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Abstract. We investigate the existence of ground states for a free energy functional on
Cartan-Hadamard manifolds. The energy, which consists of an entropy and an interaction
term, is associated to a macroscopic aggregation model that includes nonlinear diffusion
and nonlocal interactions. We consider specifically the regime of fast diffusion, and estab-
lish necessary and sufficient conditions on the behaviour of the interaction potential for
global energy minimizers to exist. We first consider the case of manifolds with constant
bounds of sectional curvatures, then extend the results to manifolds with general curvature
bounds. To establish our results we derive several new Carlson-Levin type inequalities for
Cartan-Hadamard manifolds.

1. Introduction

In this work we consider a generic Cartan-Hadamard manifold M , and investigate the
existence of global minimizers of the following free energy functional:

Erµs “
1

q ´ 1

ż

M
ρpxqqdVpxq `

1

2

ĳ

MˆM

W px, yqdµpxqdµpyq,(1.1)

where 0 ă q ă 1,W :MˆM Ñ R is an attractive interaction potential, and dV denotes the
Riemannian volume measure onM . The energy is defined on the space PpMq of probability
measures on M , and ρ represents the absolutely continuous part of µ P PpMq with respect
to dV . The first component of the energy is entropy, which favours spreading, and the
second is an interaction energy, which in our case promotes aggregation, at least for long
distances.

The free energy (1.1) relates to the following evolution equation on L1pMq X PpMq:

Btρpxq ´ ∇M ¨ pρpxq∇MW ˚ ρpxqq “ ∆ρqpxq,(1.2)

where

W ˚ ρpxq “

ż

M
W px, yqdρpyq,

and ∇M ¨ and ∇M represent the manifold divergence and gradient, respectively. Equation
(1.2) can in fact be formally expressed as the gradient flow of the energy E on a suitable
Wasserstein space [2].

Energies in the form (1.1) and the associated evolution equation (1.2), known as the
aggregation-diffusion equation, have a wide range of applications in mathematical biology.
For instance, nonlinear diffusion versions of the classical Keller-Segel model for chemotaxis
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or swarming models (see [5] and the references therein) have been well studied. Such
models also appear as paradigms of social interactions where they can lead to segregation of
individuals into clusters of opinions, see [26, 27] for instance. For specific manifold setups,
we note the work in [19], where the authors used the Onsager model to analyze phase
transitions phenomena on the two dimensional sphere. Finally, consensus of large number
of individuals moving under constraints, modelled by aggregation-diffusion equations on
manifolds, can also find applications in control engineering or swarming models with body-
attitude coordination, see [16].

The range 0 ă q ă 1 of the nonlinear diffusion exponent is referred to in the literature as
fast diffusion, while q “ 1 and q ą 1 correspond to linear and slow diffusion, respectively;
note that for linear diffusion, the entropy term in (1.1) is replaced by

ş

M ρpxq log ρpxqdVpxq.
The fast diffusion is faster than the linear/slow diffusion for small values of the density
while it is actually slower for large densities (concentrations). Consequently, fast diffusion
comes with an enhanced spreading at infinity, but at the same time, by competing with
the nonlocal attractive interactions in our model, it may not be able to prevent Dirac delta
aggregations from forming [7]. This is in contrast with the linear and slow diffusion cases.

The free energy (1.1) and the aggregation-diffusion equation (1.2) have been extensively
studied in the Euclidean setup M “ Rd. A recent review on the subject can be found in
[5]. In [4, 6, 7, 8, 13] the authors considered an interaction potential of Riesz type, i.e.,
W px, yq “ 1

β }x ´ y}β, where } ¨ } denotes the Euclidean norm and established existence

or non-existence of global energy minimizers for various ranges of β and q. Uniqueness
and qualitative properties (e.g., monotonicity and radial symmetry) of energy minimizers
or steady states of (1.2) have been studied in [3, 12, 17, 33]. Well-posedness, long time
behaviour and properties of solutions to the evolution equation (1.2) were addressed in
[5, 12, 9]. In particular, the authors of [9, 11] studied the partial mass concentration
in time for the fast diffusion, both for confinement and interaction potentials. In our
current research we deal with the first step in understanding fast diffusion phenomena
on general manifolds. Hence, we focus on finding conditions that ensure the existence of
global minimizers for the free energy (1.1), without discussing the possible formation of
concentrations, which are still quite intricate and open even in the Euclidean case [8].

In spite of extensive studies of the free energy (1.1) and the evolution equation (1.2)
in the Euclidean space, there has been very little research done in the manifold setup.
In this paper we consider the free energy (1.1) on general Cartan-Hadamard manifolds.
Important examples of Cartan-Hadamard manifolds are the hyperbolic space and the space
of symmetric positive definite matrices. In general, any non-compact symmetric space is
Cartan-Hadamard [32]. We consider interaction potentialsW px, yq that depend only on the
geodesic distance dpx, yq between the points x and y. This assumption, which makes the
model completely intrinsic to the given manifold, was used in recent works on the interaction
model with no diffusion [20, 21, 24, 25]. With this setup, we address and answer the following
problem. Assume that the sectional curvatures at a generic point x are bounded below and
above, respectively, by two negative functions ´cmprxq and ´cM prxq, where rx denotes the
distance from x to a fixed (but arbitrary) pole on M . A particular case is when cmp¨q and
cM p¨q are constant functions, but in general cmp¨q and cM p¨q are allowed to grow at any
rate at infinity, e.g., they can grow algebraically or exponentially. We are interested to
account for the variable (and possibly unbounded) curvature of the manifold, and establish
necessary and sufficient conditions on the behaviour of the interaction potential at zero and
infinity, for global minimizers of the free energy to exist.
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The problem posed above was studied in [6] forM “ Rd and q ą 0 (all the three diffusion
regimes), in [10] for M “ Hd – the hyperbolic space – and q ą 1 (slow diffusion), and in
[22, 23] for general Cartan-Hadamard manifolds and q “ 1 (linear diffusion). In particular,
[6] provided necessary, but not shown to be also sufficient, conditions on the interaction
potential for existence of ground states in the fast diffusion regime. In the case of linear
diffusion, [23, 22] demonstrate the role of the manifold’s curvature with regards to spreading
and blow-up. For example, spreading by linear diffusion in Rd is prevented provided the
interaction potential grows at least logarithmically at infinity; the condition is in fact sharp
[6]. On the other hand, to contain the linear diffusion on general Cartan-Hadamard mani-
folds with bounded sectional curvatures, superlinear growth of the interaction potential at
infinity is needed [23]. Therefore, as a manifestation of the curvature, a stronger growth of
the attractive potential is needed to contain diffusion on manifolds.

The present work is the first to consider fast diffusion and nonlocal interactions on gen-
eral manifolds of negative sectional curvatures. We quantify, in terms of the upper and
lower bounds of the sectional curvatures, the conditions on W that lead to existence or
nonexistence of global energy minimizers. The main tools we use in our analysis are var-
ious comparison results in differential geometry (Rauch theorem, volume bounds, bounds
for the Jacobian of the exponential map), as well as several new generalized Carlson-Levin
inequalities on Cartan-Hadamard manifolds, that we derived for our purpose and have an
interest in their own (Lemma 4.1 and 6.2). Compared to their analogue from the Euclidean
space [7, Lemma 5], our results contain additional terms that reflect the volume growth of
geodesic balls on Cartan-Hadamard manifolds.

Finally, we note that there has been strong interest in recent years on PDEs that involve
nonlinear diffusion on Cartan-Hadamard manifolds. Issues that have been addressed for
instance are the well-posedness and long-time behaviour of solutions to the porous medium
equation on negatively curved manifolds [30, 31], as well as to PDEs that include both
nonlinear diffusion and local reaction terms [28, 29]. Due to the nonlocal nature of our
interaction term, the methods developed in our work are very different from the approaches
taken in these papers.

The summary of the paper is as follows. In Section 2 we present the assumptions, the
variational setup, and some necessary background in Riemannian geometry. In Section 3
we establish necessary conditions on the interaction potential for global energy minimizers
to exist (Theorem 3.1). In Section 4 we derive a generalized Carlson-Levin inequality for
Cartan-Hadamard manifolds with sectional curvatures bounded from below. This inequal-
ity is used in Section 5 to establish sufficient conditions on the growth of the interaction
potential at infinity, for a ground state to exist (Theorem 5.1). In Section 6 we gener-
alize the previous existence/nonexistence results, as well the Carlson-Levin inequality, to
Cartan-Hadamard manifolds with unbounded sectional curvatures.

We note that another option for the layout of this paper would be to present first the gen-
eral case of manifolds with unbounded sectional curvatures, and then discuss the manifolds
with bounded curvatures as a particular case. We opted for the current layout however, for
pedagogical reasons. In particular, the bounded curvature case comes with explicit volume
comparison functions, which makes the work easier to follow.

2. Preliminaries and background

2.1. Assumptions and notations. We make the following assumptions on the manifold
M and the interaction potential W .
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(M) M is an d-dimensional Cartan-Hadamard manifold, i.e., M is complete, simply con-
nected, and has everywhere non-positive sectional curvature. In particular, M has no
conjugate points, it is diffeomorphic to Rd and the exponential map at any point is a global
diffeomorphism.

(W) The interaction potential W :M ˆM Ñ R has the form

W px, yq “ hpdpx, yqq, for all x, y P M,

where h : r0,8q Ñ R is lower semi-continuous and non-decreasing, and d denotes the
intrinsic distance on M . As h is non-decreasing, h models purely attractive interactions.

Notations. For x P M , and σ a two-dimensional subspace of TxM , Kpx;σq denotes the
sectional curvature of σ at x. We also denote by dV the Riemannian volume measure on
M and by PacpMq Ă PpMq the space of probability measures on M that are absolutely
continuous with respect to dV .

A point on a manifold is called a pole if the exponential map at that point is a global
diffeomorphism. On Cartan-Hadamard manifolds all points have this property. Throughout
the paper we fix a generic point o in M which we will be referring to as the pole of the
manifold. We make the notation

rx :“ dpo, xq, for all x P M.

We denote by Brpoq the open geodesic ball centred at o of radius r, and by |Brpoq| its
volume.

Definition of the energy. Any probability measure µ P PpMq can be written uniquely, by
Lebesgue’s decomposition theorem, as µ “ ρ dV `µs, where the first term is the absolutely
continuous part of µ w.r.t. the volume measure dV and the second term is the singular part.
Given the assumption on the interaction potential, the free energy E : PpMq Ñ r´8,8s is
given by

(2.1) Erµs “
1

q ´ 1

ż

M
ρpxqqdVpxq `

1

2

ĳ

MˆM

hpdpx, yqqdµpxqdµpyq

The first term in (2.1) represent the entropy and the second is the interaction energy.
As explained in [6, 7], the energy in (2.1) can first be defined for functions in C8

c pMq X

PpMq, and then extended to the entire PpMq by

Erµs “ inf
tµnuĂC8

c pMqXPpMq
s.t.µnáµ

lim inf
nÑ8

Erµns,

where µn á µ denotes weak convergence as measures, i.e.,
ż

M
fpxqµnpxqdVpxq Ñ

ż

M
fpxqµpxqdVpxq, as n Ñ 8,

for all bounded and continuous functions f :M Ñ R.
Wasserstein distance. Denote by P1pMq the set of probability measures onM with finite

first moment, i.e.,

P1pMq “

"

µ P PpMq :

ż

M
dpx, x0qdµpxq ă 8

*

,
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for some fixed (but arbitrary) point x0 P M . For µ, ν P PpMq, the intrinsic 1-Wasserstein
distance is defined as

W1pµ, νq “ inf
γPΠpµ,νq

ĳ

MˆM

dpx, yqdγpx, yq,

where Πpµ, νq Ă PpM ˆ Mq is the set of transport plans between µ and ν, i.e., the set of
elements in PpM ˆ Mq with first and second marginals µ and ν, respectively. The space
pP1pMq,W1q is a metric space [2].

Admissible set. Similar to the approach in the Euclidean space [12, 13, 17] or for general
manifolds and linear diffusion [23, 22], we fix the Riemannian centre of mass of the admissible
minimizers. For a fixed pole o P M , we denote

(2.2) P1,opMq “

"

µ P P1pMq :

ż

M
logo x dµpxq “ 0

*

,

where logo denotes the Riemannian logarithm map at o (i.e., the inverse of the Riemannian
exponential map expo) [18]. It is in this set that we will establish existence of global energy
minimizers.

The integral condition in (2.2) fixes the centre of mass of µ at the pole o. We fix the
centre of mass as in general, minµPP1,opMq Erµs depends on the point o. More specifically,

for two points o1 ‰ o2, in general we have minµPP1,o1 pMq Erµs ‰ minµPP1,o2 pMq Erµs when

ground states exist in both P1,o1pMq and P1,o2pMq. To find the ground state of the energy
over the entire space P1pMq, one then needs to take the infinimum over o P M of the en-
ergy minimizers in P1,opMq. Note that even if the variational problem in P1,opMq admits a
minimizer for every fixed o, a global minimizer in P1pMq may not necessarily exist, which
could happen for instance on noncompact manifolds, where base points of minimizing se-
quences can escape to infinity. In this paper, we do not address this additional minimization
problem with respect to the base point o.

We point out that selecting a base point is not necessary for Euclidean spaces, as well
as for homogeneous manifolds of constant sectional curvature (e.g., the hyperbolic space
Hd). Indeed, for such spaces, isometries can be used to move from one point to another
without changing the variational problem. On general Riemannian manifolds however, as
considered in this paper, fixing a base point is needed and it does not constitute an artificial
loss of generality.

2.2. Comparison results in differential geometry. We list here several comparison
results in differential geometry, that will be used in our analysis.

Theorem 2.1 (Rauch comparison theorem [15]). Let M and M̃ be Riemannian manifolds

with dimpM̃q ě dimpM), and suppose that for all p P M , p̃ P M̃ , and σ Ă TpM , σ̃ Ă Tp̃M̃ ,

the sectional curvatures K and K̃ of M and M̃ , respectively, satisfy

K̃pp̃; σ̃q ě Kpp;σq.

Let p P M , p̃ P M̃ and fix a linear isometry i : TpM Ñ Tp̃M̃ . Let r ą 0 be such that the
restriction expp|Brp0q

is a diffeomorphism and expp̃|Brp0q
is non-singular. Let c : r0, as Ñ

expppBrp0qq Ă M be any differentiable curve and define c̃ : r0, as Ñ expp̃pBrp0qq Ă M̃ by

c̃psq “ expp̃ ˝i ˝ exp´1
p pcpsqq, s P r0, as.

Then the length of c is greater or equal than the length of c̃.
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For manifolds with bounded sectional curvatures, the Jacobian of the exponential map
and the volumes of geodesic balls can be bounded below and above as follows. The results
can be found in [14, Section III.4].

Theorem 2.2 (Jacobian and volume bounds [14]). Suppose the sectional curvatures of M
satisfy

(2.3) ´cm ď Kpx;σq ď ´cM ă 0,

for all x P M and all two-dimensional subspaces σ Ă TxM , where cm and cM are positive
constants. Let o be an arbitrary pole on M . Then, the Jacobian of the exponential map at
o can be bounded as

(2.4)

ˆ

sinhp
?
cM}u}q

?
cM}u}

˙d´1

ď |Jpexpoqpuq| ď

ˆ

sinhp
?
cm}u}q

?
cm}u}

˙d´1

,

for all u P ToM .
Also, the volumes of geodesic balls are bounded by

(2.5) dwpdq

ż r

0

ˆ

sinhp
?
cM tq

?
cM

˙d´1

dt ď |Brpoq| ď dwpdq

ż r

0

ˆ

sinhp
?
cmtq

?
cm

˙d´1

dt,

where wpdq denotes the volume of Sd´1, the unit sphere in Rd.

Remark 2.1. The two bounds in (2.5) represent the volume of the ball of radius r in the
hyperbolic space Hd of constant curvatures ´cM , and ´cm, respectively.

The comparison results in Theorem 2.2 can be generalized to manifolds of unbounded
curvature. The results are the following (see [22, Theorem 2.2 and Corollary 2.1], also [1,
Theorem 1.3]).

Theorem 2.3. (Generalized Jacobian and volume bounds [22]) Suppose the sectional cur-
vatures of M satisfy

(2.6) ´cmprxq ď Kpx;σq ď ´cM prxq ă 0,

for all x P M and all two-dimensional subspaces σ Ă TxM , where cmp¨q and cM p¨q are
positive continuous functions of the distance from a fixed pole o. Denote by ψm and ψM the
solutions of the following initial-value-problems (IVP’s):

(2.7)

#

ψ2
mpθq “ cmpθqψmpθq, @θ ą 0,

ψmp0q “ 0, ψ1
mp0q “ 1,

and

#

ψ2
M pθq “ cM pθqψM pθq, @θ ą 0,

ψM p0q “ 0, ψ1
M p0q “ 1.

Then, the Jacobian of the exponential map at o can be bounded as
ˆ

ψM p}u}q

}u}

˙d´1

ď |Jpexpoqpuq| ď

ˆ

ψmp}u}q

}u}

˙d´1

,

for all u P ToM . Also, the volumes of geodesic balls in M can be bounded by

dwpdq

ż r

0
ψM ptqd´1dt ď |Brpoq| ď dwpdq

ż r

0
ψmptqd´1dt.

Remark 2.2. When cmp¨q ” cm and cM p¨q ” cM are constant functions, the IVPs in (2.7)
have the explicit solutions

ψmpθq “
sinhp

?
cmθq

?
cm

, and ψM pθq “
sinhp

?
cMθq

?
cM

.
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In this case, Theorem 2.3 reduces to Theorem 2.2.
We also note that while in general, one cannot find explicit solutions to the IVP’s in (2.7),

these are linear problems and the global well-posedness of their solutions is guaranteed by
standard results in ODE theory. In addition, by straightforward arguments, in can be shown
that ψm and ψM satisfy

(2.8) ψmpθq ą 0, ψM pθq ą 0, and ψ1
mpθq ą 1, ψ1

M pθq ą 1, for all θ ą 0.

Remark 2.3. We note that for the upper bounds in Theorems 2.2 and 2.3, a weaker
condition on curvature can be assumed, namely that the Ricci curvatures are greater than
or equal to ´pd ´ 1qcm (see Theorems III.4.3 and III.4.4 in [14] for the constant curvature
bounds case). We do not consider this weaker assumption here.

The following lemma, listed verbatim from [22] will be needed in our analysis. Here, Df
denotes the upper derivatives of a real-valued function f , defined by

Dfpxq “ lim sup
hÑ0

fpx` hq ´ fpxq

h
.

Lemma 2.1. Let c : r0,8q Ñ p0,8q be a positive and continuous function, and consider
the solution ψ of the IVP:

(2.9)

#

ψ2pθq “ cpθqψpθq, @θ ą 0,

ψp0q “ 0, ψ1p0q “ 1.

(Upper bound) Assume cp¨q is non-decreasing. Then,

(2.10) ψpθq ď θ exp

ˆ
ż θ

0

a

cptq dt

˙

, @θ ě 0.

(Lower bound) Assume cp¨q satisfies

(2.11) lim
θÑ8

Dcpθq

cpθq3{2
“ 0.

Then, for any 0 ă ϵ ă 1, there exists θ0 ą 0 such that

(2.12) ψpθ0q exp

ˆ

p1 ´ ϵq

ż θ

θ0

a

cptq dt

˙

ď ψpθq, @θ ě θ0.

Proof. See [22, Lemma 2.1]. □

3. Nonexistence of a global minimizer

In this section, we investigate necessary conditions on the interaction potential for global
minimizers of the energy (2.1) to exist. We assume here that the sectional curvatures of M
satisfy

(3.1) Kpx;σq ď ´cM ă 0,

for all x P M and all two-dimensional subspaces σ Ă TxM , where cM is a positive constant.
In the proof of the main result in this section we will use the following application of

Rauch comparisom theorem. Recall Theorem 2.1 and apply it for the manifold M (note

that M has non-positive curvature), for M̃ “ Rd » ToM , and i the identity map. For two
points x and y in M , take c to be the geodesic curve joining them. The curve c̃ constructed
in Theorem 2.1 joins logo x and logo y, and hence, its length is greater than or equal to the
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length of the straight segment joining logo x and logo y. We then infer from Theorem 2.1
that

(3.2) | logo x´ logo y| ď lpc̃q ď lpcq “ dpx, yq.

By the Law of cosines, we also get

| logo x´ logo y|2 “ dpo, xq2 ` dpo, yq2 ´ 2dpo, xqdpo, yq cos=pxoyq,

which combined with (3.2) yields

dpx, yq2 ě dpo, xq2 ` dpo, yq2 ´ 2dpo, xqdpo, yq cos=pxoyq.(3.3)

Inequality (3.3) holds for any points o, x, and y in M .

Theorem 3.1 (Nonexistence by blow-up or spreading). Let M be a d-dimensional Cartan-
Hadamard manifold with sectional curvatures that satisfy (3.1) for a positive constant cM .
Let 0 ă q ă 1 and assume that h : r0,8q Ñ r´8,8q is a non-decreasing lower semi-
continuous function which satisfies either

lim
θÑ0`

hpθq “ ´8,

or

lim
θÑ8

hpθq

exp
´ ?

cM pd´1qp1´qq

2 θ
¯ “ 0.(3.4)

Then, the energy functional (2.1) is unbounded from below in P1,opMq, and hence it has no
global minimizer in P1,opMq.

Proof. The proof is based on an explicit construction of a family of probability density
functions ρR P P1,opMq that depend on R ą 0, such that ErρRs is unbounded from below
as R Ñ 0 or R Ñ 8. Note that the centre of mass of ρR needs to be located at o, which
makes the construction a little involved.

Step 1. (Construction of ρR.) Define

(3.5) ρRpyq “

$

&

%

1

|BRpoRq|
, y P BRpoRq,

0, otherwise,

where oR P M depends on R, and will be determined later. Equivalently, ρR is the uniform
probability measure on the geodesic ball BRpoRq centred at oR. We will show that for every
R ą 0, one can choose oR P M so that ρR has centre of mass at o, and hence it lies in
P1,opMq.

From the definition of the Riemannian centre of mass, it suffices to prove that there exists
oR P M that satisfies

(3.6)

ż

BRpoRq

logo y dV pyq “ 0.

In the tangent space ToM , which can be identified with Rd, consider the open ball BRp0q

of radius R centred at the origin 0. Note that in this proof we are using the notation BRp¨q

for geodesic balls of radius R in M (as in BRpoRq), as well as for balls of radius R in ToM
(as in BRp0q). The specific use of the notation will be clear from the context.
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Consider the map F : BRp0q Ă ToM Ñ ToM defined as

(3.7) F pvq :“
1

2|BRpexpo vq|

ż

BRpexpo vq

logo y dV pyq.

Note that F maps BRp0q into itself, as

}F pvq} ď
1

2|BRpexpo vq|

ż

BRpexpo vq

} logo y}dV pyq

ď
1

2|BRpexpo vq|

ż

BRpexpo vq

pdpo, expo vq ` dpexpo v, yqq dV pyq

ď
1

2|BRpexpo vq|

ż

BRpexpo vq

pR `Rq dV pyq

“ R,

where for the second inequality sign we used triangle inequality:

} logo y} “ dpo, yq

ď dpo, expo vq ` dpexpo v, yq.

Take an arbitrary v P BBRp0q, i.e., }v} “ R. Using (3.7), we compute

xv, F pvqy “
1

2|BRpexpo vq|

ż

BRpexpo vq

xv, logo yydV pyq.(3.8)

By inequality (3.3), used for o, x “ expo v and y, we have

(3.9) dpexpo v, yq2 ě dpexpo v, oq2 ` dpy, oq2 ´ 2dpexpo v, oqdpy, oq cos=ppexpo vqoyq.

Since dpexpo v, yq ď R and dpexpo v, oq “ R, we get by using (3.9):

R2 ě dpexpo v, yq2

ě dpexpo v, oq2 ` dpy, oq2 ´ 2dpexpo v, oqdpy, oq cos=ppexpo vqoyq

ě R2 ` 02 ´ 2dpexpo v, oqdpy, oq cos=ppexpo vqoyq.

From the above, we infer

xv, logo yy “ dpexpo v, oqdpy, oq cos=ppexpo vqoyq ě 0,

and therefore,

xv, logo yy ě 0, for all y P BRpexpo vq and v P BBRp0q.

Moreover, since the integrand in the r.h.s. of (3.8) is positive, we find

(3.10) xv, F pvqy ą 0, for all v P BBRp0q.

where we dropped the greater than equal sign since the equality cannot hold.
Now, consider the map T : BRp0q Ă ToM Ñ ToM defined by

T pvq “ v ´ ϵF pvq,

for some ϵ ą 0.
Claim: We can choose ϵ ą 0 small enough, so that the range of T is a subset of BRp0q.

Since F is a continuous map and BRp0q is compact, set ℓ “ sup
vPBRp0q

}F pvq}. By (3.10),
we can assume

xv, F pvqy ě α, for all v P BRp0qzBR̃p0q,
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for some R̃ P p0, Rq and α ą 0.
Calculate

}T pvq}2 “ }v ´ ϵF pvq}2

“ }v}2 ´ 2ϵxv, F pvqy ` ϵ2}F pvq}2.

(Case 1: v P BR̃p0q) For this case, we have

}T pvq}2 ď }v}2 ` 2ϵ}v} }F pvq} ` ϵ2}F pvq}2

ď R̃2 ` 2ϵR̃l ` ϵ2l2

“ pR̃ ` ϵlq2.

Therefore, if

ϵ ă ϵ1 :“
R ´ R̃

l
,

then }T pvq} ă R.

(Case 2: v P BRp0qzBR̃p0q) For this case,

}T pvq}2 “ }v}2 ´ 2ϵxv, F pvqy ` ϵ2}F pvq}2

ď R2 ´ 2ϵα ` ϵ2l2.

If

ϵ ă ϵ2 :“
2α

l2
,

then }T pvq} ă R.
To consider both cases together, we set

(3.11) ϵ ă minpϵ1, ϵ2q “ min

˜

R ´ R̃

l
,
2α

l2

¸

.

This proves the claim.
Therefore, with ϵ that satisfies (3.11), T maps BRp0q into itself. Also, T is continuous, as

F is continuous. By Brouwer’s fixed point theorem, we infer that there exists vR P BRp0q

such that
T pvRq “ vR,

which in turn implies that

(3.12) F pvRq “ 0.

Finally, set oR :“ expo vR. From (3.12) and the definition of the function F in (3.7), we
find that (3.6) is satisfied with this choice of oR, and therefore ρR,o P P1,opMq.

Step 2. (Behaviour of ErρRs.) We evaluate ErρRs using (2.1), and then consider separately
both the entropy and the interaction terms.

By the volume comparison in Theorem 2.2, the volume |BRpoRq| can be estimated as

(3.13) |BRpoRq| ě dwpdq

ż R

0

ˆ

sinhp
?
cMθq

?
cM

˙d´1

dθ.

Note that when cM “ 0, (3.13) reduces to

(3.14) |BRpoRq| ě dwpdq

ż R

0
θd´1dθ “ wpdqRd,
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which states that |BRpoRq| is bounded below by the volume of the ball of radius R in Rd.
The entropy term for ρR is given explicitly by

(3.15)
1

q ´ 1

ż

M
ρRpxqqdVpxq “ ´

|BRpoRq|1´q

1 ´ q
.

Also, by the monotonicity of h, the interaction term can be estimated as

(3.16)

1

2

ĳ

MˆM

hpdpx, yqqρRpxqρRpyqdVpxqdVpyq ď
1

2

ĳ

MˆM

hp2RqρRpxqρRpyqdVpxqdVpyq

“
hp2Rq

2
.

Using the two equations above in (2.1), we then have

ErρRs ď ´
|BRpoRq|1´q

1 ´ q
`
hp2Rq

2
.(3.17)

Behaviour at zero. Using (3.17) and 0 ă q ă 1, we get

lim
RÑ0`

ErρRs ď lim
RÑ0`

ˆ

´
|BRpoRq|1´q

1 ´ q
`
hp2Rq

2

˙

“
1

2
lim

RÑ0`
hp2Rq.

This implies that, if h is singular at 0` (i.e., limθÑ0` hpθq “ ´8), then the energy is
unbounded from below and there is no global energy minimizer.

Behaviour at infinity. By combining (3.13) and (3.17), we get

lim
RÑ8

ErρRs ď lim
RÑ8

¨

˝´
1

1 ´ q

˜

dwpdq

ż R

0

ˆ

sinhp
?
cMθq

?
cM

˙d´1

dθ

¸1´q

`
hp2Rq

2

˛

‚.

Similar to the behaviour at zero, provided the limit in the right-hand-side above is ´8, E is
not bounded from below and hence, it has no global minimizer. We quantify this behaviour
in terms of h, as following.

By L’Hôpital’s rule, we have

lim
RÑ8

şR
0

´

sinhp
?
cMθq

?
cM

¯d´1
dθ

expp
?
cM pd´ 1qRq

“ lim
RÑ8

´

sinhp
?
cMRq

?
cM

¯d´1

?
cM pd´ 1q expp

?
cM pd´ 1qRq

“
1

2d´1?
cM

d
pd´ 1q

.

If h satisfies

lim
RÑ8

hpRq

exp
´ ?

cM pd´1qp1´qq

2 R
¯ “ 0 ðñ lim

RÑ8

hp2Rq

expp
?
cM pd´ 1qp1 ´ qqRq

“ 0,
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then we have

lim
RÑ8

¨

˝´
1

1 ´ q

˜

dwpdq

ż R

0

ˆ

sinhp
?
cMθq

?
cM

˙d´1

dθ

¸1´q

`
hp2Rq

2

˛

‚

“ lim
RÑ8

expp
?
cM pd´ 1qp1 ´ qqRq

ˆ

¨

˚

˚

˝

´
1

1 ´ q

¨

˚

˝

dwpdq
şR
0

´

sinhp
?
cMθq

?
cM

¯d´1
dθ

expp
?
cM pd´ 1qRq

˛

‹

‚

1´q

`
hp2Rq

2 expp
?
cM pd´ 1qp1 ´ qqRq

˛

‹

‹

‚

“ 8 ˆ

¨

˝´
1

1 ´ q

˜

dwpdq

2d´1?
cM

d
pd´ 1q

¸1´q
˛

‚“ ´8.

This concludes the proof of the theorem. □

Remark 3.1 (Comparison with linear and slow diffusion). The necessary conditions in
Theorem 3.1 say that no singularity at origin in the interaction potential is allowed, or
else nonexistence by blow-up occurs. Also, the potential needs to grow exponentially fast at
infinity, in order to contain the spreading. These conditions are much more restrictive than
those for the model with linear diffusion (q “ 1) or slow diffusion (q ą 1). For the latter
models, ground states can exist if h is singular at origin (with at most a logarithmic or a
power-law singularity for q “ 1 and q ą 1, respectively), or if h grows less than exponentially
at infinity (superlinear growth for q “ 1 and no growth rate restriction for q ą 1). We refer
the reader to [23, 22] for the precise statements.

4. A generalized Carlson–Levin inequality

This section contains some preparatory results needed to show the existence of global
minimizers. Here we assume that the sectional curvatures of the Cartan-Hadamard manifold
M satisfy

(4.1) ´cm ď Kpx;σq ď 0,

for all x P M and all two-dimensional subspaces σ Ă TxM , where cm is a positive constant.

4.1. A convexity argument. Recall the argument using Rauch’s comparison theorem,
leading to inequality (3.3). Then, from (3.3) we find

(4.2) dpx, yq2 ě |rx ´ ry cos=pxoyq|2, for all x, y P M.

We will use (4.2) to prove the following proposition.

Proposition 4.1. Let M be a Cartan–Hadamard manifold, o P M an arbitrary fixed pole,
and H : r0,8q Ñ r0,8q be a non-decreasing convex function. Then, for any µ P P1,opMq,
we have

(4.3)

ĳ

MˆM

Hpdpx, yqqdµpxqdµpyq ě

ż

M
Hprxqdµpxq.

Proof. As µ P P1,opMq has Riemannian centre of mass at o, it holds that
ż

M
logo y dµpyq “ 0.
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Since logo o is the zero vector in ToM , we have
ż

Mztou

logo y dµpyq “

ż

M
logo y dµpyq “ 0.

Then, for any x ‰ o we have

0 “

ż

Mztou

logo x ¨ logo y dµpyq “ rx

ż

Mztou

ry cos=pxoyqdµpyq,

and hence,
ż

Mztou

ry cos=pxoyqdµpyq “ 0.(4.4)

Using Jensen’s inequality, the monotonicity of H, and (4.2), we get
ż

M
Hpdpx, yqqdµpyq ě H

ˆ
ż

M
dpx, yqdµpyq

˙

“ H

˜

ż

Mztou

dpx, yqdµpyq `

ż

tou

dpx, yqdµpyq

¸

ě H

˜

ż

Mztou

|rx ´ ry cos=pxoyq|dµpyq `

ż

tou

rx dµpyq

¸

.

(4.5)

Furthermore, using(4.4) we find

(4.6)

ż

Mztou

|rx ´ ry cos=pxoyq|dµpyq `

ż

tou

rxdµpyq

ě

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Mztou

prx ´ ry cos=pxoyqqdµpyq

ˇ

ˇ

ˇ

ˇ

ˇ

`

ż

tou

rxdµpyq

“

ż

Mztou

rxdµpyq `

ż

tou

rxdµpyq

“ rx.

Substitute (4.6) into (4.5) to conclude that
ż

M
Hpdpx, yqqdµpyq ě Hprxq,(4.7)

for any x ‰ o. For x “ o, (4.7) also holds, as
ż

M
Hpryqdµpyq ě

ż

M
Hp0qdµpyq “ Hp0q.

Hence, (4.7) holds for all x P M . Then, by integrating (4.7) with respect to µpxq on M we
find (4.3). □

Remark 4.1. If µ is not a probability measure, (4.3) gains an additional term as follows.
Assume µ P M`pMq XL1pMq, where M`pMq denotes the set of non-negative measures on

M , satisfies }µ}1 :“

ż

M
dµpxq ‰ 1,

ż

M
rx dµpxq ă 8, and

ż

M
logo x dµpxq “ 0. Then, we
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can substitute
µ

}µ}1
P P1,opMq into Proposition 4.1 to get

ĳ

MˆM

Hpdpx, yqqdµpxqdµpyq ě

ˆ
ż

M
Hprxqdµpxq

˙ ˆ
ż

M
dµpxq

˙

,

for any non-decreasing convex function H : r0,8q Ñ r0,8q.

4.2. Generalized Carlson-Levin inequality. The following lemma generalizes the Carlson-
Levin inequality [7, Lemma 5] used to study free energy minimization in the Euclidean space
Rd.

Lemma 4.1 (Generalized Carlson–Levin inequality). Let 0 ă q ă 1 and M be a d-
dimensional Cartan–Hadamard manifold whose sectional curvatures satisfy (4.1), for some

cm ą 0. Also, let o P M be a fixed pole. If λ ą
pd´1qp1´qq

q , then there exists a positive

constant C1 ą 0 that depends on λ, q, cm, and d, such that

ż

M
ρpxqqdVpxq ď C1pλ, q, cm, dq

ˆ
ż

M
ρpxqdVpxq

˙p1´pqq
˜

ż

M

ˆ

sinhp
?
cmrxq

?
cm

˙λ

ρpxqdVpxq

¸pq

,

for any ρp¨q ě 0, where p “
pd´1qp1´qq

λq P p0, 1q.

Proof. Fix R ą 0 and ρp¨q ě 0. By Hölder inequality with exponents 1
q and 1

1´q , we get

(4.8)

ż

rxăR
ρpxqqdVpxq ď

ˆ
ż

rxăR
ρpxqdVpxq

˙q ˆ
ż

rxăR
1 dVpxq

˙1´q

ď

ˆ
ż

M
ρpxqdVpxq

˙q
˜

dwpdq

ż R

0

ˆ

sinhp
?
cmθq

?
cm

˙d´1

dθ

¸1´q

,

where for the second inequality we used the volume upper bound in Theorem 2.2. Similarly,
also by Hölder inequality with exponents 1

q and 1
1´q , we find

(4.9)
ż

rxěR
ρpxqqdVpxq

ď

˜

ż

rxěR

ˆ

sinhp
?
cmrxq

?
cm

˙λ

ρpxqdVpxq

¸q ˜

ż

rxěR

ˆ

sinhp
?
cmrxq

?
cm

˙´
λq
1´q

dVpxq

¸1´q

ď

˜

ż

M

ˆ

sinhp
?
cmrxq

?
cm

˙λ

ρpxqdVpxq

¸q ˜

dwpdq

ż 8

R

ˆ

sinhp
?
cmθq

?
cm

˙d´1´
λq
1´q

dθ

¸1´q

,

where for the second inequality we used geodesic spherical coordinates x “ expopθuq, with
θ ą 0 and u P Sd´1, to change the variable in the second integral, and reasoned as follows.
First note that pθ, uq are spherical coordinates in the tangent space ToM , with volume
element θd´1dθdσpuq, where dσpuq denotes the Riemanian measure on Sd´1. Then, using
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the Jacobian upper bound in Theorem 2.2 we have

(4.10)

dV pxq “ Jpexpoqpθuq θd´1dθdσpuq

ď

ˆ

sinhp
?
cmθq

?
cm

˙d´1

dθdσpuq,

from which the second inequality in (4.9) follows. Denote

ApRq :“

˜

dwpdq

ż R

0

ˆ

sinhp
?
cmθq

?
cm

˙d´1

dθ

¸1´q

,

BpRq :“

˜

dwpdq

ż 8

R

ˆ

sinhp
?
cmθq

?
cm

˙d´1´
λq
1´q

dθ

¸1´q

.

Then, by combining (4.8) and (4.9) we get
(4.11)

ż

M
ρpxqqdVpxq ď ApRq

ˆ
ż

M
ρpxqdVpxq

˙q

`BpRq

˜

ż

M

ˆ

sinhp
?
cmrxq

?
cm

˙λ

ρpxqdVpxq

¸q

.

Now use

sinhp
?
cmθq

?
cm

“
e

?
cmθ

2
?
cm

p1 ´ e´2
?
cmθq ď

e
?
cmθ

2
?
cm

p1 ´ e´2
?
cmRq, @θ P r0, Rs,

to estimate ApRq as

(4.12)

ApRq ď

˜

dwpdq

ż R

0

ˆ

e
?
cmθ

2
?
cm

p1 ´ e´2
?
cmRq

˙d´1

dθ

¸1´q

“

ˆ

dwpdqp1 ´ e´2
?
cmRqd´1

p2
?
cmqd´1?

cmpd´ 1q

´

e
?
cmpd´1qR ´ 1

¯

˙1´q

ď

ˆ

dwpdqp1 ´ e´2
?
cmRqd´1

p2
?
cmqd´1?

cmpd´ 1q
e

?
cmpd´1qR

˙1´q

“

ˆ

dwpdq
?
cmpd´ 1q

˙1´q ˆ

sinhp
?
cmRq

?
cm

˙p1´qqpd´1q

.

Similarly, use

sinhp
?
cmθq

?
cm

“
e

?
cmθ

2
?
cm

p1 ´ e´2
?
cmθq ě

e
?
cmθ

2
?
cm

p1 ´ e´2
?
cmRq, @θ P rR,8q,
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to estimate BpRq (recall that d´ 1 ´
λq
1´q ă 0) as

(4.13)

BpRq ď

¨

˝dwpdq

ż 8

R

ˆ

e
?
cmθ

2
?
cm

p1 ´ e´2
?
cmRq

˙d´1´
λq
1´q

dθ

˛

‚

1´q

“

¨

˝

dwpdqp1 ´ e´2
?
cmRq

d´1´
λq
1´q

p2
?
cmq

d´1´
λq
1´q

ż 8

R
e

?
cm

´

d´1´
λq
1´q

¯

θ
dθ

˛

‚

1´q

“

¨

˚

˝

dwpdqp1 ´ e´2
?
cmRq

d´1´
λq
1´q

p2
?
cmq

d´1´
λq
1´q

?
cm

´

´d` 1 `
λq
1´q

¯e
?
cm

´

d´1´
λq
1´q

¯

R

˛

‹

‚

1´q

“

ˆ

dwpdqp1 ´ qq
?
cmpλq ´ p1 ´ qqpd´ 1qq

˙1´q ˆ

sinhp
?
cmRq

?
cm

˙p1´qqpd´1q´λq

.

Make the following notations (by the assumption on λ, we have λq´ p1´ qqpd´ 1q ą 0):

(4.14)

α1 “

ˆ

dwpdq
?
cmpd´ 1q

˙1´q

,

α2 “

ˆ

dwpdqp1 ´ qq
?
cmpλq ´ p1 ´ qqpd´ 1qq

˙1´q

,

β1 “ p1 ´ qqpd´ 1q,

β2 “ λq ´ p1 ´ qqpd´ 1q.

Note that α1, α2, β1, β2 are positive constants that depend on λ, q, cm, and d. With these
notations, we write (4.12) and (4.13) compactly as

ApRq ď α1

ˆ

sinhp
?
cmRq

?
cm

˙β1

, and BpRq ď α2

ˆ

sinhp
?
cmRq

?
cm

˙´β2

, @R ą 0.

Using the estimates above in (4.11), we have

(4.15)

ż

M
ρpxqqdVpxq ď α1

ˆ

sinhp
?
cmRq

?
cm

˙β1
ˆ

ż

M
ρpxqdVpxq

˙q

` α2

ˆ

sinhp
?
cmRq

?
cm

˙´β2
˜

ż

M

ˆ

sinhp
?
cmrxq

?
cm

˙λ

ρpxqdVpxq

¸q

.

We are interested in finding the optimal R for the right-hand-side of (4.15). For this purpose,
we calculate its derivative with respect to R, and set it to zero, to get

0 “ α1β1

ˆ

sinhp
?
cmRq

?
cm

˙β1´1

coshp
?
cmRq

ˆ
ż

M
ρpxqdVpxq

˙q

´ α2β2

ˆ

sinhp
?
cmRq

?
cm

˙´β2´1

coshp
?
cmRq

˜

ż

M

ˆ

sinhp
?
cmrxq

?
cm

˙λ

ρpxqdVpxq

¸q

.
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After simplifying, we find

(4.16)

ˆ

sinhp
?
cmRq

?
cm

˙β1`β2

“
α2β2
α1β1

¨

˚

˝

ş

M

´

sinhp
?
cmrxq

?
cm

¯λ
ρpxqdVpxq

ş

M ρpxqdVpxq

˛

‹

‚

q

.

Let R˚ be the unique solution to (4.16) Now substitute R˚ into (4.15) to get
ż

M
ρpxqqdVpxq

ď α1

¨

˚

˝

α2β2
α1β1

¨

˚

˝

ş

M

´

sinhp
?
cmrxq

?
cm

¯λ
ρpxqdVpxq

ş

M ρpxqdVpxq

˛

‹

‚

q˛

‹

‚

β1
β1`β2

ˆ
ż

M
ρpxqdVpxq

˙q

` α2

¨

˚

˝

α1β1
α2β2

¨

˚

˝

ş

M ρpxqdVpxq

ş

M

´

sinhp
?
cmrxq

?
cm

¯λ
ρpxqdVpxq

˛

‹

‚

q˛

‹

‚

β2
β1`β2 ˜

ż

M

ˆ

sinhp
?
cmrxq

?
cm

˙λ

ρpxqdVpxq

¸q

“

´

αβ2
1 α

β1
2

¯
1

β1`β2

¨

˝

ˆ

β2
β1

˙

β1
β1`β2

`

ˆ

β1
β2

˙

β2
β1`β2

˛

‚

ˆ

ˆ
ż

M
ρpxqdVpxq

˙

β2q
β1`β2

˜

ż

M

ˆ

sinhp
?
cmrxq

?
cm

˙λ

ρpxqdVpxq

¸

β1q
β1`β2

“ C1pλ, q, cm, dq

ˆ
ż

M
ρpxqdVpxq

˙

β2q
β1`β2

˜

ż

M

ˆ

sinhp
?
cmrxq

?
cm

˙λ

ρpxqdVpxq

¸

β1q
β1`β2

,

where

C1pλ, q, cm, dq “

´

αβ2
1 α

β1
2

¯
1

β1`β2

¨

˝

ˆ

β2
β1

˙

β1
β1`β2

`

ˆ

β1
β2

˙

β2
β1`β2

˛

‚.

Using the expressions for β1 and β2 from (4.14), we have

β1
β1 ` β2

“
p1 ´ qqpd´ 1q

λq
, and

β2
β1 ` β2

“ 1 ´
p1 ´ qqpd´ 1q

λq
.

Finally, we find
ż

M
ρpxqqdVpxq ď C1

ˆ
ż

M
ρpxqdVpxq

˙p1´pqq
˜

ż

M

ˆ

sinhp
?
cmrxq

?
cm

˙λ

ρpxqdVpxq

¸pq

,

where p “
p1´qqpd´1q

λq P p0, 1q. □

Remark 4.2. By combining Lemma 4.1 and Remark 4.1 one gets

ż

M
ρpxqqdVpxq ď C1

ˆ
ż

M
ρpxqdVpxq

˙p1´2pqq
¨

˝

ĳ

MˆM

ˆ

sinhp
?
cmdpx, yqq

?
cm

˙λ

ρpxqρpyqdVpxqdVpyq

˛

‚

pq
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for all ρ that satisfy the conditions in Remark 4.1. This can be further transformed into

(4.17) C
´1{pq
1

ˆ
ż

M
ρpxqqdVpxq

˙
1
pq

ˆ
ż

M
ρpxqdVpxq

˙´
p1´2pqq

pq

ď

ĳ

MˆM

ˆ

sinhp
?
cmdpx, yqq

?
cm

˙λ

ρpxqρpyqdVpxqdVpyq.

When cm Ñ 0`, we have

lim
cmÑ0`

sinhp
?
cmdpx, yqq

?
cm

“ dpx, yq.

Therefore, on M “ Rd, we can infer the inequality

C
´1{pq
1

ˆ
ż

Rd

ρpxqqdx

˙
1
pq

ˆ
ż

Rd

ρpxqdx

˙´
p1´2pqq

pq

ď

ĳ

RdˆRd

dpx, yqλρpxqρpyqdxdy.

which is a reversed HLS inequality with a non-optimal constant (see [7, Theorem 1]).

5. Existence of a global minimizer

In this section, we assume that the sectional curvaturesM satisfy (4.1), for some cm ą 0,
and investigate the existence of global energy minimizers in P1,opMq (see (2.2)), with o
being an arbitrary fixed pole in M .

Specifically, we assume that h satisfies

(5.1) hp0q “ 0,

and

(5.2) lim inf
θÑ8

hpθq

expp
?
cmλθq

ą 0, for some λ ą
pd´ 1qp1 ´ qq

q
.

Both conditions on h in (5.1) and (5.2) complement those from Theorem 3.1, when nonex-
istence of minimizers occurs. In particular, a necessary condition for existence is that h
does not blow-up at origin; since the interaction potential is defined up to a constant, we
set h to be 0 at origin. Also, the interaction potential needs to grow at least exponentially,
or else an energy minimizer does not exist. This is reflected in the condition on h in (5.2).

Proposition 5.1 (Tightness of the minimizing sequences). Let M be a d-dimensional
Cartan-Hadamard manifold whose sectional curvatures satisfy (4.1), for some cm ą 0,
and let o P M be a fixed pole. Also, assume 0 ă q ă 1 and that h is lower semi-
continuous, non-decreasing, and satisfies (5.1) and (5.2). Then, any minimizing sequence
tµnuně1 Ă P1,opMq of the functional Er¨s is tight.
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Proof. Consider a minimizing sequence tµnuně1 Ă P1,opMq of Er¨s, and for each n ě 1,
denote by ρn the absolutely continuous part of µn. Then,

(5.3)

Erµns “ ´
1

1 ´ q

ż

M
ρnpxqqdx`

1

2

ĳ

MˆM

hpdpx, yqqdµnpxqdµnpyq

ě ´
C1

1 ´ q

˜

ż

M

ˆ

sinhp
?
cmrxq

?
cm

˙λ

ρnpxqdx

¸pq

`
1

4

ĳ

MˆM

hpdpx, yqqdµnpxqdµnpyq `
1

4

ĳ

MˆM

hpdpx, yqqdµnpxqdµnpyq,

where for the inequality we used Lemma 4.1 together with the fact that
ş

M ρnpxqdx ď
ş

M dµnpxq “ 1, with λ being the constant in (5.2) and

p “
pd´ 1qp1 ´ qq

λq
P p0, 1q.

Note that C1 ą 0 depends on λ, q, cm, and d, but not on µn.
By (5.2) and

lim
θÑ8

expp
?
cmλθq

´

sinhp
?
cmθq

?
cm

¯λ
“

ˆ

lim
θÑ8

?
cm expp

?
cmθq

sinhp
?
cmθq

˙λ

“ lim
θÑ8

ˆ

2
?
cm

1 ´ expp´2
?
cmθq

˙λ

“ 2λcλ{2
m ,

we also have

(5.4) lim inf
θÑ8

hpθq
´

sinhp
?
cmθq

?
cm

¯λ
ą 0.

Therefore, there exist some constants γ1 ą 0 and γ2 (which only depend on h, λ and cm)
such that

hpθq ě γ1

ˆ

sinhp
?
cmθq

?
cm

˙λ

` γ2, @θ ą 0.(5.5)

Indeed, we can set γ1 to be a positive constant less than 2λc
λ{2
m and

γ2 :“ inf
θě0

˜

hpθq ´ γ1

ˆ

sinhp
?
cmθq

?
cm

˙λ
¸

.

We substitute (5.5) into (5.3) to get

Erµns ě ´
C1

1 ´ q

˜

ż

M

ˆ

sinhp
?
cmrxq

?
cm

˙λ

ρnpxqdx

¸pq

`
γ1
4

ĳ

MˆM

ˆ

sinhp
?
cmdpx, yqq

?
cm

˙λ

dµnpxqdµnpyq `
γ2
4

`
1

4

ĳ

MˆM

hpdpx, yqqdµnpxqdµnpyq.

Then, using Proposition 4.1 with the convex function

(5.6) Hpθq “

ˆ

sinh
?
cmθ

?
cm

˙λ

,
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we further find

(5.7)

Erµns ě ´
C1

1 ´ q

˜

ż

M

ˆ

sinhp
?
cmrxq

?
cm

˙λ

ρnpxqdx

¸pq

`
γ1
4

ż

M

ˆ

sinhp
?
cmrxq

?
cm

˙λ

dµnpxq `
γ2
4

`
1

4

ĳ

MˆM

hpdpx, yqqdµnpxqdµnpyq

ě ´
C1

1 ´ q

˜

ż

M

ˆ

sinhp
?
cmrxq

?
cm

˙λ

ρnpxqdx

¸pq

`
γ1
4

ż

M

ˆ

sinhp
?
cmrxq

?
cm

˙λ

ρnpxqdx`
γ2
4

`
1

4

ĳ

MˆM

hpdpx, yqqdµnpxqdµnpyq,

where for the second inequality we used that ρn is the absolutely continuous part of µn.
Define f : r0,8q Ñ R by

fpXq “ ´
C1

1 ´ q
Xpq `

γ1
4
X.

As 0 ă pq ă 1 and C1, γ1 ą 0, f has a global minimum on r0,8q, and hence,

fpXq ě C2, @X P r0,8q,

for some C2 P R. Using this property in (5.7) for

X “

ż

M

ˆ

sinhp
?
cmrxq

?
cm

˙λ

ρnpxqdx,

we find

(5.8) Erµns ě C2 `
γ2
4

`
1

4

ĳ

MˆM

hpdpx, yqqdµnpxqdµnpyq.

We point out that the constants in (5.8) depend on h, λ, q, cm, and d, but not on µn.
Since µn is a minimizing sequence (and hence, Erµ1s ě Erµns), we infer from (5.8) that

ĳ

MˆM

hpdpx, yqqdµnpxqdµnpyq

is uniformly bounded above in n P N. From (5.5), we get that
ĳ

MˆM

ˆ

sinhp
?
cmdpx, yqq

?
cm

˙λ

dµnpxqdµnpyq

is also uniformly bounded in n P N; denote by C3 a uniform upper bound for it. From the
convexity argument in Proposition 4.1 (see (4.3) and (5.6)), we then find

(5.9)

C3 ě

ĳ

MˆM

ˆ

sinhp
?
cmdpx, yqq

?
cm

˙λ

dµnpxqdµnpyq

ě

ż

M

ˆ

sinhp
?
cmrxq

?
cm

˙λ

dµnpxq, @n P N.
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Fix R ą 0. From (5.9), we further estimate

C3 ě

ż

rxěR

ˆ

sinhp
?
cmrxq

?
cm

˙λ

dµnpxq

ě

ż

rxěR

ˆ

sinhp
?
cmRq

?
cm

˙λ

dµnpxq

“

ˆ

sinhp
?
cmRq

?
cm

˙λ ż

rxěR
dµnpxq, @n P N.

This implies
ż

rxěR
dµnpxq ď

C3
´

sinhp
?
cmRq

?
cm

¯λ
, @n P N,(5.10)

where the constant C3 does not depend on R or n. We infer from here that tµnuně1 is
tight. □

Remark 5.1. As an immediate consequence of the proof of Proposition 5.1, for any mini-
mizing sequence tµnuně1 Ă P1,opMq of the energy, it holds that

(5.11) Erµns ě rC1 ` rC2W1pµn, δoq, for all n ě 1,

with constants rC1 and rC2 that are independent of µn. Indeed, by (5.8) and (5.5), we get

Erµns ě C2 `
γ2
4

`
1

4

ĳ

MˆM

˜

γ1

ˆ

sinhp
?
cmθq

?
cm

˙λ

` γ2

¸

dµnpxqdµnpyq

ě C2 `
γ2
2

`
γ1
4

ż

M

ˆ

sinhp
?
cmrxq

?
cm

˙λ

dµnpxq,

where for the second inequality we used Proposition 4.1 (see also (5.9)). The conclusion
then follows by noting that there exist constants rγ1 and rγ2 (that depend on cm and λ) such
that

ˆ

sinhp
?
cmθq

?
cm

˙λ

ě rγ1θ ` rγ2, for all θ ą 0,

and that
ż

M
rx dµnpxq “ W1pµn, δoq.

Proposition 5.2 (Lower semi-continuity of the energy). Let M and h satisfy the assump-
tions of Proposition 5.1, and o be a fixed pole inM . Then, for 0 ă q ă 1, Er¨s is lower semi-
continuous on minimizing sequences, i.e., for any minimizing sequence tµnuně1 Ă P1,opMq

of E that converges weakly to µ0, we have

lim inf
nÑ8

Erµns ě Erµ0s.

Proof. We investigate the lower semi-continuity of the entropy part and the interaction
energy part, separately. To do so, let tµnuně1 Ă P1,opMq be a minimizing sequence of Er¨s

which converges weakly to some measure µ0 P PpMq. Denote by ρn and ρ0 the absolutely
continuous parts of µn and µ0, respectively.
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Part 1. (Lower semi-continuity of the entropy) Fix a radius r ą 0 and consider the Rie-

mannian volume measure dV on Brpoq. By [34, Proposition 7.7], given a convex lower
semi-continuous function U : R` Ñ R, the functional

Fpµq “

ż

Brpoq

UpρpxqqdV pxq ` Lµs
`

Brpoq
˘

is lower semi-continuous with respect to weak convergence. Here, µ “ ρdV ` µs is decom-
posed into its absolutely continuous and singular parts, and L :“ limtÑ8 fptq{t P RYt`8u.

Apply this result for fpxq “ xq

q´1 , (note that since 0 ă q ă 1, f is a convex lower

semi-continuous function that satisfies L “ limtÑ8 fptq{t “ 0), to conclude that

1

q ´ 1

ż

Brpoq

ρpxqqdVpxq is lower semi-continuous.

Hence,

lim inf
nÑ8

˜

1

q ´ 1

ż

Brpoq

ρnpxqq dVpxq

¸

ě
1

q ´ 1

ż

Brpoq

ρ0pxqq dVpxq.(5.12)

Now, apply Lemma 4.1 for ρn ¨χ
Brpoqc

(ρn restricted to the complement of the ball Brpoq),
to get

ż

Brpoqc
ρnpxqq dVpxq ď C1

˜

ż

Brpoqc
ρnpxq dVpxq

¸p1´pqq ˜

ż

Brpoqc

ˆ

sinhp
?
cmrxq

?
cm

˙λ

ρnpxq dVpxq

¸pq

.

The constant C1 ą 0 depends on λ, q, cm, and d, but not on n or r. Furthermore, from the
above we have

ż

Brpoqc
ρnpxqqdVpxq ď C1

˜

ż

Brpoqc
dµnpxq

¸p1´pqq ˜

ż

M

ˆ

sinhp
?
cmrxq

?
cm

˙λ

dµnpxq

¸pq

ď C1

¨

˚

˝

C3
´

sinhp
?
cmrq

?
cm

¯λ

˛

‹

‚

p1´pqq

Cpq
3

“ C1C
q
3

ˆ ?
cm

sinhp
?
cmrq

˙λp1´pqq

,

(5.13)

where C3 is the constant (independent of n) introduced in the proof of Proposition 5.1 – see
(5.9). In (5.13), for the first inequality we used that ρn is the absolutely continuous part of
µn and that Brpoqc Ă M , and for the second inequality we used (5.10) and (5.9) for each of
the integrals, respectively.
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From (5.12) and (5.13), we then have

1

q ´ 1

ż

M
ρ0pxqq dVpxq ď

1

q ´ 1

ż

Brpoq

ρ0pxqq dVpxq

ď lim inf
nÑ8

˜

1

q ´ 1

ż

Brpoq

ρnpxqq dVpxq

¸

ď lim inf
nÑ8

˜

1

q ´ 1

ż

Brpoq

ρnpxqq dVpxq

`
1

1 ´ q
C1C

q
3

ˆ ?
cm

sinhp
?
cmrq

˙λp1´pqq

´
1

1 ´ q

ż

Brpoqc
ρnpxqqdVpxq

¸

“ lim inf
nÑ8

ˆ

1

q ´ 1

ż

M
ρnpxqq dx

˙

`
1

1 ´ q
C1C

q
3

ˆ ?
cm

sinhp
?
cmrq

˙λp1´pqq

.

Since r ą 0 was arbitrary, one can send r Ñ 8 in the above, to find

(5.14) lim inf
nÑ8

ˆ

1

q ´ 1

ż

M
ρnpxqqdx

˙

ě
1

q ´ 1

ż

M
ρ0pxqqdx.

Part 2. (Lower semi-continuity of the interaction energy) The lower semi-continuity of the
interaction component can be shown as in [22], by using the Riemannian logarithm logo to
map M onto the tangent space ToM , and then use properties of the interaction energy on
Euclidean spaces. Indeed, denote by f : M Ñ ToM the Riemannian logarithm map at o,
i.e.,

(5.15) fpxq “ logo x, for all x P M.

The inverse f´1 : ToM Ñ M is the Riemannian exponential map expo, which on Cartan-
Hadamard manifolds is a global diffeomorphism.

By a change of variable x “ expo u, y “ expo v, we can write the interaction energy of a
probability measure µ as

ĳ

MˆM

hpdpx, yqqdµpxqdµpyq “

ĳ

ToMˆToM

hpdpexpo u, expo vqqdf#µpuqdf#µpvq.

The right-hand-side above can be interpreted as the interaction energy of f#µ on ToM » Rd

with the interaction potential h̃ : ToM ˆ ToM Ñ Rd given by

h̃pu, vq “ hpdpexpo u, expo vqq.

Note that h̃ is a lower semi-continuous function, as h is lower semi-continuous and expo is
a diffeomorphism.

Since µn á µ0 weakly as n Ñ 8, it is straightforward to show by a change of variable
that we also have f#µn á f#µ0 weakly as n Ñ 8. The interaction energy on Rd is
lower semi-continuous with respect to weak convergence, provided the interaction potential
is lower semi-continuous and bounded from below [34, Proposition 7.2]. Putting together



24 CARRILLO, FETECAU, AND PARK

these facts, we then find

(5.16)

lim inf
nÑ8

ĳ

MˆM

hpdpx, yqqdµnpxqdµnpyq “ lim inf
nÑ8

ĳ

ToMˆToM

h̃pu, vqdf#µnpuqdf#µnpvq

ě

ĳ

ToMˆToM

h̃pu, vqdf#µ0puqdf#µ0pvq

“

ĳ

MˆM

hpdpx, yqqdµ0pxqdµ0pyq.

Finally, the lower semi-continuity of the energy Er¨s now follows from (5.14) and (5.16).
□

In the following result we will use the notation BRpδoq for the geodesic ball in the space
pP1pMq,W1q, of radius R and centre at δo. In the paper we have used a similar notation for
the open ball Brpoq of radius r and centre at o, in the geodesic space pM,dq. Nevertheless,
the different spaces in which these geodesic balls lie in, will be clear from the context.

Lemma 5.1 (Conservation of centre of mass [22]). Let M be a Cartan-Hadamard manifold,

o P M a fixed pole, R ą 0 a fixed radius, and tµnuně1 a sequence in BRpδoq such that all
µn (n ě 1) have centre at mass at o and µn converges weakly to µ0 as n Ñ 8. Also assume
that

ż

M
ϕprxq dµnpxq

is uniformly bounded from above, where ϕ is a function with superlinear growth at infinity,

i.e., limθÑ8
ϕpθq

θ “ 8. Then, µ0 P P1,opMq (in particular, µ0 has centre of mass at o).

Proof. A variant of this result was stated and proved in [22, Lemma 5.5]. For completeness,
we include a proof here as well.

First note that µn has uniformly bounded 1-moments, as
ż

M
dpx, oqdµnpxq “ W1pµn, δoq ď R.

Since convergence in W1 is equivalent to weak convergence and uniform 1-integrability [2],
we infer that µn also converges to µ0 in pP1pMq,W1q. Hence, µ0 P P1pMq, and more

specifically, µ0 P BRpδoq. It remains to show that ρ0 has centre of mass at o.

Fix an arbitrary unit tangent vector v P ToM . As µ0 P BRpδoq, we have
ˇ

ˇ

ˇ

ˇ

ż

M
logo x ¨ v dµ0pxq

ˇ

ˇ

ˇ

ˇ

ď }v}

ż

M
rx dµ0pxq ď R.

Fix ϵ ą 0 arbitrary small. Since the integral

ż

M
logo x ¨ v dµ0pxq is convergent, there exists

r1 ą 0 such that

(5.17)

ˇ

ˇ

ˇ

ˇ

ż

rxąr
logo x ¨ v dµ0pxq

ˇ

ˇ

ˇ

ˇ

ă ϵ, for any r ą r1.

On the other hand, since ϕ grows superlinearly at infinity, there exists r2 ą 0 such that

0 ă
θ

ϕpθq
ă ϵ, for any r ą r2.
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Then, for any r ą r2 and n ě 1, we have

(5.18)

ˇ

ˇ

ˇ

ˇ

ż

rxąr
logo x ¨ v dµnpxq

ˇ

ˇ

ˇ

ˇ

ď

ż

rxąr
rx dµnpxq

“

ż

rxąr
ϕprxq

ˆ

rx
ϕprxq

˙

dµnpxq

ď

›

›

›

›

θ

ϕpθq

›

›

›

›

L8ppr,8qq

ˆ

ż

M
ϕprxqdµnpxq

ď Uϵ,

where U denotes a uniform upper bound of
ş

M ϕprxqdµnpxq.
By combining (5.17) and (5.18), for any r ą maxpr1, r2q, we get

(5.19)
ˇ

ˇ

ˇ

ˇ

ż

M
logo x ¨ v dµnpxq ´

ż

M
logo x ¨ v dµ0pxq

ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

ż

rxďr
logo x ¨ v dµnpxq ´

ż

rxďr
logo x ¨ v dµ0pxq

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

ż

rxąr
logo x ¨ v dµnpxq ´

ż

rxąr
logo x ¨ v dµ0pxq

ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

ż

rxďr
logo x ¨ v dµnpxq ´

ż

rxďr
logo x ¨ v dµ0pxq

ˇ

ˇ

ˇ

ˇ

` pU ` 1qϵ.

Since tx : rx ď ru is a bounded set, by continuity of the Riemannian logarithm we have

lim
nÑ8

ż

rxďr
logo x ¨ v dµnpxq “

ż

rxďr
logo x ¨ v dµ0pxq.

Finally, letting n Ñ 8 in (5.19), we find

lim sup
nÑ8

ˇ

ˇ

ˇ

ˇ

ż

M
logo x ¨ v dµnpxq ´

ż

M
logo x ¨ v dµ0pxq

ˇ

ˇ

ˇ

ˇ

ď pU ` 1qϵ,

for any ϵ ą 0. From here we infer that

lim
nÑ8

ˇ

ˇ

ˇ

ˇ

ż

M
logo x ¨ v dµnpxq ´

ż

M
logo x ¨ v dµ0pxq

ˇ

ˇ

ˇ

ˇ

“ 0,

and hence,

lim
nÑ8

ż

M
logo x ¨ v dµnpxq “

ż

M
logo x ¨ v dµ0pxq.

Since µn has centre at mass at o, we have
ş

M logo x ¨ v dµnpxq “ 0 for all n ě 1, and
consequently,

ż

M
logo x ¨ v dµ0pxq “ 0.

Since the constant unit vector v is arbitrary, we infer that µ0 has centre of mass at o. □

The main result of this section is the following theorem.

Theorem 5.1 (Existence of a global minimizer). LetM be a d-dimensional Cartan-Hadamard
manifold with sectional curvatures that satisfy (4.1), for some cm ą 0, and let o P M be a
fixed pole. Also, let 0 ă q ă 1 and assume that h is lower semi-continuous, non-decreasing,
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and satisfies (5.1) and (5.2). Then, the energy functional Er¨s given by (2.1) has a global
minimizer in P1,opMq.

Proof. The proof follows essentially from the previous considerations. The energy is bounded
below on P1,opMq – see Remark 5.1. Hence, define

E0 :“ inf
µPP1,opMq

Erµs,

and consider a minimizing sequence tµnuně1 Ă P1,opMq of Er¨s, i.e.,

(5.20) lim
nÑ8

Erµns “ E0.

Without loss of generality, we can assume that Erµns is decreasing.
By Proposition 5.1, any minimizing sequence is tight, so by Prokhorov’s theorem tµnuně1

has a subsequence tµnk
ukě1 which converges weakly to µ0 P PpMq. We claim that the limit

µ0 is also in P1,opMq, as inferred from Lemma 5.1. Indeed, W1pµnk
, δoq is uniformly bounded

from above by Remark 5.1 (see (5.11) and also note that Erµ1s ě Erµnk
s). Also, from the

proof of Proposition 5.1, we know that
ż

M

ˆ

sinhp
?
cmrxq

?
cm

˙λ

dµnpxq

is uniformly bounded from above – see (5.9). Then, by using Lemma 5.1 with ϕprxq “
´

sinhp
?
cmrxq

?
cm

¯λ
(note that ϕ has superlinear growth at infinity, as required in the assump-

tions), we infer that µ0 P P1,opMq.
Then, from (5.20) and Proposition 5.2 we get

E0 “ lim inf
kÑ8

Erµnk
s ě Erµ0s ě E0.

Finally, we can conclude that

Erµ0s “ E0,

so µ0 is a global energy minimizer in P1,opMq. □

Remark 5.2. As noted in Remark 4.2, as cm Ñ 0` the exponential function
ˆ

sinhp
?
cmθq

?
cm

˙λ

converges to the algebraic function θλ. Therefore, in such limit, the exponential growth con-
dition on h from (5.2) reduces to an algebraic growth condition, similar to the assumptions
used to show the existence of global energy minimizers in the Euclidean case cm “ 0 (see [7,
Proposition 8]).

Remark 5.3. We discuss here the case when the sectional curvatures of M satisfy both a
lower and an upper bound (see (3.1) and (4.1)):

´cm ď Kpx;σq ď ´cM ă 0,

for all x P M and all two-dimensional subspaces σ Ă TxM , where cm ě cM ą 0. As
0 ă q ă 1, we have

(5.21)

?
cM pd´ 1qp1 ´ qq

2
ă

?
cmpd´ 1qp1 ´ qq

q
.
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By Theorem 3.1 (see (3.4)), if hpθq grows slower than exp
´ ?

cM pd´1qp1´qq

2 θ
¯

at infinity,

then non-existence by spreading occurs. Also, by Theorem 5.1 (see (5.2)), an interaction

potential which grows faster than exp
´ ?

cmpd´1qp1´qq

q θ
¯

contains the spreading, and leads to

existence of ground states.
In view of inequality (5.21), the two scenarios of spreading/non-spreading are consistent.

The results in our paper do not cover however the case of interaction potentials hpθq that
behave as exppαθq as θ Ñ 8, where

?
cM pd´ 1qp1 ´ qq

2
ă α ă

?
cmpd´ 1qp1 ´ qq

q
.

In particular, one could ask whether spreading occurs or not for α in this range when M
is the hyperbolic space (cm “ cM ). This is an interesting open question which we do not
address in this paper.

6. Unbounded sectional curvatures

In this section we consider more general assumptions on the sectional curvatures of the
manifold – see (2.6). In particular, the curvatures are allowed to become unbounded at
infinity. One of the main tools in this case is the generalized comparison results in Theorem
2.3. Similar to the constant bounds case, we will treat separately the necessary and sufficient
conditions on the interaction potential for global energy minimizers to exist. Throughout
the section, o is an arbitrary fixed pole on M .

6.1. Nonexistence of a global minimizer. We assume here that the sectional curvatures
of M satisfy

(6.1) Kpx;σq ď ´cM prxq ă 0,

for all x P M and all two-dimensional subspaces σ Ă TxM , where cM p¨q is a positive
continuous function of the distance from the pole o.

We will use again the probability density functions ρR P P1,opMq in the form (3.5), and
look into the behaviours R Ñ 0` and R Ñ 8. By the exact calculation of the entropy in
(3.15) and the simple estimate of the interaction energy in (3.16), one reaches (3.17), which
we list it again for convenience:

ErρRs ď ´
|BRpoRq|1´q

1 ´ q
`
hp2Rq

2
.

Behaviour at zero. If h is singular at origin, i.e. limθÑ0` hpθq “ ´8, then E is unbounded
from below, and has no global minimizer.

Behaviour at infinity. By the volume lower bound in Theorem 2.3 we have

|BRpoRq| ě dwpdq

ż R

0
ψM pθqd´1dθ,

where ψM is the solution to the second IVP in (2.7). This yields

ErρRs ď ´
1

1 ´ q

ˆ

dwpdq

ż R

0
ψM pθqd´1dθ

˙1´q

`
hp2Rq

2
.
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Hence, if h satisfies

lim
RÑ8

˜

´
1

1 ´ q

ˆ

dwpdq

ż R

0
ψM pθqd´1dθ

˙1´q

`
hp2Rq

2

¸

“ ´8,

then there is no global energy minimizer as limRÑ8 ErρRs “ ´8. Since
şR
0 ψM pθqd´1dθ

tends to infinity as R Ñ 8, a sufficient condition for the above inequality can be expressed
as

lim
RÑ8

hpRq
´

şR{2
0 ψM pθqd´1dθ

¯1´q “ 0.(6.2)

Also, for any 0 ă δ ă R{2, we have
ż R{2

0
ψM pθqd´1dθ ě

ż R{2

R{2´δ
ψM pθqd´1dθ ě

ż R{2

R{2´δ
ψM pR{2 ´ δqd´1dθ “ δψM pR{2 ´ δqd´1.

Hence, a sufficient condition for (6.2) to hold is

lim
RÑ8

hpRq

ψM pR{2 ´ δqpd´1qp1´qq
“ 0,(6.3)

for some δ ą 0.
Assume in addition that cM p¨q satisfies

(6.4) lim
θÑ8

DcM pθq

cM pθq3{2
“ 0.

Then, by Lemma 2.1, for any 0 ă ϵ ă 1, there exists θ0 ą 0 such that

(6.5) ψM pθ0q exp

ˆ

p1 ´ ϵq

ż θ

θ0

a

cM ptqdt

˙

ď ψM pθq, @θ ě θ0.

Using (6.5), we infer that a sufficient condition for (6.3) is

lim
RÑ8

hpRq

exp
´

p1 ´ ϵqpd´ 1qp1 ´ qq
şR{2´δ
0

a

cM ptqdtq
¯ “ 0.

We now put together the above considerations in the following theorem.

Theorem 6.1 (Nonexistence by blow-up or spreading: unbounded curvature case). Let M
be a d-dimensional Cartan-Hadamard manifold with sectional curvatures that satisfy (6.1),
for a positive continuous function cM p¨q that satisfies (6.4). Let 0 ă q ă 1 and assume that
h : r0,8q Ñ r´8,8q is a non-decreasing lower semi-continuous function which satisfies
either

lim
θÑ0`

hpθq “ ´8,

or there exists δ ą 0 and 0 ă ϵ ă 1 such that

lim
θÑ8

hpθq

exp
´

p1 ´ ϵqpd´ 1qp1 ´ qq
şθ{2´δ
0

a

cM ptqdt
¯ “ 0.(6.6)

Then the energy functional (2.1) is unbounded from below in P1,opMq, and therefore has no
global minimizer in P1,opMq.
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Example 6.1. For certain simple functions cM the condition (6.6) can be worked out
explicitly.

(1) Constant: cM pθq ” cM . For this case we essentially recover Theorem 3.1. The only
difference is the additional coefficient 1 ´ ϵ, which can in fact be arbitrarily close to
1.

(2) Power law: cM pθq “ θk with k ą 0. Condition (6.6) is equivalent in this case to

lim
θÑ8

hpθq

exp

ˆ

p1´ϵqpd´1qp1´qq

k{2`1

`

θ
2 ´ δ

˘

k
2

`1
˙ “ 0.

Hence, a necessary condition for global minimizers to exist is that the interaction
potential grows exponentially (with a certain exponent on θ that depends on k) at
infinity.

(3) Exponential growth: cM pθq “ eβθ with β ą 0. Condition (6.6) is now equivalent to

lim
θÑ8

hpθq

exp
´

p1´ϵqpd´1qp1´qq

β{2 exp
´

θβ
4

¯¯ “ 0.

Notably, a very strong growth of the potential (double exponential) is needed to
contain the diffusion when the curvatures of the manifold grow exponentially fast
at infinity.

6.2. Existence of a global minimizer. In this section, we study the energy minimization
problem on M which satisfies

(6.7) ´cmprxq ď Kpx;σq ď 0,

for all x P M and all two-dimensional subspaces σ Ă TxM , where cmp¨q is a positive, non-
decreasing and continuous function of the distance from the pole o. Relevant for this section
are the upper bounds in Theorem 2.3, with ψm the solution to the first IVP in (2.7).

Lemma 6.1. Let ψm be the solution to the first IVP in (2.7), and let R ą 0. Then we have

ψmpθq ě ψmpRq expp
a

cmpRqpθ ´Rqq, @θ ě R,

and
ψmpθq ď ψmpRq expp

a

cmpRqpθ ´Rqq, @0 ă θ ď R.

Proof. The proof follows from some basic ODE considerations. See Appendix A. □

The Carlson-Levin inequality in Lemma 4.1 can be further generalized to manifolds of
unbounded curvature. The result is the following.

Lemma 6.2 (Generalized Carlson–Levin inequality (unbounded curvature version)). Let
M be a d-dimensional Cartan–Hadamard manifold whose sectional curvatures satisfy (6.7),
for some positive continuous function cmp¨q, and let o be a fixed pole on M . Also, let

0 ă q ă 1 and λ ą
pd´1qp1´qq

q . Then there exists a positive constant C̃1 ą 0 that depends on

λ, q, cm, and d, such that
ż

M
ρpxqqdVpxq ď C̃1pλ, q, cm, dq

ˆ
ż

M
ρpxqdVpxq

˙p1´pqq ˆ
ż

M
ψmprxqλρpxqdVpxq

˙pq

,

for any ρp¨q ě 0, where p “
pd´1qp1´qq

λq P p0, 1q.
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Proof. The arguments follow very closely the proof of Lemma 4.1. See Appendix B. □

To show the existence of global minimizers we assume that h satisfies

(6.8) hp0q “ 0,

and

(6.9) lim inf
θÑ8

hpθq

exp
´

λ̃
şθ
0

a

cmptqdt
¯ ą 0, for some λ̃ ą

pd´ 1qp1 ´ qq

q
.

Condition (6.8) simply sets hp0q to a constant (this is the same condition as in (5.1)), as h
cannot be singular at origin for a ground state to exist. Condition (6.9) generalizes (5.2)
from the constant bound case; see also the necessary condition (6.6) from Theorem 6.1.

The reason we use notation λ̃ in (6.9) is to reserve the symbol λ for a different constant, in
order to transfer more easily the arguments made in Section 5 – see (6.10) below.

Set λ such that λ̃ ą λ ą
pd´1qp1´qq

q . By Lemma 2.1 we write

lim inf
θÑ8

hpθq

ψmpθqλ
ě lim inf

θÑ8

hpθq

θλ exp
´

λ
şθ
0

a

cmptqdt
¯

“ lim inf
θÑ8

hpθq

exp
´

λ̃
şθ
0

a

cmptqdt
¯ ˆ

exp
´

pλ̃´ λq
şθ
0

a

cmptqdt
¯

θλ

ą 0,

where for the last inequality we used (6.9) and

lim
θÑ8

exp
´

pλ̃´ λq
şθ
0

a

cmptqdt
¯

θλ
“ 8.

Hence, if h satisfies (6.9), then it also satisfies

(6.10) lim inf
θÑ8

hpθq

ψmpθqλ
ą 0, for some λ ą

pd´ 1qp1 ´ qq

q
.

Remark 6.1. In the proof of Theorem 6.2 we will use in fact the weaker assumption (6.10)
on the growth at infinity of h. We choose however to list the growth assumption as in (6.9)
as this is given in terms of the known function cmp¨q, rather than the unknown solution
ψmp¨q of the IVP.

Proposition 6.1 (Tightness of the minimizing sequences). Let M be a d-dimensional
Cartan-Hadamard manifold whose sectional curvatures satisfy (6.7), where cmp¨q is a pos-
itive, non-decreasing, and continuous function of the distance from a fixed pole o. Also,
assume 0 ă q ă 1 and that h is lower semi-continuous, non-decreasing, and satisfies (6.8)
and (6.9). Then, any minimizing sequence tµnuně1 Ă P1,opMq of the functional Er¨s is
tight.

Sketch of the proof. The proof follows closely the arguments in the proof of Proposition 5.1
by replacing sinhp

?
cmθq{

?
cm with ψmpθq. An analogue of (5.3) can first be derived by

using Lemma 6.2, where λ is the constant from (6.10). Then, instead of (5.4) one can use
(6.10) to find an analogue of (5.5) with ψmpθq in place of sinhp

?
cmθq{

?
cm. From there on,
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the arguments in the proof of Proposition 5.1 follow exactly, and a uniform upper bound as
in (5.9) can be derived, i.e.,

C̃3 ě

ż

M
ψmprxqλdµnpxq, @n P N,(6.11)

for some constant C̃3 ą 0 which does not depend on µn. Eventually, (5.10) is adjusted into

(6.12)

ż

rxěR
dµnpxq ď

C̃3

ψmpRqλ
, @n P N,

where the constant C̃3 does not depend on R or n. From here, we infer that tµnuně1 is
tight. □

Proposition 6.2 (Lower semi-continuity of the energy). Let M and h satisfy the assump-
tions of Proposition 6.1, and o be a fixed pole inM . Then, for 0 ă q ă 1, Er¨s is lower semi-
continuous on minimizing sequences, i.e., for any minimizing sequence tµnuně1 Ă P1,opMq

of E that converges weakly to µ0, we have

lim inf
nÑ8

Erµns ě Erµ0s.

Sketch of the proof. The proof is similar to that of Proposition 5.2, by replacing
sinhp

?
cmθq

?
cm

with ψmpθq. Indeed, denote by ρn and ρ0 the absolutely continuous parts of µn and µ0,
respectively. Following the argument leading to (5.13), by using the generalized Carlson-
Levin inequality in Lemma 6.2 (see also (6.11) and (6.12)), one finds

ż

Brpoqc
ρnpxqqdVpxq ď

C̃1C̃
q
3

ψmprqλp1´pqq
.

Here, r ą 0 is a fixed radius, λ is the constant from (6.10), p P p0, 1q is defined in Lemma

6.2, and C̃1 and C̃3 are constants that do not depend on r or n.
Then, since limrÑ8 ψmprq “ 8, one can follow the argument in the proof of Proposition

5.2 to infer the lower semi-continuity of the entropy:

1

q ´ 1

ż

M
ρ0pxqqdx ď lim inf

nÑ8

ˆ

1

q ´ 1

ż

M
ρnpxqqdx

˙

.

The lower semi-continuity of the interaction energy can be obtained from the same argument
as in Part 2 of the proof of Proposition 5.2. The thesis of the theorem follows from combining
the two facts. □

The main result is the following theorem.

Theorem 6.2 (Existence of global minimizer: unbounded curvature case). Let M be a d-
dimensional Cartan-Hadamard manifold whose sectional curvatures that satisfy (6.7), where
cmp¨q is a positive, non-decreasing, and continuous function of the distance from a fixed pole
o. Also, assume 0 ă q ă 1 and that h is lower semi-continuous, non-decreasing, and satisfies
(6.8) and (6.9). Then, the energy functional Er¨s given by (2.1) has a global minimizer in
P1,opMq.

Proof. The proof follows the same argument used to prove Theorem 5.1, using the tightness
of minimizing sequences (Proposition 6.1), the lower semi-continuity of the energy functional
(Proposition 6.2), and the conservation of the centre of mass (Lemma 5.1). We also note
that a bound analogous to (5.11) (see Remark 5.1) holds in the present case as well, following
the proof of Proposition 6.1. □
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Example 6.2. We consider here several examples of functions cm – see also Example 6.1.

(1) Constant: cmpθq ” cm. For this case, condition (6.9) reduces to (5.2), so we recover
Theorem 5.1.

(2) Power law: cmpθq “ θk with k ą 0. Condition (6.9) is equivalent in this case to

lim inf
θÑ8

hpθq

exp
´

λ
k{2`1θ

k{2`1
¯ ą 0.

(3) Exponential growth: cmpθq “ eβθ with β ą 0. In this case, (6.9) becomes

lim inf
θÑ8

hpθq

exp
´

λ
β exp pβθq

¯ ą 0.

Therefore, an exponential and a double exponential growth of the potential contains
the spreading when the curvatures of the manifold grow algebraically, respectively
exponentially, at infinity.

Remark 6.2. Two two conditions (6.6) and (6.9) are complementary, in the sense that
they cannot hold at the same time. Indeed, suppose the sectional curvatures of M satisfy
both a lower and an upper bound: ´cmprxq ď Kpx;σq ď ´cM prxq, for all points x and all

sections σ, where cmp¨q is non-decreasing. Suppose h satisfies (6.9) for some λ̃ ą
pd´1qp1´qq

q .

Then, since 0 ă q ă 1, we have

λ̃ ą
pd´ 1qp1 ´ qq

q
ą p1 ´ ϵqpd´ 1qp1 ´ qq,

for any 0 ă ϵ ă 1.
Therefore, with δ ą 0, we can estimate

hpθq

exp
´

p1 ´ ϵqpd´ 1qp1 ´ qq
şθ{2´δ
0

a

cM ptqdt
¯ ě

hpθq

exp
´

λ̃
şθ{2´δ
0

a

cM ptqdt
¯

ě
hpθq

exp
´

λ̃
şθ
0

a

cM ptqdt
¯

ě
hpθq

exp
´

λ̃
şθ
0

a

cmptqdt
¯

By sending θ Ñ 8 we then find that (6.6) cannot hold simultaneously with (6.9), as other-
wise it would lead to the following contradiction:

0 “ lim
θÑ8

hpθq

exp
´

p1 ´ ϵqpd´ 1qp1 ´ qq
şθ{2´δ
0

a

cM ptqdt
¯

ě lim inf
θÑ8

hpθq

exp
´

λ̃
şθ
0

a

cmptqdt
¯ ą 0.

Remark 6.3. We conclude with some comments regarding the assumption on the lower
bound cmp¨q to be a non-decreasing function. Suppose the sectional curvatures satisfy (6.7),
where cmp¨q is positive and continuous, but not necessarily non-decreasing. Define

c̃mpθq “ max
0ďtďθ

cmptq.
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Then, the sectional curvatures also satisfy (6.7) with cm replaced by c̃m, where c̃mp¨q is a
positive, continuous and non-decreasing function.

This observation allows one to apply Theorem 6.2 in the following way. Provided h
satisfies the assumptions in Theorem 6.2, but with (6.9) replaced by the stronger condition

lim inf
θÑ8

hpθq

exp
´

λ̃
şθ
0

a

max0ďsďt cmpsqdt
¯ ą 0, for some λ̃ ą

pd´ 1qp1 ´ qq

q
,

then a global energy minimizer exists in P1,opMq.

Appendix A. Proof of Lemma 6.1

Define f : r0,8q Ñ R by

fpθq “
ψmpθq

ψ1
mpθq

.

Then, using (2.7), we find that f satisfies
#

f 1pθq “ 1 ´ cmpθqf2pθq, @θ ą 0,

fp0q “ 0,

and since cm is non-decreasing, we further have

f 1pθq ě 1 ´ cmpRqfpθq2, @0 ă θ ď R,

and

f 1pθq ď 1 ´ cmpRqfpθq2, @R ď θ.

Let g : r0,8q Ñ R be the solution to the following IVP:
#

g1pθq “ 1 ´ cmpRqgpθq2, @θ ą 0,

gpRq “ fpRq.

By the comparison theorem in ODEs, we first note that

fpθq ď gpθq, @θ ą 0.(A.13)

The IVP for g has the explicit solution

gpθq “
1

a

cmpRq
tanh

´

arctanhp
a

cmpRqfpRqq `
a

cmpRqpθ ´Rq

¯

,

which used in (A.13), gives

fpθq ď
1

a

cmpRq
tanh

´

arctanhp
a

cmpRqfpRqq `
a

cmpRqpθ ´Rq

¯

, @θ ą 0.

From the definition of f , we further get

a

cmpRq coth
´

arctanhp
a

cmpRqfpRqq `
a

cmpRqpθ ´Rq

¯

ď
ψ1
mpθq

ψmpθq
, @θ ą 0,

which is equivalent to

d

dθ
ln

´

sinh
´

arctanhp
a

cmpRqfpRqq `
a

cmpRqpθ ´Rq

¯¯

ď
d

dθ
lnψmpθq.(A.14)

Now, we estimate ψpθq for θ ą R and 0 ă θ ă R separately.
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(Case 1: θ ą R) Integrate (A.14) from R to θ ą R to find

ψmpθq ě ψmpRq

¨

˝

sinh
´

arctanhp
a

cmpRqfpRqq `
a

cmpRqpθ ´Rq

¯

sinh
´

arctanhp
a

cmpRqfpRqq

¯

˛

‚, @θ ą R.

If we set

(A.15) B “ arctanhp
a

cmpRqfpRqq,

then the right hand side of the above inequality can be estimated as follows:

ψmpRq

˜

sinh
`

B `
a

cmpRqpθ ´Rq
˘

sinhB

¸

“ ψmpRq expp
a

cmpRqpθ ´Rqq

˜

1 ´ expp´2B ´ 2
a

cmpRqpθ ´Rqq

1 ´ expp´2Bq

¸

ě ψmpRq expp
a

cmpRqpθ ´Rqq.

This leads to the first inequality we need to show (for θ ě R).

(Case 2: 0 ă θ ă R) Integrate (A.14) from θ ă R to R to get

ψmpθq ď ψmpRq

¨

˝

sinh
´

arctanhp
a

cmpRqfpRqq `
a

cmpRqpθ ´Rq

¯

sinh
´

arctanhp
a

cmpRqfpRqq

¯

˛

‚, @0 ă θ ă R.

Again, use notation (A.15) to simplify and estimate the right hand side above as

ψmpRq

˜

sinh
`

B `
a

cmpRqpθ ´Rq
˘

sinhB

¸

“ ψmpRq expp
a

cmpRqpθ ´Rqq

˜

1 ´ expp´2B ´ 2
a

cmpRqpθ ´Rqq

1 ´ expp´2Bq

¸

ď ψmpRq expp
a

cmpRqpθ ´Rqq,

leading to the second inequality to be shown (for 0 ă θ ă R).

Appendix B. Proof of Lemma 6.2

Fix a nonnegative function ρ on M and fix R ą 0. By Hölder inequality with exponents
1
q and 1

1´q , we get

(B.16)

ż

rxăR
ρpxqqdVpxq ď

ˆ
ż

rxăR
ρpxqdVpxq

˙q ˆ
ż

rxăR
1 dVpxq

˙1´q

ď

ˆ
ż

M
ρpxqdVpxq

˙q ˆ

dwpdq

ż R

0
ψmpθqd´1dθ

˙1´q

,
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where in the second inequality we used the volume upper bound in Theorem 2.3. Also by
Hölder inequality with exponents 1

q and 1
1´q , we find

(B.17)

ż

rxěR
ρpxqqdVpxq ď

ˆ
ż

rxěR
ψmprxqλρpxqdVpxq

˙q ˆ
ż

rxěR
ψmprxq

´
λq
1´q dVpxq

˙1´q

ď

ˆ
ż

M
ψmprxqλρpxqdVpxq

˙q ˆ

dwpdq

ż 8

R
ψmpθq

d´1´
λq
1´q dθ

˙1´q

,

where for the second inequality we used a very similar argument to that used to derive the
second inequality in (4.9). Namely, we changed variables to geodesic spherical coordinates
x “ expopθuq, with θ ą 0 and u P Sd´1, in the second integral, and used the upper bound
on Jpexpoq from Theorem 2.3 to bound from above dV pxq – see also (4.10).

Denote

CpRq :“

ˆ

dwpdq

ż R

0
ψmpθqd´1dθ

˙1´q

,

DpRq :“

ˆ

dwpdq

ż 8

R
ψmpθq

d´1´
λq
1´q dθ

˙1´q

.

Then, by combining (B.16) and (B.17) we get

(B.18)

ż

M
ρpxqqdVpxq ď CpRq

ˆ
ż

M
ρpxqdVpxq

˙q

`DpRq

ˆ
ż

M
ψmprxqλρpxqdVpxq

˙q

.

From Lemma 6.1, we have

CpRq ď

ˆ

dwpdq

ż R

0

´

ψmpRq expp
a

cmpRqpθ ´Rq

¯d´1
dθ

˙1´q

“

˜

dwpdqψmpRqd´1 expp´pd´ 1q
a

cmpRqRq

pd´ 1q
a

cmpRq

´

expppd´ 1q
a

cmpRqRq ´ 1
¯

¸1´q

ă

˜

dwpdqψmpRqd´1 expp´pd´ 1q
a

cmpRqRq

pd´ 1q
a

cmpRq
expppd´ 1q

a

cmpRqRq

¸1´q

“

˜

dwpdq

pd´ 1q
a

cmpRq

¸1´q

ψmpRqpd´1qp1´qq

ď

˜

dwpdq

pd´ 1q
a

cmp0q

¸1´q

ψmpRqpd´1qp1´qq
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and (note that d´ 1 ´
λq
1´q ă 0)

DpRq ď

ˆ

dwpdq

ż 8

R
pψmpRq expp

a

cmpRqpθ ´Rqq
d´1´

λq
1´q dθ

˙1´q

“

¨

˚

˝

dwpdqψmpRq
d´1´

λq
1´q exp

´´

´d` 1 `
λq
1´q

¯

a

cmpRqR
¯

´

´d` 1 `
λq
1´q

¯

a

cmpRq

exp

ˆˆ

d´ 1 ´
λq

1 ´ q

˙

a

cmpRqR

˙

˛

‹

‚

1´q

“

¨

˝

dwpdq
´

´d` 1 `
λq
1´q

¯

a

cmpRq

˛

‚

1´q

ψmpRqpd´1qp1´qq´λq

ď

¨

˝

dwpdq
´

´d` 1 `
λq
1´q

¯

a

cmp0q

˛

‚

1´q

ψmpRqpd´1qp1´qq´λq.

If we set

α̃1 “

˜

dwpdq

pd´ 1q
a

cmp0q

¸1´q

, β1 “ pd´ 1qp1 ´ qq,

α̃2 “

¨

˝

dwpdq
´

´d` 1 `
λq
1´q

¯

a

cmp0q

˛

‚

1´q

, β2 “ λq ´ pd´ 1qp1 ´ qq,

then by the assumptions on q and λ all these constants are positive and we get

CpRq ď α̃1ψmpRqβ1 , DpRq ď α̃2ψmpRq´β2 .

Finally, we substitute the above result to (B.18) to get

ż

M
ρpxqqdVpxq ď α̃1ψmpRqβ1

ˆ
ż

M
ρpxqdVpxq

˙q

` α̃2ψmpRq´β2

ˆ
ż

M
ψmprxqλρpxqdVpxq

˙q

.

(B.19)

To find an optimal R, we calculate the derivative of the right hand side of (B.18) with
respect to R, and set it to zero:

0 “ α̃1β1ψmpRqβ1´1ψ1
mpRq

ˆ
ż

M
ρpxqdVpxq

˙q

´α̃2β2ψmpRq´β2´1ψ1
mpRq

ˆ
ż

M
ψmprxqλρpxqdVpxq

˙q

.

Then, we get

(B.20) ψmpRqβ1`β2 “
α̃2β2
α̃1β1

`ş

M ψmprxqλρpxqdVpxq
˘q

`ş

M ρpxqdVpxq
˘q .

Since ψmp0q “ 0, limθÑ8 ψmpθq “ 8 and ψm is an increasing function, we know there exists
a unique R “ R˚ ą 0 which satisfies the above equation. Finally, we substitute R “ R˚
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into (B.19) to find
ż

M
ρpxqqdVpxq ď α̃1ψmpR˚qβ1

ˆ
ż

M
ρpxqdVpxq

˙q

` α̃2ψmpR˚q´β2

ˆ
ż

M
ψmprxqλρpxqdVpxq

˙q

“

¨

˝α̃1

ˆ

α2β2
α̃1β1

˙

β1
β1`β2

` α̃2

ˆ

α̃2β2
α̃1β1

˙´
β2

β1`β2

˛

‚

ˆ

ˆ
ż

M
ρpxqdVpxq

˙

β2q
β1`β2

ˆ
ż

M
ψmprxqλρpxqdVpxq

˙

β1q
β1`β2

“ C̃1pλ, q, cm, dq

ˆ
ż

M
ρpxqdVpxq

˙p1´pqq ˆ
ż

M
ψmprxqλρpxqdVpxq

˙pq

,

where

C̃1pλ, q, cm, dq “

´

α̃β2
1 α̃

β1
2

¯
1

β1`β2

¨

˝

ˆ

β2
β1

˙

β1
β1`β2

`

ˆ

β1
β2

˙

β2
β1`β2

˛

‚,

and p “
β1

β1`β2
“

pd´1qp1´qq

λq .
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