter time.  For example, a succession of 104 annual annuities of 9% can become two loans of 52 annuities each, or better still three loans of approximately 34 years.  In this case, successive loans of new capital are made.  We could nevertheless borrow with the matured successive annuities.   Duvillard [ 1787, p.102]  demonstrates for this last case a general solution.  He points out that without being able to reinvest an annuity with the same interest rate as the one supported by the borrower, lenders must prefer the single loan to a succession of successive loans over the fixed length of time [Duvillard 1787, p.105-6]; the total amount of accumulation would indeed be higher in the case of successive loans.  In this case, nevertheless, the debtor does not always have advantages and Duvillard develops calculations to verify these conditions, while also taking into account the times of the maturities.  He then determines an interest rate j which the borrower is supposed to gain on the borrowed amounts [Duvillard 1787, p. 107].

7.CRITICIZING THE CRITICS: BAUMOL AND GOLDFELD REVISITED
      In their study devoted to the “precursors of mathematical economics”, Baumol and Goldfeld situate the contribution of Duvillard’s Recherches as follows:

This book was by no means the earliest writing on actuarial mathematics but it does provide a contribution in its use of the differential calculus to calculate an optimal lending period. Professor Robertson describes Bernoulli, Paolo Frisi and Buquoy as the three earliest users of the differential calculus in economic analysis.
 But Duvillard de Durand anticipates the relevant writings of the latter by more than a quarter of a century [ Baumol and Goldfeld 1968, p.151].

They offer sufficient information to explain the author’s analysis of a maximum, through extracts translated into English, while formulating a brief critique, which proves to be inaccurate.
  On the basis of formula (2), they claim that:
the [ right-hand] side of the equation is the present value of a sequence of repayments, a, on a debt of one unit of currency, say one dollar, lent at a rate of interest i. On the [left-hand] side y is a sort of lender’s ‘internal rate of return’ which is to be maximized. [Baumol-Goldfeld 1968, p. 151]
Their analysis is based on an assumed identity between the two interest rates y and i, that is, between the DIRR and the current market rate, which they claim to attribute to the author himself:

But a little consideration suggests that if the rate of interest is i, then y must equal the given interest rate, i, and there is nothing to be maximized. This also follows directly from the author’s own equation […]
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(see (1))

where c is the amount of money lent so that in the present case c = 1. Moreover, with t variable and all other entries in the equation taken to be fixed (as the author assumes in his differentiation) it should be clear that a maximum present value (rather than internal rate of return) would be obtained by lender with t = ∞! ”

Baumol and Goldfeld did not really try to reduplicate Duvillard’s calculations, as shown by the following misunderstandings:

• They call present value a formula which obviously represents the future value of the series of the annuities in question, expressly defined by Duvillard himself (see our equation (1) and the following quotation).  

• They claim that the internal rate of return y must necessarily be equal to the current interest rate i, probably because they seek the logic of the modern construction of the IRR from the formulation NPV = 0, i.e. from the point of view of the borrower.
 

Duvillard had himself underlined expressly that, if the rate of the annuity r and the current interest rate i were equal, there is nothing to maximize, by the fact that y, i and r are equal by definition.  The French author nevertheless bases his analysis on the explicit assumption that r is larger than i and takes the point of view of the lender who accumulates and reinvests the annuities.

From a thorough reading of the work, we, on the other hand, tried to show (see our §§3-6) the connection of Duvillard’s analysis with the modified internal rate of return, or the analysis of the internal rate of return within a framework characterized by several returns and interest rates, while taking into account the elementary relation (4) between the present value and the future value.  The debate surrounding the net present value (NPV) and of IRR, during the 1950s, tackled this specific question.
 

Within the framework about the assumption of reinvestment there is, finally, no difficulty, technical nor theoretical, in using the DIRR to compare two projects having two different durations (see § 6), contrary to what Baumol and Goldfeld claim [1968, p.152].  It rather appears to us, by taking the already quoted expression by Duvillard [ p.20] himself, that the “curious & significant result, which initially seems as a paradox, & which will be taken for nonsense by any person who will not be able or will not want to attentively follow me”.  This comment seems to be relevant to the analysis of Baumol and Goldfeld.

PART II:  DUVILLARD’S  ECONOMIC VIEWS

   Duvillard did not, as far as we know, tackle the subject of political economy.  However, he did seek to extend and develop the ‘social mathematics’ of Condorcet, as demonstrated by Thuillier[1997],  Israel[1989] and Crépel [1990].  Here, we will take on the question of Duvillard’s views on financial economics. Although a complete analysis of such would go beyond the framework of this essay, we nevertheless want to approach two themes which seem particularly interesting to us: the development of discounting methods and the relation between capital and interest.

8. DISCOUNTING METHODS AND THEIR IMPACT ON THE MAXIMUM

Although modern financial mathematics textbooks still quote the formulas for commercial and arithmetic discounting, both based on the simple interest, contemporary economic theory emphasizes the logical and epistemological basis for using only compound discounting.  In the 18th century, on the other hand, Duvillard seems to have a hard time defending and justifying what he calls the ‘good’ manners discounting, with respect to the morals and practices of his time.
 

After having exposed the subject of his Recherches, Duvillard puts forward the comment: 

I suppose here that the interest is compounded; because any person who puts forward capital, either in his own business, or in that of others, nevertheless adds, at the end of each year, the interest on capital, & then makes the capital grow with it added.  I will therefore suppose that the discounting is compounded and taken appropriately.  [Duvillard 1787, p.2]

  At the end of this paragraph, he adds the following note, devoted to discounting methods analyzed further down, where he defines “appropriate discounting”:

I say appropriate, since I recognize that there are four different ways to discount, that are necessary to use in turn for certain cases.  Indeed, one asks what value for y of an amount m, payable at time t, the former for money being i?

1st.  If taking discounts using the way used between transacting agents for short times, by taking the discount within the amount and at simple interest, we have y= m (1 – i*t); this method makes, for example, that the payouts really cost more provision to the agent committing them, though the percent rate is the same, which reduces to zero the greatest amounts payable at the end of time t = 1/i (=20 years if the interest rate is 5 percent); & which can deceive some people when time is shorter.

2nd.  If, by taking the discount from the sum, accounting with compound interest, we have a  y = m(1 - i)t ;or to say it better, this formula shows to which sum m the capital y will grow to at the end of time t, when we will have used this capital, discounted year after year by sums corresponding to its successive values, & that according to the method used.

3rd.  If we take the discount from outside, & we compound the interest, which is the appropriate way, we have 
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4th. If, in this third method, we take the simple interest, we have 
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          [Duvillard  1787, p.2, note 1].  

According to Duvillard, there exists four methods of discounting, different according to whether they rest on a simple or compound interest and whether they are taken from “outside” or “within” the amount:

FOUR MANNERS OF DISCOUNTING ACCORDING TO DUVILLARD

	interest
	Simple
	Compound

	Discount taken from inside
	1
	2

	Discount taken from within
	4
	3


It is the two last methods that concern us more, because of the difference with today’s economic theory.  Duvillard indeed develops two discounting methods from “outside”, that is, using continuous time: discounting with compound interest and with simple interest.    If we take a sum m equal to 100 and a discount rate i equal to 5 %, then we can compare the four methods in table 1.

At the time, commercial relations and practices relied on other arrangements, such as the first and second method (which he calls “discount from within”).  It is then the case of a linear calculation in discrete time. In other words, we calculate, each year, the difference between the capital in question and the relative interest for each period.

COMPARISON BETWEEN THE FOUR DISCOUNTING METHODS

	m=100, i= 5%
	1
	1
	1
	1

	1st
	95,000
	90,000
	85,000
	75,000

	2nd
	95,000
	90,250
	81,451
	77,378

	3rd
	95,238
	90,703
	82,270
	78,353

	4th
	95,238
	90,909
	83,333
	80,000


Table 1

Duvillard prefers the third method, which is compound interest from outside, for technical as well as theoretical reasons. He justifies the use of this method by the assumption of accumulation of interest with the same profitability as the initial capital.  Even if he considers it as the appropriate discounting method, he obviously does not believe this assumption to be valid in all cases if the reinvestment rate considered is different.
  The author takes care, throughout his work, to make all his calculations in the following three cases: for the third formula, for the fourth formula and without any reinvestment (in the DIRR, the usual rate i then being zero).  

Duvillard does not seem completely from his time.  His mentor, Condorcet, was interested in the same subjects and we can recognize the same inherent logic.  In a non-dated manuscript which he did not publish, Condorcet presents the ‘outside’ discounting method with compound interest:

In the calculation made above we took the ordinary method to evaluate the interest on the loans.  This method consists of reporting the amounts that need to be paid at different time to a single time [...] those where the borrowing was made, and to evaluate these amounts while supposing that the value of a 100 amount payable in one year, for example, is if the interest on the loan is 8 percent for example 100*100/108, if it is 7, 100*100/107 [ Condorcet 1994, p.593]

Condorcet however notes:

but this defective manner appears to me, indeed to assume that if I must pay in one year 100 pounds for example I [?] only have to lend 100*(100/108) per year at 8 percent, or I am entitled to give [to] the one to whom I owe 100 pounds in one year 100(100/108) in the present time [Condorcet 1994, p.593].  

He adheres here to the same logic as Duvillard; to justify the discounting, the author assumes a reinvestment at the discount rate, which allows the equivalent calculation between the present and future times.  Condorcet, indeed, suggests that the borrower (“I”) re-lends to himself the money borrowed in order to repay himself the money borrowed, or it will be the lender himself that will do it.  Here is his conclusion:

This accounting method is therefore exact only when we can refund the annuities on the account of the borrowing, or when the former does not diverge from the current interest. It should therefore, at least for all the times where the reimbursements will not be specified on the last payment of the loan, letting enter the compound interest. [Condorcet 1994, p.594]. 

Therefore, he does not agree with discounting in all cases by the interest rate on the loan, without there being an equivalent investment available, hence the reference to the level of the current interest rate.  He explains that it is preferable to discounting using the current interest of the country instead of the one on the loan:  This again is from the Duvillard’s framework.

9. WHO REALLY INVENTED THE ‘INTERNAL RATE OF RETURN’? 

 DUVILLARD’S CONTRIBUTION IN A COMPARATIVE PERSPECTIVE
Since an informed reader can recognize the contemporary MIRR in the remarkable calculations developed by Duvillard, he could also go beyond the recognizing the identity of the calculations to ask an epistemological question about the underlying perspective and interpretation to give to this analytical device.  

For Duvillard, the two theoretical and analytical keystones are the idea of the maximum (§ 4) and the various discounting methods (§ 8); the latter does not solely relate to note 1 of the Recherches, but can also be connected to the crucial idea of reinvestment of the received funds (§10).  

Duvillard [1787, p. 37] takes the time to develop calculations relative to the maximum in the cases of compound interest, simple interest and even of no interest.  He approaches, here, every case of reinvestment, therefore all the types of lenders, not only those who reinvest each year the annuity as well as the interest on revenues, and also those who “accumulate the interest without investing it at no interest or those who spend this interest”.

Contemporary techniques for the evaluation of investments, based on discounting logic, such as the MIRR, find their epistemological justification in the Marginalist Revolution.
  In the purely economic elements of the ‘scientific theory of capitalization’, Leon Walras [1900, p. 250–1] refers to the devices developed by actuarial science and the ancient concepts of the former.  Moreover, we know of the considerable influence exerted by the French economists on Irving Fisher, generally credited with the introduction of discounting into the American economic literature of the time.  

Since the end of the 19th century, several economists have extended this logic to fields other than the analysis of annuities and loans:  Marshall, Böhm Bawerk, Wicksell and, after them, I. Fisher demonstrated in their works a perspective integrating the discount as a value used to discount future financial cash flows, conceived in an anonymous way, by giving it a new epistemological and theoretical status in economics.
  These modifications relate to the connection between capital and interest, and between credit and capital.  We know that the theoretical quarrels resulting from these questions make it possible to locate the techniques of discounting with respect to at least the following three reference points: the optimal evaluation of industrial productive investments, the financial efficiency compared with the current market rate, and the idea of a subjective rate of inter-temporal preferences. 

 At the same time, engineers were starting to use discounting in the evaluation of investments, particularly in the railroad industry.  Nevertheless, according to Jones-Smith [1982, p.104-5], although the importance of the discounting logic increased during the interwar period, cost evaluation (costing) still seems to be the key point at this time, at least in the applied American literature and few efforts were devoted to the development of corresponding techniques.  

On their side, economists seem to highlight the productivity and material aspect of capital as well as the related technical constraints, undoubtedly under the influence of the central influence of production costs, inherited from the classical approach.
  According to Solomon [1987], it is necessary to await the end of the Second World War, in particular the 1950s and 1960s, for the development of a body of coherent doctrine in this field, more precisely, the optimal employment of funds devoted to investments in capital account.
  At the same time in the United States initially and then in Europe, the logic of discounting continued to spread throughout enterprises’ practices, at least from a theoretical perspective.

If we want to go further than a simple shift of the intellectual benchmarks between the eras, the idea of the maximum developed by Duvillard can be seen to suggest: 

 (a) An un-orthodox economic perspective on the relationship between capital, time and discounting;  (b) A renewed formulation of the maximum, which would regard it as a kind of an endogenous optimal duration of the return to the investment in question.
 

The discounting technique makes it possible to take time into account in the calculations of firms’ decisions; it is, in particular, possible to consider interest as a ‘price for time’ and to calculate this price among other costs and revenues of investment projects, in a comparative financial analysis.  

As also claimed by  E.F. Fama [1996,  p. 427 ] the measurement of this price then poses problems of a technical as well as logical nature, as soon as it is a question of locating the present decision in comparison to the economic development and, in general, with the future states of the firm itself.  As we can see in Biondi (2003, appendix I) contemporary authors still wonder about the question of reinvestment and the corresponding reinvestment rate; Duvillard suggests to them not to reduce this analysis to a linear preference for the present (point a), calculated simply by a negative exponential weight on the future states (the assumption of compound interest).  We can, on the contrary, consider these measurements as the search for a synthetic value to compare  investments; to obtain a simple quantity that one can substitute for the quantities given without deteriorating our overall vision of the phenomenon considered.  The calculation carried out on the series of unspecified flows lays in the search for a weighted average of the series in question.  It is necessary to establish the weights according to the requirements under consideration by the decision maker in question.
  Following Duvillard, it would then be the case of a generalized present value, brought up to date, in particular with two discounting rates, one  for investment  flows (y) and the other for reinvestment ( i):

[image: image14.png]n

Y fA+i1+yita)a

t=1




or, in the continuous case; 

  [image: image15.png]T
/ fly;i;t;as)ar dt.
1




The assumption of a single discount rate and that of the simple or compound discount rate are expressed then by a function f(y; i; t; a) which takes into account the relation between capital and time under consideration by the decision maker, generally regarded as independent of the values of a(t).
  

Thus we reach an interpretation of the idea of the maximum which is at the heart of the Recherches.  The relevant theoretical context seems to be that of today’s jointly financed projects, in particular the theoretical question of knowing if several different agents can take part in the same investment (point b).  Although the real phenomenon moves away from the assumption of perfect and completely efficient markets, we can nevertheless regard this as one kind of approximate idealization.  The framework of Duvillard however deviates from this ideal, since it explicitly supposes two different rates for the investment and the reinvestment, in an economic calculation distant from commercial logic (§10).  Unfortunately, as Hirshleifer [1987, p. 994] explains, the concept of wealth or discounted value is defined without ambiguity only within the framework of complete and perfect markets. We can then define investment selection criteria independently of subjective preferences while taking into account risks and beliefs.  

This author then finishes by imagining an unanimity rule for these investment choices within jointly financed projects, a rule which establishes, in particular, a conventional discount rate to employ in the calculation of the present value even with incomplete or imperfect steps. Within this context, the maximum proposed by Duvillard could provide the decision maker with an optimal duration for financing, linked to the investment’s profitability, which we can apply, for example, to the endogenous completion of a concession, whereas the contractual and institutional framework regulating contracts draws it aside from perfect markets by fixing tariffs through long-term agreements, production quantities, decisions to be taken, etc.  In this direction, it would be interesting to generalize Duvillard’s maximum to any cash flows and to verify the conditions for existence.  

10.  THE RELATION BETWEEN CAPITAL-FUNDS AND INTEREST-FLOWS

    In Duvillard’s analysis, we can see appearing what strangely resembles the modern concept of “capital as a sinking fund” which can also evoke the work of the Rev. Richard Price, in England, known for his theories on debt amortization based on applying compound interest.
  Thiveaud [1994, p. 5] explains this logical and epistemological transition, as such:

Between simple interest and compound interest, a passage between a discontinuous time and a continuous time operates, making the distinction between capital and its interest price vanish.  Compound interest brings a more sophisticated credit system than simple interest, transforming the definitions of the deposit and the agent.

 
Duvillard seems to consider the initial expenditure as much as the annuity as cash flows, at least from an analytical and quantitative point of view. 
  As we saw before, annuities, for life as well as perpetual, confuse refunding of the capital and the payment of the interest.  

    In a Report written in 1790 and taken in year XI (1800), Duvillard briefly approaches the origin of his ‘theory of the interest on money’:

The calculation [by social mathematics] could only be immediately applied to one thing at the time, and its users would be very limited, if the men had not been led by the necessity to establish a common measure of their value.  But the existence of this common measurement makes it possible to compare all the things between them, and to subject them to calculation in spite of their natural differences to which we make abstractions.  

The value of a thing can not be the same as if we consider it as actually and absolutely available, as it only was for a time after which it must cease being it for the same individual, like having to discount back to a certain time.  

These various considerations apply to all the things for which we cannot draw an unspecified service without deteriorating them, or whose alterations can be evaluated.  From this point the theory of what we call the interest on money came to be born [Duvillard quoted by Thuillier 1997, p.149]. 

 Through this, Duvillard establishes a relation between the availability of a thing in time, its effective use and its value.  As for Condorcet, “the theory of the suitable size for proportional increases with time […] contain that of the interest on money” [Duvillard quoted by Thuillier 1997, p.151].  In continuing this text, he affirms, once again, the existence of his maximum, which is the most remarkable result of his Recherches, in particular for those of a loan.  From this point of view, interest cannot simply be the price of capital any more, to repeat the expression of Thiveaud [1994] quoted above, but it becomes a consequence of the use of the funds themselves.
  In the logic of Duvillard, as well as that of Condorcet and Vasco, the discount requires a specific justification, that is found in the idea of effective reinvestment of the received funds, thus allowing the calculation of equivalence between present and future.  

Several places, in the Recherches, the author indeed imagines the funds borrowed as intended are destined to give profits: 

I have supposed here that the borrower could put forward the 3 8/99; because he has supposed that any borrower, whatever it is, only takes capital to make profits; such, for example, borrows on the 5 to put forward on the 10, & could by consequence be paying the 6.  It is true that one could imagine that a borrower only made a loan to pay a debt;  but then he would do a bad deal for himself & the lenders, & he wouldn’t find  credit […]” [Duvillard 1787, p.85].  
In this context, each loan (or refunding) is regarded as giving place to an investment at a given rate, the discount being possible and justified only if this investment (reinvestment) exists; it is likely that if Duvillard [1878, p.70-1] conceives his calculations from the fundamental differences between the borrowers, who really hold funds, and the lenders, who only receive annual refunds throughout the loan in question, differences which lead him to develop his theory of the maximum duration.  

On the one hand, Duvillard introduces the idea of sinking fund capital, but on the other, he considers that all the types of loans must have a lucrative goal; one can thus regard these loans as “paying the debts with the devoted funds for this business” [Duvillard 1787, p. 85 -86].  It is also necessary to note that Duvillard strongly distinguishes the activity of intermediation from bankers and the productive loans with lucrative goal; he thus does not seem to consider the credit making role of banks in the financing of productive activities.

  His analysis of compound interest on funded capital invested in sinking funds does not accept the modern idea of ‘the time value of money’, in which discounting is based on the concept of the opportunity cost of money.
  The modern concept considers investment as an arbitrage between the present and the future; agents do not feel the same attraction for an immediate satisfaction compared to a satisfaction which is to come; the discount rate then constitutes a measure of the intensity of present preference (time preference) which exists independently of the concept of the interest rate.

 Duvillard imagines, to the contrary, that it consists of an effective and systematic reinvestment of capital and its interest rate.  The four methods of discounting, taken into account throughout Recherches (§ 8), corresponds indeed to several cases of reinvestment, at the time with accumulation that is complete (compound interest) or partial (simple interest), or without any accumulation (no interest draws for reinvestment). 

 In his account of the work of Duvillard, Vasco [1787] also concludes that the true ‘lost profit’ (lucrum cessans) or the ‘added loss’ (damnum emergens) are the justification of the application of accrued (or compounded) interest to the uses of money, by consequence this calculation is useless for somebody who dissipates his capital without making it bear fruit. 

 If we want to locate Duvillard among ‘mathematical economics forerunners’ it is necessary to view him as the first to use the concept of optimization from the point of view of the individual agent, by formalizing it with  differential calculus.
  Even if D. Bernoulli and P. Frisi had already used differential calculus, the first did not use it to optimize, the second was obsessed with calculating a ‘social’ optimum. As for himself, Duvillard calculates this optimum from an individual point of view, one would say microeconomic today, and draws some valid consequences for the collectivity in general, and for the State, in particular.  He associates to the DIRR the possibility of an exact reconciliation between the load of the borrower and the benefit of the lenders calculated “by an economic order to establish the times of the payments” [Duvillard 1787, p. 119 ].
   However, we cannot accept the following conclusions from Baumol and Goldfeld [1968,  p. 152 ] 

Duvillard of Durand did show noteworthy ingenuity in his approach and may perhaps be considered the father of the (rather unfortunate) internal-rate-of-return measure for the desirability of an investment.
  From his analytical and theoretical point of view, Duvillard aims to distinguish the apparent interest rate for the lender, the profitability calculated and the current interest rate of the market.  Duvillard does not consider the DIRR as “the expected rate of return”, using today’s meaning for the word “expectation”, nor is it like a measurement of desirability, but like the real profitability of the loan for the lender.  We observe this in his work as well as in his “memories”.
  As observed by Vasco [1787], Duvillard [1787] bases his calculations on the future value of the use of the funds and is also worried about the framework in which the calculation is made:
I suppose here that the revenues are clear of all costs & free from reserves; that there is no default; that they are made up on a quite selected basis; that the annual increase in the numeraire will not appreciably weaken the value of the revenues in time to come; & that the bankers provide them at the purchase price. [Duvillard 1787, p.66, note 18]  
The DIRR is not a measurement of the desirability of the investment, which the author considered expressed, even if it is in a misleading way, by the apparent rate of the annuity r.  

However, 1st, I already showed that, even in the case of constant annuities, far from the profits from interest of the lenders increasing the  rate which the borrower supports, when the annuities are higher & of long duration; these profits of interest decrease after a certain time.  But 2nd this disproportion between the sum of money of the loan, & the sum of money profit of the lenders, will diminish as they could accumulate at a higher interest, & completely faint if they can be accumulated with the sum of money of the loan.  Thus it is generally shown that in the life annuities involving a large sum of money & of long duration the borrower has pure loss of a load of interest from which nobody profits; that, by consequence, this form of refunding is flawed & that it is wished, for the interest of all, that one can modify the manner that they did not have the double disadvantage of my mentioning [Duvillard 1787, p. 69-70]. 

 In his account of Duvillard, Vasco [1787 p.722] also harshly criticizes the speculators who would like to gain a rate higher than the current level without supporting the risks and thus losses.  He then accepts the calculation of Duvillard about the true profitability of employment for speculators. 

 Finally, if Duvillard undoubtedly has recourse to the virtues of “economic calculation”, he does not seem to use the idea of an adjustment by the market, because then:

• It would have proposed, as the instance of Price [1772] arbitration on the course of the annuities (much below the value known as real)

• He would have noticed that using the same interest rate for the loan as for the debt (Fisher's separation principle) is within the framework of ‘complete and perfect markets’, i.e., of a financial market.  
In the practice of the time, the capital and the debt are not yet, as in the modern theory of financial economics, completely equivalent from a financial point of view.  By his analysis, and its mathematical conception, Duvillard takes a step towards these current financial theories but he remains at an intermediate level of abstraction, preserving the preoccupation with realism binds the phenomena and the practices of his time. 

11. CONCLUSION
 
In spite of his contributions to various fields, such as demography, social mathematics, and finally to the insurance and financial mathematics, the work of Duvillard has been largely neglected.  According to the recent studies of Thuillier [1997]  Israel [1989]  and Crepel  [1900] this brilliant ‘geometrician’ is a close relation to Condorcet and one of the passionate promoters of the application of calculation to political science and morals.
In this article, we discussed the economic contribution of the author, in whom one can see, if one wants, a precursor of contemporary financial economics, as much for the invention of the DIRR as for the application of differential calculus.  Duvillard pioneered optimization from the point of view of the individual agent.  However, the shift between times, the intellectual reference marks, the manner of observation and of writing, favours a comparative point of view.  
     The economic views of the author made him develop the logic of optimization and economic calculation without the reference framework of the market.  This view point is certainly distinct from the modern approach, but this allows Duvillard to invent an original technique adapted to the difficult financial conditions of his time.  We have highlighted the theoretical and practical interest of Duvillard’s work for the modern reader.  
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ENDNOTES





� Guy Thuillier [1997] has written a reference work on Duvillard, publishing a selection of texts that were for the most part not previously published. Giorgio Israël [1991, 1993] also carried out an in-depth study related to Social Mathematics. These two authors base their work on manuscripts of the B.N.F. (N.a.fr. 20576-20591) for which G.  Thuillier [ 1997, p.495-508] gives the first inventory. Moreover, in the 18th century, Vasco and Condorcet became interested in the financial calculations developed by Duvillard.  While, more recently, Baumol & Goldfeld [1968] and Crépel [1990] address certain specific aspects of Duvillard’s work, studies on the subject remain rare.





� See Thullier [1997, p. 391-448], which publishes the report of Dr. Odier in the British Library and other significant materials.





� See Dupâquier [1985, p.258-261]. On the quarrel, see Desrosières [2000, p. 48-54].





� See Dup21âquier [1985, p. 245-246 ] and [Israël 1991, p.29 and n. 113].





�  Second letter of M. Duvillard, Archives of the Academy of Science, Institute of France, Paris, meeting cover of May 31, 1813, quoted according to Israel [1991, p. 34 ] and Israel [1993, p. 75], italics in the text. 





� There are many studies on this subject in [Thuillier 1997] and [Crépel 1990]. This question is also examined later in the paper. 





� When the interest rate is equal to i, the present value of a sum S due at time t is equal, at time t=0, to S/(1+i)t.





� On this stream, see the references in note 41. In general see also [Poitras 2000].





� Nevertheless, we will leave aside his considerations and remarkable calculations on the mutual life insurance companies.  Duvillard indeed refers explicitly to the ‘Equitable Society of London’ [1787, p. 77, note], perhaps the first mutual life insurance company founded in 1762 on a scientific theory:  Richard Price was a technical adviser of this company (Equitable Society) and contributed, through his calculations, to its almost fabulous success [Laboreix, 1970;  Poitras 2000].  However, their existed also an Amicable Society, established in London since 1706 [Thiveaud 1996;  Poitras 2000].





� Historians have insisted for two centuries on the role of this question in the political crisis which led to the French Revolution.





� Knowing that the limit, when the number of terms n tends towards the infinity, of the present value PVr of an annuity with constant terms is a / r , this definition of r makes the initial capital c equal to the present value.





� As noted by Vasco [1787]. We could compare this to the modern considerations from Schlacther [1989, p.66].





� The original formula from the author [Duvillard 1787, p. 20] is obtained by replacing in (1) i by y.





� We believe that his reflection rests at first on the research about the real or effective rate of the realized operation, an analysis close to the contemporary notion of the actuarial rate of the borrowing, that is the rate which equalizes the present value of the cash flows corresponding to respective engagements of the borrowers and lenders [Duvillard 1787, p. 62; p. 70-2].  Indeed, it should be noted that, from a technical point of view, the contemporary definitions of the actuarial rate and the internal rate of return (IRR) are equal; this influence of actuarial mathematics on contemporary financial analysis can be traced in particular to L. Walras. 





� See Biondi (2003, appendix I), the second birth of the ' internal Rate of return '.  





� See [Duvillard 1787, p. 19, note 7] which refers to his figure 3 (see Biondi (2003 appendix III)).  Besides, the author gives other graphic interpretations for various calculations [Duvillard 1787, p. 3, 8, etc. ].





� Duvillard often reasons using joint graphs and on the relations between the variables explained by these curves.  He does it, for example, in his presentation of the various manners for discounting (see our § 8).





� To see how Duvillard proceeds: “With t being variable, what value should it take for y to be at a maximum? For this, we’ll differentiates the equation and have (L = ln):


� EMBED Equation.3  ���


 putting dy = 0, we then have


� EMBED Equation.3  ���





an equation which, divided by the equation given in (7), leaving this one for the quotient


� EMBED Equation.3  ���





    or                   � EMBED Equation.3  ���


                                 = (1+y)t = Qt ” [Duvillard, 1787, p. 22 ]. 





� Here in the words of Duvillard (L=ln) :


“In the given equation a(qt -1)/ i = (1 + y)t = Qt or  � EMBED Equation.3  ���, we will assume 


that we will solve for t, provided that the value of which y will result from is positive;  that is, we will assume � EMBED Equation.3  ���. We will substitute the value of Q which will result from this assumption of t in the following equation � EMBED Equation.3  ���, for which all the logarithms can be taken from common tables, we make t = x in the equation� EMBED Equation.3  ��� ; we will substitute the new value for Q’ which will result in equation � EMBED Equation.3  ���we will have a value already very approximate to the time for the maximum gain from interest;  & we will also approach closer and closer every time that we will want to repeat the operation. For example, either a=0.1 : i= 0.05 : & t = 22 from which Q = 1,063199;  we will have..., x = 37,2387, � EMBED Equation.3  ���; x' = 31,906;� EMBED Equation.3  ���;  x"= 30,40076, which is very near the time for the sought maximum.  This method results from a remark that I make hereafter on another curve” [Duvillard, 1787, p. 23 - 24 ].





� Letter of Mr. Duvillard, Archive of the Academy of Science, Institute of France, Paris, portfolio of the meeting of May 31, 1813, quoted according to [Israël 1993, p. 74].





� See their report on Duvillard’s work with respect to l’etablissement d’une caise national d’epargne [session of the  Academy of Science, the 11 Vendémiaire year V (2.10.1796) ].  See also [ Thuiller 1997, p. 188 - 234, p. 238 for the quote. ]  and [ Israël 1993, p. 61 - 66, in particular p.63 ].





� As usual in financial calculations of this kind, we proceed with digital simulations of the calculation of maximization.  They show that this maximum was well calculated by Duvillard.





� That is, the number of years such that the net present value (NPV) is null.  Duvillard applies this calculation of the zero at the same time in the case of reinvestment with compound interest, with simple interest and with no interest.





� In fact, Duvillard uses an interesting personal method on this subject, which we will not comment on here, because it has no remote relationship to our theme.





� See our Biondi (2003, appendix I):  The second birth of the ' Internal Rate of Return'.





� This is the case of the famous ‘bankruptcy of two thirds’ [ Thuillier 1997, p. 231], which occurred on November 30, 1797 (9 vendémiaire year VI).  Two thirds of the debt were then refunded in ‘goods’.





� Letter of Mr. Duvillard, Archives of the Academy of Science, Institute of France, Paris, portfolio of the meeting of May 10, 1813, quoted according to [Israel 1993, p. 68-9].  We can see several sentences in this text which resemble an autobiographical text of Duvillard published by Thuillier [1997, ‘Souvenirs’].





�  See [Duvillard 1787, p.117 and also p. 87 ].  In other words, beyond the maximum, all occurs as if part of the money were sterilized.  This idea is also taken up in the quotations below.





� Notably this is between paragraphs LXIII (p. 83) and LXXXXIX (p. 115).  





�  This solution is adopted by Vasco [1787]  in his report.





� Ross M. Robertson,  “Mathematical Economics before Cournot”, Journal of Political Economy, LVII 1949, p. 524-7.  Frisi’s and Buquoy’s use of the calculus is rather peripheral, and in an inspection of the latter one may well question whether his writing can reasonably be labeled  as ‘economics’  [note from  Baumol and Goldfeld].





�  These two authors are the only ones who were interested specifically in the financial calculations developed by Duvillard.  See also Crépel [1990]





� They undoubtedly refers to the assumption of the school of “unicit(” at the time about the interest rate and the capital market.  





� See Biondi (2003, appendix I):  The second birth of the ' Internal Rate of Return '.





� For the definitions see for example [Schlacther 1989, p.16].  Poitras [2000] addresses discounting methods from a historical perspective in the chapter V, ' Simple Interest and Compound Interest '.  Some economists are more and more interested to simple or hyperbolic discounting from a theoretical perspective; see [Laibson 1997], [Loewenstein-Thaler 1989];  for other references,  see [ Biondi 2002] ).





� See also [Schlacther 1989].





�  In the contributions to the Kehi edition of the works of Voltaire, with the last volumes appearing in 1789, Condorcet does not seem convinced that the arrangements relative to the life annuities can be changed “without injustice” ; the life annuities loans have great disadvantages: “[…]3rd we are always capable of changing, through  regulated reimbursements, a perpetual annuity loan with a  fixed term, and we can not, without injustice, change anything to the life annuities once established; […]. [Condorcet  1994, p. 663 ].  We might infer that this non-dated fragment of Condorcet is posterior to Duvillard’s work.





�  It has been named the Baldwin rate, effective rate of return [Athanapoulos 1978] and finally the modified internal rate of return [Lin 1976]; see [Athanapoulos 1978 ].





� See also [Alchian 1955], in particular on I. Fisher and J.M. Keynes.  It is necessary nevertheless to note that the Keynesian concept of liquidity preference distinguishes the interest rate and inter-temporal preferences.





� According to Gintschel [1999, p.327] Fisher has the same perspective:  Interestingly, Fisher [Theory of Interest, New York, 1930] fleshes out his theory by analyzing how the investment opportunity set can be derived from the underlying technology.  Unlike most modern financial economists, Fisher interprets his investment opportunity set as more than a collection of cash-flow vectors.  Rather, it is has a complete characterization of available technology





� Dean's work triggered much academic activity on the discounted cash-flow technique.  In 1956,a trade journal, The Engineering Economist, was founded to encourage the dissemination of ideas on newly developed capital budgeting techniques, and textbooks soon followed to establish the acceptance of discounted  cash-flows among academic scholars and teachers [ Johnson-Kaplan 1987, p.164] see also [Miller 1998].





� At that time, some empirical studies contested their concrete application. See [Bierman-Smidt 1993, p.77-78] and [Klammer 1972, p.387]





� Tirole [1999] refers to an ‘optimal endogenous duration’ applied to highway concession, calculated by a rule close to the future revenue actualization values. This retrospective renewal can also be supported if we consider two investments of different profitability, used both until their optimal duration.  The optimal DIRR leads to choosing, as the common sense would suggest, that investment which has a highest profitability r.





� Flemming-Wright [1971] also refers to the concept of average.  





� For simplicity of exposition, we do not generalize this formula to a series of rates instead of a single rate.





� If the idea of funds reinvestment is accepted, one knows that the internal rate is not directly comparable to the current interest rate; the usual comparison between risk-free rate and the investment returns should be based on the simple discount rate, which we can derive as either the present or future value, that is the corresponding internal rate.  Moreover, a different IRR, calculated from the various reinvestment assumptions, can constitute an evaluation interval, while the usual techniques work on only one single value.  Lastly, the case without reinvestment (where i is zero), excludes the time value of money from the analysis and could constitute a kind of borderline case, adapted from the project assessment with a technological or strategic predominance [Baldwin 1959, p. 103a] rather than  financial; in this case, the sums have the same value in every present or future instance.  There is no established preference between present and future values [Biondi, 2002].





� As with Duvillard, Price was critical toward the opposition to the life annuities;  see [Laboucheix 1970] and [Poitras 2000 ].





�  See also [Vasco 1787], who, within the general framework of a risky investment in capital, considers that any interest rate higher than the current level will be transformed into a present or future loss of capital. 





� It seems that there is an influence between the General Table of Condorcet and this Mémoire on the utility of a geometrician’s place in government and a chair of applied mathematics to the social interest of Duvillard, see [Israel  1993, p. 48 and 58-59] and [Thuillier 1997, p. 144-145].





� See also [Vasco 1787, p. 715-6].





�  “Subjective time-preference rate” according to an expression used by Hirshleifer [1958]





� Nevertheless, if an agent can invest money, we can consider that he deprives himself of interest, which is the idea of opportunity cost. 





� I must thank Paola Tubaro for his suggestions.





� See also [Thuillier 1997, p. 38]





� See [Theocharis 1983, p. 85]





� On this subject, the French reader can refer to [Laboucheix 1970, p.32-6].
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