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ABSTRACT. We investigate the existence of ground states for a free energy functional on
Cartan-Hadamard manifolds. The energy, which consists of an entropy and an interaction
term, is associated to a macroscopic aggregation model that includes nonlinear diffusion
and nonlocal interactions. We consider specifically the regime of fast diffusion, and estab-
lish necessary and sufficient conditions on the behaviour of the interaction potential for
global energy minimizers to exist. We first consider the case of manifolds with constant
bounds of sectional curvatures, then extend the results to manifolds with general curvature
bounds. To establish our results we derive several new Carlson-Levin type inequalities for
Cartan-Hadamard manifolds.

1. INTRODUCTION

In this work we consider a generic Cartan-Hadamard manifold M, and investigate the
existence of global minimizers of the following free energy functional:

(1) Bl = = | p@ravie) + 5 || Wiendut@ant),
MxM

where 0 < g <1, W : M x M — R is an attractive interaction potential, and dV denotes the
Riemannian volume measure on M. The energy is defined on the space P(M) of probability
measures on M, and p represents the absolutely continuous part of € P(M) with respect
to dV. The first component of the energy is entropy, which favours spreading, and the
second is an interaction energy, which in our case promotes aggregation, at least for long
distances.

The free energy relates to the following evolution equation on L'(M) n P(M):

(1.2) 2up(w) = Var - (p(2)VarW % pla)) = Apf(a),
where

W p(z) = JM W(z,y)dp(y),

and V- and Vs represent the manifold divergence and gradient, respectively. Equation
can in fact be formally expressed as the gradient flow of the energy E on a suitable
Wasserstein space [2].

Energies in the form and the associated evolution equation , known as the
aggregation-diffusion equation, have a wide range of applications in mathematical biology.
For instance, nonlinear diffusion versions of the classical Keller-Segel model for chemotaxis
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or swarming models (see [5] and the references therein) have been well studied. Such
models also appear as paradigms of social interactions where they can lead to segregation of
individuals into clusters of opinions, see [20, 27] for instance. For specific manifold setups,
we note the work in [19], where the authors used the Onsager model to analyze phase
transitions phenomena on the two dimensional sphere. Finally, consensus of large number
of individuals moving under constraints, modelled by aggregation-diffusion equations on
manifolds, can also find applications in control engineering or swarming models with body-
attitude coordination, see [16].

The range 0 < g < 1 of the nonlinear diffusion exponent is referred to in the literature as
fast diffusion, while ¢ = 1 and ¢ > 1 correspond to linear and slow diffusion, respectively;
note that for linear diffusion, the entropy term in is replaced by §,, p(x) log p(x)dV(x).
The fast diffusion is faster than the linear/slow diffusion for small values of the density
while it is actually slower for large densities (concentrations). Consequently, fast diffusion
comes with an enhanced spreading at infinity, but at the same time, by competing with
the nonlocal attractive interactions in our model, it may not be able to prevent Dirac delta
aggregations from forming [7]. This is in contrast with the linear and slow diffusion cases.

The free energy and the aggregation-diffusion equation have been extensively
studied in the Euclidean setup M = R?. A recent review on the subject can be found in
[B]. In [, @, [7, 8, 13] the authors considered an interaction potential of Riesz type, i.e.,
W(z,y) = %Hx — y||®, where | - || denotes the Euclidean norm and established existence
or non-existence of global energy minimizers for various ranges of § and ¢. Uniqueness
and qualitative properties (e.g., monotonicity and radial symmetry) of energy minimizers
or steady states of have been studied in [3, 12, 17, B3]. Well-posedness, long time
behaviour and properties of solutions to the evolution equation were addressed in
[0, 12, O]. In particular, the authors of [9, [II] studied the partial mass concentration
in time for the fast diffusion, both for confinement and interaction potentials. In our
current research we deal with the first step in understanding fast diffusion phenomena
on general manifolds. Hence, we focus on finding conditions that ensure the existence of
global minimizers for the free energy (L.I), without discussing the possible formation of
concentrations, which are still quite intricate and open even in the Euclidean case [8].

In spite of extensive studies of the free energy and the evolution equation
in the Euclidean space, there has been very little research done in the manifold setup.
In this paper we consider the free energy (|1.1) on general Cartan-Hadamard manifolds.
Important examples of Cartan-Hadamard manifolds are the hyperbolic space and the space
of symmetric positive definite matrices. In general, any non-compact symmetric space is
Cartan-Hadamard [32]. We consider interaction potentials W (z,y) that depend only on the
geodesic distance d(x,y) between the points x and y. This assumption, which makes the
model completely intrinsic to the given manifold, was used in recent works on the interaction
model with no diffusion [20] 211, 24], 25]. With this setup, we address and answer the following
problem. Assume that the sectional curvatures at a generic point z are bounded below and
above, respectively, by two negative functions —¢;,(r;) and —cpr(r5), where r, denotes the
distance from z to a fixed (but arbitrary) pole on M. A particular case is when ¢,,(-) and
cp(+) are constant functions, but in general ¢, () and cp/(-) are allowed to grow at any
rate at infinity, e.g., they can grow algebraically or exponentially. We are interested to
account for the variable (and possibly unbounded) curvature of the manifold, and establish
necessary and sufficient conditions on the behaviour of the interaction potential at zero and
infinity, for global minimizers of the free energy to exist.
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The problem posed above was studied in [6] for M = R? and ¢ > 0 (all the three diffusion
regimes), in [10] for M = H? - the hyperbolic space — and ¢ > 1 (slow diffusion), and in
[22, 23] for general Cartan-Hadamard manifolds and ¢ = 1 (linear diffusion). In particular,
[6] provided necessary, but not shown to be also sufficient, conditions on the interaction
potential for existence of ground states in the fast diffusion regime. In the case of linear
diffusion, [23],22] demonstrate the role of the manifold’s curvature with regards to spreading
and blow-up. For example, spreading by linear diffusion in R is prevented provided the
interaction potential grows at least logarithmically at infinity; the condition is in fact sharp
[6]. On the other hand, to contain the linear diffusion on general Cartan-Hadamard mani-
folds with bounded sectional curvatures, superlinear growth of the interaction potential at
infinity is needed [23]. Therefore, as a manifestation of the curvature, a stronger growth of
the attractive potential is needed to contain diffusion on manifolds.

The present work is the first to consider fast diffusion and nonlocal interactions on gen-
eral manifolds of negative sectional curvatures. We quantify, in terms of the upper and
lower bounds of the sectional curvatures, the conditions on W that lead to existence or
nonexistence of global energy minimizers. The main tools we use in our analysis are var-
ious comparison results in differential geometry (Rauch theorem, volume bounds, bounds
for the Jacobian of the exponential map), as well as several new generalized Carlson-Levin
inequalities on Cartan-Hadamard manifolds, that we derived for our purpose and have an
interest in their own (Lemma[4.1]and [6.2). Compared to their analogue from the Euclidean
space [7, Lemma 5], our results contain additional terms that reflect the volume growth of
geodesic balls on Cartan-Hadamard manifolds.

Finally, we note that there has been strong interest in recent years on PDEs that involve
nonlinear diffusion on Cartan-Hadamard manifolds. Issues that have been addressed for
instance are the well-posedness and long-time behaviour of solutions to the porous medium
equation on negatively curved manifolds [30, BI], as well as to PDEs that include both
nonlinear diffusion and local reaction terms [28, 29]. Due to the nonlocal nature of our
interaction term, the methods developed in our work are very different from the approaches
taken in these papers.

The summary of the paper is as follows. In Section [2| we present the assumptions, the
variational setup, and some necessary background in Riemannian geometry. In Section
we establish necessary conditions on the interaction potential for global energy minimizers
to exist (Theorem . In Section (| we derive a generalized Carlson-Levin inequality for
Cartan-Hadamard manifolds with sectional curvatures bounded from below. This inequal-
ity is used in Section [5| to establish sufficient conditions on the growth of the interaction
potential at infinity, for a ground state to exist (Theorem [5.1). In Section |§| we gener-
alize the previous existence/nonexistence results, as well the Carlson-Levin inequality, to
Cartan-Hadamard manifolds with unbounded sectional curvatures.

We note that another option for the layout of this paper would be to present first the gen-
eral case of manifolds with unbounded sectional curvatures, and then discuss the manifolds
with bounded curvatures as a particular case. We opted for the current layout however, for
pedagogical reasons. In particular, the bounded curvature case comes with explicit volume
comparison functions, which makes the work easier to follow.

2. PRELIMINARIES AND BACKGROUND

2.1. Assumptions and notations. We make the following assumptions on the manifold
M and the interaction potential W.
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(M) M is an d-dimensional Cartan-Hadamard manifold, i.e., M is complete, simply con-
nected, and has everywhere non-positive sectional curvature. In particular, M has no
conjugate points, it is diffeomorphic to R? and the exponential map at any point is a global
diffeomorphism.

(W) The interaction potential W : M x M — R has the form
W(z,y) = h(d(z,y)), for all z,y € M,

where h : [0,00) — R is lower semi-continuous and non-decreasing, and d denotes the
intrinsic distance on M. As h is non-decreasing, h models purely attractive interactions.

Notations. For € M, and o a two-dimensional subspace of T, M, K(z;0) denotes the
sectional curvature of o at . We also denote by dV the Riemannian volume measure on
M and by Pu.(M) < P(M) the space of probability measures on M that are absolutely
continuous with respect to dV.

A point on a manifold is called a pole if the exponential map at that point is a global
diffeomorphism. On Cartan-Hadamard manifolds all points have this property. Throughout
the paper we fix a generic point o in M which we will be referring to as the pole of the
manifold. We make the notation

ry = d(0,x), for all x € M.

We denote by B;(0) the open geodesic ball centred at o of radius r, and by |B,(0)| its
volume.

Definition of the energy. Any probability measure u € P(M) can be written uniquely, by
Lebesgue’s decomposition theorem, as p = pdV + p*, where the first term is the absolutely
continuous part of y w.r.t. the volume measure dV and the second term is the singular part.
Given the assumption on the interaction potential, the free energy E : P(M) — [—o0, 0] is
given by

1

(2.) Bl = = | oleavie) + 5 [ hdw)duta)auy)
MxM

The first term in (2.1)) represent the entropy and the second is the interaction energy.
As explained in [6] [7], the energy in (2.1]) can first be defined for functions in C°(M) N
P(M), and then extended to the entire P(M) by

Elu| = inf lim inf E| ],
L] {Mn}cc;ﬁo(M)ﬂP(M) n—ow [en]
S.bopn—p

where p, — p denotes weak convergence as measures, i.e.,

f F(@)pn(2)dV(z) — j f@u@)dV(z),  asn— oo,
M M

for all bounded and continuous functions f : M — R.
Wasserstein distance. Denote by P1 (M) the set of probability measures on M with finite
first moment, i.e.,

P1(M) = {u eP(M): JM d(z, zo)dp(z) < oo} ,
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for some fixed (but arbitrary) point xg € M. For p,v € P(M), the intrinsic 1-Wasserstein
distance is defined as

Wi(p,v) = inf H (z,y)dv(z,y),

eIl (p,v)

where II(u,v) € P(M x M) is the set of transport plans between p and v, i.e., the set of
elements in P(M x M) with first and second marginals p and v, respectively. The space
(P1(M), W) is a metric space [2].

Admissible set. Similar to the approach in the Euclidean space [12], 13} [I7] or for general
manifolds and linear diffusion [23| 22], we fix the Riemannian centre of mass of the admissible
minimizers. For a fixed pole o € M, we denote

(2. Pro(M) = {e P00 | tog,adute) = 0f,

where log, denotes the Riemannian logarithm map at o (i.e., the inverse of the Riemannian
exponential map exp,) [I8]. It is in this set that we will establish existence of global energy
minimizers.

The integral condition in fixes the centre of mass of u at the pole 0. We fix the
centre of mass as in general, min ep, () & [11] depends on the point o. More specifically,
for two points 01 # 09, in general we have mingep, , (M) El[pu] # mingep, ,, (M) E[u] when
ground states exist in both Py o, (M) and Pi 4, (M). To find the ground state of the energy
over the entire space P;(M), one then needs to take the infinimum over o € M of the en-
ergy minimizers in P; ,(M). Note that even if the variational problem in P ,(M) admits a
minimizer for every fixed o, a global minimizer in P; (M) may not necessarily exist, which
could happen for instance on noncompact manifolds, where base points of minimizing se-
quences can escape to infinity. In this paper, we do not address this additional minimization
problem with respect to the base point o.

We point out that selecting a base point is not necessary for Euclidean spaces, as well
as for homogeneous manifolds of constant sectional curvature (e.g., the hyperbolic space
Hd). Indeed, for such spaces, isometries can be used to move from one point to another
without changing the variational problem. On general Riemannian manifolds however, as
considered in this paper, fixing a base point is needed and it does not constitute an artificial
loss of generality.

2.2. Comparison results in differential geometry. We list here several comparison
results in differential geometry, that will be used in our analysis.

Theorem 2.1 (Rauch comparison theorem [15]). Let M and M be Riemannian manifolds
with dim(M) = dim(M ), and suppose that for allpe M, pe M, and o < T,M, ¢ cTj M,
the sectional curvatures KK and K of M and M, respectively, satisfy

K(5;6) = K(p; o).
Letpe M, pe M and fix a linear isometry i : T,M — TﬁM. Let r > 0 be such that the
restriction XPp (o) 1s a diffeomorphism and XPj 5, (0) is non-singular. Let ¢ : [0,a] —

exp,(B;(0)) = M be any differentiable curve and define ¢ : [0, a] — exp;(B,(0)) < M by

&(s) = expoi o expljl(c(s)), s€[0,al.
Then the length of ¢ is greater or equal than the length of ¢.
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For manifolds with bounded sectional curvatures, the Jacobian of the exponential map
and the volumes of geodesic balls can be bounded below and above as follows. The results
can be found in [14, Section III.4].

Theorem 2.2 (Jacobian and volume bounds [14]). Suppose the sectional curvatures of M
satisfy
(2.3) —cm < K(z;0) < —epr <0,

for all x € M and all two-dimensional subspaces o < T, M, where ¢, and cpr are positive
constants. Let o be an arbitrary pole on M. Then, the Jacobian of the exponential map at
o can be bounded as

sinh(y/cpr|u -1 sinh (/¢ ||u d-1
o) (SN < (DY
Vel Vem|ul
for all uwe T,M.
Also, the volumes of geodesic balls are bounded by

25)  dw(d) fo (W)d_ldt < |B.(0)] < duw(d) L (W)d_ldt,

where w(d) denotes the volume of S¥1, the unit sphere in R?.

Remark 2.1. The two bounds in (2.5)) represent the volume of the ball of radius r in the
hyperbolic space H? of constant curvatures —cys, and —cy,, respectively.

The comparison results in Theorem can be generalized to manifolds of unbounded
curvature. The results are the following (see [22, Theorem 2.2 and Corollary 2.1}, also [1]
Theorem 1.3]).

Theorem 2.3. (Generalized Jacobian and volume bounds [22]) Suppose the sectional cur-
vatures of M satisfy
(2.6) —Cm(rz) < K(z50) < —cpm(rz) <0,

for all x € M and all two-dimensional subspaces o < T, M, where c(-) and cpr(-) are
positive continuous functions of the distance from a fized pole o. Denote by 1, and ¥y the
solutions of the following initial-value-problems (IVP’s):

o) {wme):cm(ewm(e), oo, {&(9)=cM<9>wM<9>, v > 0,
0 ml(0) =0, wl,0) =1, dar(0) =0, %, (0) = 1.

Then, the Jacobian of the exponential map at o can be bounded as
@bM(U))dl Yo () )
< |J(exp,)(u)| < ;
( Jull Jul]

for allue T,M. Also, the volumes of geodesic balls in M can be bounded by
(@) [ a0t < |Bofo)] < du(@) | wate)an
0 0

Remark 2.2. When ¢, () = ¢, and cpr(+) = cpr are constant functions, the IVPs in (2.7)
have the explicit solutions

(6) = sinh(y/cmb)

sinh(y/car0)
Vem '

and Y (0) = ot



In this case, Theorem reduces to Theorem

We also note that while in general, one cannot find explicit solutions to the IVP’s in ,
these are linear problems and the global well-posedness of their solutions is guaranteed by
standard results in ODE theory. In addition, by straightforward arguments, in can be shown
that ¢, and ¥, satisfy

(2.8)  m(0) >0, ¥ar(6) > 0, and Wi, (0) > 1, i, (0) > 1, forall > 0.

Remark 2.3. We note that for the upper bounds in Theorems and a weaker
condition on curvature can be assumed, namely that the Ricci curvatures are greater than
or equal to —(d — 1)¢,,, (see Theorems I11.4.3 and 111.4.4 in [14] for the constant curvature
bounds case). We do not consider this weaker assumption here.

The following lemma, listed verbatim from [22] will be needed in our analysis. Here, D f
denotes the upper derivatives of a real-valued function f, defined by
_ B) —
Df(x) = limsup fle+h) f(a})
h—0 h

Lemma 2.1. Let ¢ : [0,00) — (0,00) be a positive and continuous function, and consider
the solution v of the IVP:

(2.9) {W(@) = c(B)v(6), V8 >0,
¥(0) =0, ¢'(0)=1.

(Upper bound) Assume c(-) is non-decreasing. Then,

(2.10) Y(0) < Oexp (f: \/@dt> . Ye=0.

(Lower bound) Assume c(-) satisfies

. Dc(0)
2.11 1 =
(2.11) 0% oy =

Then, for any 0 < e < 1, there exists Oy > 0 such that
0
(2.12) ¥ (0p) exp ((1 —€) | /c(t) dt) < (0), Vo = 0.
fo

Proof. See [22, Lemma 2.1]. O

3. NONEXISTENCE OF A GLOBAL MINIMIZER

In this section, we investigate necessary conditions on the interaction potential for global
minimizers of the energy (2.1]) to exist. We assume here that the sectional curvatures of M
satisfy

(3.1) K(z;o) < —cp <0,

for all x € M and all two-dimensional subspaces o < T,, M, where c); is a positive constant.

In the proof of the main result in this section we will use the following application of
Rauch comparisom theorem. Recall Theorem and apply it for the manifold M (note
that M has non-positive curvature), for M =R? ~ T,M, and i the identity map. For two
points z and y in M, take ¢ to be the geodesic curve joining them. The curve ¢ constructed
in Theorem joins log, x and log, y, and hence, its length is greater than or equal to the
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length of the straight segment joining log, = and log,y. We then infer from Theorem
that

(3.2) |log, z —log, y| < 1(¢) < l(c) = d(z,y).
By the Law of cosines, we also get
|log, 2 — log, y|> = d(o0,z)? + d(0,y)* — 2d(0, x)d(0,y) cos £ (zoy),
which combined with yields
(3.3) d(x,y)? = d(o,z)? + d(o,y)? — 2d(0, z)d(o, y) cos Z(zoy).
Inequality holds for any points o, x, and y in M.

Theorem 3.1 (Nonexistence by blow-up or spreading). Let M be a d-dimensional Cartan-
Hadamard manifold with sectional curvatures that satisfy for a positive constant cpy.
Let 0 < g < 1 and assume that h : [0,00) — [—00,00) is a non-decreasing lower semi-
continuous function which satisfies either

91—1>I(I)1+ h6) = =0,
or
. h(#)
(3.4) lim =0
0—00 exp (W(d_zl)(l—‘ﬂ 9)

Then, the energy functional (2.1)) is unbounded from below in P1 (M), and hence it has no
global minimizer in P1,o(M).

Proof. The proof is based on an explicit construction of a family of probability density
functions pr € P1,,(M) that depend on R > 0, such that E[pg]| is unbounded from below
as R — 0 or R — . Note that the centre of mass of pr needs to be located at o, which
makes the construction a little involved.

Step 1. (Construction of pr.) Define
1

(3.5) pr(y) = 3 |Br(or)|’
0, otherwise,

y € Br(or),

where op € M depends on R, and will be determined later. Equivalently, pgr is the uniform
probability measure on the geodesic ball Br(og) centred at ogr. We will show that for every
R > 0, one can choose op € M so that pr has centre of mass at o, and hence it lies in
Pi1o(M).

From the definition of the Riemannian centre of mass, it suffices to prove that there exists
or € M that satisfies

(3.6) J log, ydV (y) = 0.
Br(or)

In the tangent space T,M, which can be identified with R?, consider the open ball B r(0)
of radius R centred at the origin 0. Note that in this proof we are using the notation Br(-)
for geodesic balls of radius R in M (as in Br(or)), as well as for balls of radius R in T, M
(as in Br(0)). The specific use of the notation will be clear from the context.



Consider the map F : Br(0) € T,M — T,M defined as

(3.7) F) = g (elxpo 1 PRV
Note that F' maps m into itself, as
1
1F ()] < 2 Br(exp, )| T Iog, y[[dV (y)
e ] i 1 A0:05D00) - dlexp, 0 AV
1
< ABrlexp, Ol Jppiom, o T DV W)

- R,
where for the second inequality sign we used triangle inequality:
[1og, yl| = d(o,y)
< d(o,exp,v) + d(exp, v,y).
Take an arbitrary v € dBg(0), i.e., |v| = R. Using (3.7)), we compute

(38) O FOD) = el o 108DV )

By inequality , used for o, x = exp, v and y, we have
(3.9) d(exp,v,y)? = d(exp,v,0)* + d(y,0)? — 2d(exp, v, 0)d(y, 0) cos Z((exp, v)oy).
Since d(exp, v,y) < R and d(exp,v,0) = R, we get by using (3.9):
R® > d(exp, v,y)”
> d(exp,v,0)? + d(y,0)* — 2d(exp, v, 0)d(y, 0) cos Z((exp, v)oy)
> R? + 0% — 2d(exp, v,0)d(y, 0) cos Z((exp, v)oy).
From the above, we infer
(v, log, y) = d(exp, v,0)d(y, 0) cos Z((exp, v)oy) = 0,

and therefore,

(v,log,y) =0, for all y € Br(exp,v) and v € 0BRr(0).
Moreover, since the integrand in the r.h.s. of (3.8)) is positive, we find
(3.10) (v, F(v)) >0, for all v e dBR(0).

where we dropped the greater than equal sign since the equality cannot hold.
Now, consider the map T : Br(0) € T,M — T, M defined by

T(v) =v—eF(v),

for some € > 0.
Claim: We can choose € > 0 small enough, so that the range of T is a subset of Bg(0).
Since F' is a continuous map and Br(0) is compact, set £ = SUD,, 5 (0) |F(v)|. By (3.10),
we can assume

(v, F(v)) = «a, for all v e Br(0)\B3(0),
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for some R € (0, R) and a > 0.
Calculate

I7@)? = v~ eF(v)]?
= [[v]* = 2e¢v, F(v)) + €| F (v)[*.
(Case 1: v e By(0)) For this case, we have
177 < ol + 2¢ev] |1F@)] + €]F (v)]?
< R? + 2¢Rl + €212
= (R + €)2.
Therefore, if .
R—-R

6<615=T,

then |T'(v)| < R.
(Case 2: v e Br(0)\Bj(0)) For this case,
IT()|? = [v]* = 2¢Cv, F(v)) + | F(v)[*
< R% — 2ea + €212

If

2«
€ < €9 := 172,
then |T'(v)|| < R.
To consider both cases together, we set
R—R 2
(3.11) € < min(ep, €2) = min <l’ lg) .

This proves the claim.

Therefore, with e that satisfies (3.11]), 7" maps Bg(0) into itself. Also, T"is continuous, as
F is continuous. By Brouwer’s fixed point theorem, we infer that there exists vy € Br(0)
such that

T(vr) = vr,
which in turn implies that
(3.12) F(uvg) = 0.
Finally, set og := exp,vg. From (3.12) and the definition of the function F in (3.7)), we
find that (3.6) is satisfied with this choice of o, and therefore pr, € P1,(M).

Step 2. (Behaviour of E[pr].) We evaluate E[pr]| using (2.1)), and then consider separately
both the entropy and the interaction terms.
By the volume comparison in Theorem the volume |Bgr(or)| can be estimated as

R /sinh(y/cpr0)\ %!
3.13 Br(or)| = dw(d f () dé.
(3.13) I R
Note that when cj; = 0, (3.13]) reduces to
R
(3.14) |Br(ogr)| = dw(d)f 691df = w(d)R?,
0
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which states that |Br(og)| is bounded below by the volume of the ball of radius R in R
The entropy term for pg is given explicitly by

1 ¢ ~ |Br(or)|'?
(3.15) 1 MpR(a;) dV(z) = o,

Also, by the monotonicity of h, the interaction term can be estimated as

5 || M@ en@re) V@) < ([ hERpr@r()aVE)aV
(3.16)  MxM MxM
_ h(2R)
AER),

Using the two equations above in (2.1]), we then have

(3.17) Elpn] < _\BRl(o_R)q\lq . h(22R)'

Behaviour at zero. Using (3.17) and 0 < ¢ < 1, we get

_|Br(or)|'™% | h(2R)
( ~5)

% lim h(2R).

lim E < i
im E[pg] im A

R—0+ R—0+ 1—gq 2

This implies that, if A is singular at 0+ (i.e., limgy_,o+ h(f) = —o0), then the energy is
unbounded from below and there is no global energy minimizer.

Behaviour at infinity. By combining (3.13]) and (3.17)), we get

0 A/CM 2

—4q

JR th(@@))d—l . 9) i , h2R)

1
lim F < li -
ity Plond < i | 71 (dw(d)

Similar to the behaviour at zero, provided the limit in the right-hand-side above is —o0, E is
not bounded from below and hence, it has no global minimizer. We quantify this behaviour
in terms of h, as following.

By L’Hopital’s rule, we have

(sinh(\/WR) ) d—1

1 Séz (sinh(\/me))d_l 10
m

i Ver ~ lim Ve
R—w exp(y/ca(d—1)R) R—w y/cpr(d — 1) exp(y/ear(d — 1)R)

1
24-1 Jer(d — 1)

If h satisfies

lim

R—o0 exp (W(dgl)(l_‘ﬁ R) R— exp(«/cM(d — 1)(1 — q)R)
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then we have

lim _1# (dw(d) JR (SW)dldH)lq | hC2R)

o \ Ve 2
= }%ggoexp(m(d — 1)(1 - Q)R)

M

L [l §F (GE) T ap - h(2R)
1—q | ewnlyen(d—1ER) " 2ep(yen(d— (1 — ) R)

1 ( dw(d) )1 !
= 00 X — = —00.
- q 2d_1«/CMd(d — 1)

This concludes the proof of the theorem. O

Remark 3.1 (Comparison with linear and slow diffusion). The necessary conditions in
Theorem say that no singularity at origin in the interaction potential is allowed, or
else nonexistence by blow-up occurs. Also, the potential needs to grow exponentially fast at
infinity, in order to contain the spreading. These conditions are much more restrictive than
those for the model with linear diffusion (q = 1) or slow diffusion (¢ > 1). For the latter
models, ground states can exist if h is singular at origin (with at most a logarithmic or a
power-law singularity for g = 1 and g > 1, respectively), or if h grows less than exponentially
at infinity (superlinear growth for ¢ = 1 and no growth rate restriction for ¢ > 1). We refer
the reader to [23, 22] for the precise statements.

4. A GENERALIZED CARLSON-LEVIN INEQUALITY

This section contains some preparatory results needed to show the existence of global
minimizers. Here we assume that the sectional curvatures of the Cartan-Hadamard manifold
M satisfy

(4.1) —cm < K(z30) <0,
for all x € M and all two-dimensional subspaces o < T, M, where ¢, is a positive constant.

4.1. A convexity argument. Recall the argument using Rauch’s comparison theorem,
leading to inequality (3.3). Then, from (3.3]) we find

(4.2) d(z,y)* = |ry — ry cos Z(zoy)|?, for all x,y € M.
We will use (4.2)) to prove the following proposition.

Proposition 4.1. Let M be a Cartan—Hadamard manifold, o € M an arbitrary fixed pole,
and H : [0,00) — [0,00) be a non-decreasing convex function. Then, for any p € P (M),
we have

(43) || #awman@an > | weau.

MxM

Proof. As p € P1,o(M) has Riemannian centre of mass at o, it holds that

f log, y du(y) = 0.
M
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Since log, o is the zero vector in T, M, we have

f log, y du(y) = f log, ydu(y) = 0.
M\{o} M
Then, for any = # o we have
0= J log, = - log, y du(y) = m-f ry cos Z(zoy) du(y),
M\{o} M\{o}
and hence,

(4.4) JM\{ }ry cos Z(zoy) du(y) = 0.

Using Jensen’s inequality, the monotonicity of H, and (4.2), we get

JM H(d(z,y))du(y) = H <JM d(z, y)du(y))

(4.5) =H (JM\{O} d(z,y)du(y) + f{o} d(z, y)du(y)>

H (JM\{O} |1y — 1y cos Z(zoy)|du(y) + fo} Ty d,u(y)) )

\%

Furthermore, using(l4.4]) we find

J‘ |rx——rycosz<xoyNdu<y>+—J' redpa(y)
M\{o}

{o}

>

j' (ra — ry 08 £ (woy))du(y)
M\{o}

=f wmw+j rodu(y)
M\{o} {o}

=T

Substitute into to conclude that
(47) || et naut) = )
for any = # o. For x = o, also holds, as
| #oaut = | w0 - #00).

Hence, (4.7)) holds for all x € M. Then, by integrating (4.7)) with respect to pu(xz) on M we
find (L.3). O

Remark 4.1. If p is not a probability measure, (4.3|) gains an additional term as follows.
Assume p€ My (M)~ LY (M), where M (M) denotes the set of non-negative measures on

(4.6) + LO} radp(y)

M, satisfies |pl1 = J du(z) # 1, J rydu(z) < o, and | log,zdu(z) = 0. Then, we
M M M
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Il

MHM H(d(a, ) du(x)du(y) > (memdu(a:)) ( [ du(w)) ,

for any non-decreasing convex function H : [0,00) — [0, 00).

can substitute —— ¢ P1.o(M) into Proposition to get

4.2. Generalized Carlson-Levin inequality. The following lemma generalizes the Carlson-

Levin inequality [7, Lemma 5] used to study free energy minimization in the Euclidean space
R

Lemma 4.1 (Generalized Carlson-Levin inequality). Let 0 < ¢ < 1 and M be a d-
dimensional Cartan—Hadamard manifold whose sectional curvatures satisfy (4.1), for some

cm > 0. Also, let 0 € M be a fized pole. If X > W, then there exists a positive
constant C1 > 0 that depends on A, q, ¢y, and d, such that

[ pteravie) < ciivgem ) ([ pwavie))” " ( [ (i) p<x>dv<x>>m ,

d—1)(1—
for any p(-) = 0, where p = w € (0,1).

Proof. Fix R > 0 and p(-) = 0. By Holder inequality with exponents % and 1—£q, we get

LZ<R pla)dViz) < (LZ<R p(x)dv(x))q <LZ<R 1 dV(x)> -

< < fM p(x)dV(:n))q <dw(d) LR (W)d_l d9> 1q,

where for the second inequality we used the volume upper bound in Theorem [2.2] Similarly,
also by Holder inequality with exponents % and 1%(1, we find

(4.9)

(4.8)

plw)1dV(z)
re=R

_ g

< <L>R <W)*p(z)dv(x)>q (L>R (W) 2 dv(gg)) -

< (J, (242 ) st [ (220) ™ )

where for the second inequality we used geodesic spherical coordinates x = exp,(fu), with
6 > 0 and u € ST!, to change the variable in the second integral, and reasoned as follows.
First note that (#,u) are spherical coordinates in the tangent space T,M, with volume
element #?~'dfdo(u), where do(u) denotes the Riemanian measure on S?~!. Then, using
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the Jacobian upper bound in Theorem [2.2] we have

dV(z) = J(exp,)(0u) 04 dodo (u)

4, . )
(410 < <Smh\(/\c/7f9>>d 1d9do(u),

from which the second inequality in (4.9)) follows. Denote

(el ()

e

Then, by combining (#.8) and (£.9) we get

(4.11) q | A q
|| stayavis) < am ( fMp<x>dv<x>) Y B(R) ( [ (migm)) p(sc)dwx)) |
Now use

sinh(v/En0) _ eV oy o €0
A/Cm 2./Cm = 2./Cm

(1—e 2VemBy  vhe|o,R],

to estimate A(R) as

ma d—1 1—q
—2/émR
dw(d L N (I—e )) d9>

(dw(d)(l e 2EmRyd-1 (e\/@(d—l)R ) 1>> 1-g
<
- (Gatatn

(2/em) 1 /em(d = 1)
dw(d)(1 — e~2VenR)d-1
(2y/em)™ 1W( 1)

dw(d) sinh(y/¢, R) (1=g)(d=1)
em(d '

(4.12) N

6\/@@—1)3)

T em

Similarly, use

sinh(yemb) _ ever® | ammey 5 € avmRy vae (R
om _2\/07( € )/2\/7( € ), € [R, ),
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to estimate B(R) (recall that d — 1 — 7. < 0) as
1-q
[o's} 6‘/Cm9 d—1—
B < 1— —2\/cmR
(R) (dw(d) JR < N L )> "0

(dw(d)( ’QWR)d FJ Ve (d- 1)9d9) -
(4.13) (2ven)”

dw(d)(1— e R e
@y T e (—d Y14 %)

(i) ()™

Make the following notations (by the assumption on A, we have A\¢ — (1 —¢)(d — 1) > 0):

o ()

)(1—q) o
(4.14) - <\/@ (Aq— ( 1—q)(d—1))> ’
fi=(1—-qg)(d-1),

Bo=Ag—(1—q)(d—1).
Note that aq, aq, 51, S2 are positive constants that depend on A, gq, ¢;,, and d. With these

notations, we write (4.12) and (4.13]) compactly as

A o (SEEIY® g o (SR

Using the estimates above in (4.11f), we have

JM o(2)9dV(z) < au (W) . UM p(x)dv(a:)> q

We are interested in finding the optimal R for the right-hand-side of (4.15)). For this purpose,
we calculate its derivative with respect to R, and set it to zero, to get

0= a1y (nh%fm)ﬁ coshi(ventd) ( [ p(m)dwm))q

~ ashy (W) T sV R) ( JM (Smh(\/m> " p(x)dV(x)) B

(4.15)

Jem NG
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After simplifying, we find

(4.16) (W)ﬁl% _ a2f (SM (Smhi/g m);(f’()fv)d‘/(x))q.

Vem a1 §u p(@)dV(z
Let R, be the unique solution to (4.16) Now substitute R, into (4.15)) to get

|, soravia)

51+52
iy [ Sur (ROE) p(a)avie) '
< (ojﬁj( [, p@)dV(@) fMp(x)dV(x)>

q 51+52
a1 §., p(z)dV(z) sinh(y/Cmr2) A !
+ an (a;ﬁ; (SM (smh(ﬂfﬁm)> o)AV ) ) (fM < \/Tm> p(w)dV(x)>

Vom

e ()7 (1))
x (JM p(m)dV(x)) mi5 (JM (mh(\/\é?my p(x)dV(x)) e
B1a

- g ([ pav) (JM <W}Ap<x>dwm>) o

_ (B2 B m B2 1+f82 51 1+B2
i trom ) = () ((5) (2) )

Using the expressions for §; and (2 from (4.14), we have

B (I—-q)(d—1) Bo . (I—g)(d-1)
A v Y N
Finally, we find

sayave) < ([ pwav) ([ (FREY v
M M M Vem

where p = w\ﬁe (0,1). O

where

Remark 4.2. By combining Lemma[4.1] and Remark[{.1] one gets

JM p(2)1dV(z) < C; < J 2)dV(z e (Mf f sinh( @d z, y>)) p(x)P(y)dV(a:)dV(y)>pq
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for all p that satisfy the conditions in Remark[{.1. This can be further transformed into

1 (1—2p)q

e ([ erana) (] o)

< [ (e DY g avimari).

MxM

When ¢, — 0+, we have

 sinh(yGrd(e. )
1m
cm—0+ A/ Cm

Therefore, on M = R, we can infer the inequality

cr ([ stayras) 8 (], oterar) < Rf£ d(z,y)o(x)ply)dady.

which is a reversed HLS inequality with a non-optimal constant (see [7, Theorem 1]).

=d(z,y).

5. EXISTENCE OF A GLOBAL MINIMIZER

In this section, we assume that the sectional curvatures M satisfy , for some ¢, > 0,
and investigate the existence of global energy minimizers in Py (M) (see (2.2)), with o
being an arbitrary fixed pole in M.

Specifically, we assume that h satisfies

(5.1) h(0) =0,

and

(5.2) lim inf __ o) > 0, for some A > w
§—0  exp(/CcmAd) q

Both conditions on A in and complement those from Theorem when nonex-
istence of minimizers occurs. In particular, a necessary condition for existence is that h
does not blow-up at origin; since the interaction potential is defined up to a constant, we
set h to be 0 at origin. Also, the interaction potential needs to grow at least exponentially,
or else an energy minimizer does not exist. This is reflected in the condition on A in .

Proposition 5.1 (Tightness of the minimizing sequences). Let M be a d-dimensional
Cartan-Hadamard manifold whose sectional curvatures satisfy , for some ¢, > 0,
and let o € M be a fizred pole. Also, assume 0 < q < 1 and that h is lower semi-
continuous, non-decreasing, and satisfies and . Then, any minimizing sequence
{tntn=1 € P1o(M) of the functional E[-] is tight.
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Proof. Consider a minimizing sequence {i,}n>1 < P1,o(M) of E[:], and for each n > 1,
denote by p, the absolutely continuous part of pn. Then,

S _11(] et U d(z,y))dpn(2)dpn(y)
M><M
+7 H A +7 H d(z,y))dpn(x)dpin(y),
MXM MXM

where for the inequality we used Lemma together with the fact that SM pn(z)dr <
§1s diin(2) = 1, with A being the constant in (5.2) and

(d—1)(1—q)
== 1).
p v €(0,1)
Note that C'y > 0 depends on A, ¢, ¢, and d, but not on p,.

By (52) and

SO0 (1, @expww)th (1o ))szcggz,
6—0o0

600 <sinh\(/\4@9))A sinh(y/¢,0) 1 — exp(—24/cnb

we also have

0—o0

(5.4) lim inf %
900 (mh(@@)
T Vem

Therefore, there exist some constants 7; > 0 and ~ (which only depend on h, A and ¢,)
such that

. A
(5.5) h(9) = m (Smh(m

. ) + 2, Vo > 0.
2/2

Indeed, we can set y; to be a positive constant less than 2*¢;,” and

in Cm A
e - (255

We substitute into ( . ) to get
Pq
C inh(y/cpry
Elun] > —— (J (Sm(m> pn(x)dx>

1—g¢ Jm
H (Smh Vemd(z, y))) dptn (2)dpin (y +—+f U d(x, y))dpn () dpn (y)-
M><M

Then, using Proposition [4.1] with the convex function

(5.6) #(0) = (W)A
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we further find

) > 5 (fM (Wypn(x)dm)pq

1—gq Vem
+% M(W>Adu +—+— H d(z,y))dpn(z)dpn(y)

(1 (250 )

L M(W)Apnm L2l H (e, ))dpn () (),

where for the second inequality we used that p,, is the absolutely continuous part of p,.
Define f : [0,00) — R by
G gl
X)=——"XPl+ =X,
As 0 <pg <1and Cy,v >0, f has a global minimum on [0, ), and hence,
f(X) = C’g, VX € [0,00),

for some C5 € R. Using this property in ) for

x-| (Smh Wm) on(2)dz,

we find
(5.8) Elu] > Co+ 2 4 4 f f A, y))dpin (2)dpn ().

MxM

We point out that the constants in (5.8)) depend on h, A, q, ¢, and d, but not on fu,.
Since p, is a minimizing sequence (and hence, E[u1] = E[uy]), we infer from (j5.8)) that

] mate. s @an)
MxM
is uniformly bounded above in n € N. From , we get that

I (Smh Vemd(z, y”) Qpin () dgin(9)

M x M

is also uniformly bounded in n € N; denote by Cg a uniform upper bound for it. From the
convexity argument in Proposition [4.1] (see (4.3)) and (5.6))), we then find

ﬂ (h Vemd(z, y”) Qjin () djin(y)

(5.9)
sinh(y/cm72)

>JM< N > dpn (), Vn e N.
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Fix R > 0. From (j5.9), we further estimate

LzR <Sm}1(\/\§?m>A dpin(z)

_ <Smh\(/gR)>AJ dun(z),  VneNl.

A\

Cs

This implies
C3

5.10 d < —, Vn e N,

Vem
where the constant C3 does not depend on R or n. We infer from here that {iu,}n>1 is
tight. ([l

Remark 5.1. As an immediate consequence of the proof of Proposition[5.1], for any mini-
mizing sequence {fntn>1 < P1,o(M) of the energy, it holds that

(5.11) Elpn] = C1 + CoWi(pin, 0o),  for alln>1,
with constants 6’1 and 6’2 that are independent of u,. Indeed, by (5.8)) and (5.5)), we get

sinh 1/cm6’
Elun] > Co+ 2+ 5 H < ( )> + 72) dpin () dpn (y)
Si h m'x
S N e | sinh(y/enra) A (),
2 4 M A/Cm,
where for the second inequality we used Proposztwn ﬂ (see also ) The conclusion
then follows by noting that there exist constants 41 and Y2 (that depend on ¢y and ) such

that
inh(y/cm0)\
(%) > 310 + 9, for all 8 > 0,
and that

j Tz d:“’n($) = Wl(ﬂn750)~
M

Proposition 5.2 (Lower semi-continuity of the energy). Let M and h satisfy the assump-
tions of Proposz'tion and o be a fized pole in M. Then, for 0 < q <1, E[-] is lower semi-
continuous on minimizing sequences, i.e., for any minimizing sequence {fn}n=1 C P1,o(M)
of E that converges weakly to pg, we have

liminf E{u,] = E[po].

n—o0

Proof. We investigate the lower semi-continuity of the entropy part and the interaction
energy part, separately. To do so, let {fn}n>1 < P1,o(M) be a minimizing sequence of E[-]
which converges weakly to some measure py € P(M). Denote by p, and pg the absolutely
continuous parts of u, and ug, respectively.
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Part 1. (Lower semi-continuity of the entropy) Fix a radius r > 0 and consider the Rie-
mannian volume measure dV on B, (o). By [34, Proposition 7.7], given a convex lower
semi-continuous function U : Ry — R, the functional

= | U@V @) + L (B, 0)

is lower semi-continuous with respect to weak convergence. Here, u = pdV + u® is decom-

posed into its absolutely continuous and singular parts, and L := lim;_,«, f(t)/t € Ru{+0o0}.

Apply this result for f(z) = qx_—ql, (note that since 0 < ¢ < 1, f is a convex lower

semi-continuous function that satisfies L = lim;_,, f(¢)/t = 0), to conclude that

1

1) - p(x)?dV(x) is lower semi-continuous.
r(0

Hence,

1 1
5.12 lim inf f n()2dViz) | = —— )1 dV(x).
(5.12) min <q_1 o nle) <>> Py IR

Now, apply Lemma for pr- X s, (0)c (pn, restricted to the complement of the ball B,.(0)),
to get

()1 dVIz) < C V@) LLIVI N R
By (0)° By (0)° B (o) Vem

The constant C; > 0 depends on A, ¢, ¢,,,, and d, but not on n or r. Furthermore, from the
above we have

(1-p)q
(5.13) < Cl C3 ng

<sinh\(/gr) ) A

-~ A(1-p)q
I E )

sinh(y/Cpr

Pq

where Cj is the constant (independent of n) introduced in the proof of Proposition [5.1] - see
. In , for the first inequality we used that p, is the absolutely continuous part of
tn and that B, (0)¢ € M, and for the second inequality we used and for each of
the integrals, respectively.



23

From (5.12)) and (5.13)), we then have

1 1
— 2)1dV(z) < ——
1 Mpo( ) dV(z) Py -

1
< liminf J n(z)?dV(z
min <q_1 A <>>
< liminf | — f ()7 dV(z)
< liminf | —— n (X T
n—n \g—1 Br(o)p

c A(1-p)g
RS (” )) ! pn<m>‘IdV<x>>

1—gq sinh(y/cpr T 1—g By (0)

1 1 M A(l-p)q
= liminf [ —— n(x)? — I ——— .
e <q -1 JMp (z) dac) iz quC3 (sinh( cmr)>

Since r > 0 was arbitrary, one can send r — o in the above, to find

po(z)? dV(z)

1 1
(5.14) lim inf (1J pn(a;)qda:) > 1 po(x)d.
M a—1Jm

n—o0 q —

Part 2. (Lower semi-continuity of the interaction energy) The lower semi-continuity of the
interaction component can be shown as in [22], by using the Riemannian logarithm log, to
map M onto the tangent space T,M, and then use properties of the interaction energy on
Fuclidean spaces. Indeed, denote by f : M — T, M the Riemannian logarithm map at o,
ie.,

(5.15) f(z) =log, z, for all € M.

The inverse f~! : T,M — M is the Riemannian exponential map exp,, which on Cartan-
Hadamard manifolds is a global diffeomorphism.

By a change of variable z = exp,u, y = exp, v, we can write the interaction energy of a
probability measure p as

f f h(d(z, y))dp(x)dp(y) = ﬂ h(d(expo t, expy v))d fippu(u)d fpa(v).
M

MxM ToMxT,

The right-hand-side above can be interpreted as the interaction energy of fup on T,M ~ R
with the interaction potential h : T,M x T,M — R? given by

h(u,v) = h(d(exp, u,exp,v)).

Note that h is a lower semi-continuous function, as h is lower semi-continuous and exp, is
a diffeomorphism.

Since p, — po weakly as n — o0, it is straightforward to show by a change of variable
that we also have fupu, — fppo weakly as n — oo. The interaction energy on R? is
lower semi-continuous with respect to weak convergence, provided the interaction potential
is lower semi-continuous and bounded from below [34, Proposition 7.2]. Putting together
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these facts, we then find

tmint || Ao, )di @) dun(y) = mint [ B 0)d i () (0)

A M x M ToM xToM
(5.16) > [ b oo )
T, M xToM
ff d(z,y))dpo(z)dpo(y).
M x M

Finally, the lower semi-continuity of the energy E[-] now follows from ([5.14]) and (5.16]).
O

In the following result we will use the notation Br(d,) for the geodesic ball in the space
(P1(M), W), of radius R and centre at d,. In the paper we have used a similar notation for
the open ball B, (0) of radius r and centre at o, in the geodesic space (M, d). Nevertheless,
the different spaces in which these geodesic balls lie in, will be clear from the context.

Lemma 5.1 (Conservation of centre of mass [22]). Let M be a Cartan-Hadamard manifold,
o€ M a fized pole, R > 0 a fized radius, and {{in}n>1 a sequence in Br(d,) such that all
tn (n = 1) have centre at mass at o and p, converges weakly to po as n — oo. Also assume
that

fM 6(r2) dpin()

is uniformly bounded from above, where ¢ is a function with superlinear growth at infinity,

i.e., limg_, o0 @ = 0. Then, pg € P1,o(M) (in particular, po has centre of mass at o).

Proof. A variant of this result was stated and proved in [22, Lemma 5.5]. For completeness,
we include a proof here as well.
First note that u, has uniformly bounded 1-moments, as

f d(x,0) dpn(z) = Wi (un, o) < R.
M

Since convergence in W is equivalent to weak convergence and uniform 1-integrability [2],
we infer that u, also converges to ug in (P1(M),Wi). Hence, up € P1(M), and more
specifically, g € Br(d,). It remains to show that pg has centre of mass at o.

Fix an arbitrary unit tangent vector v € T,M. As pg € Br(d,), we have

U log, - vdpuo(x vl\f 7z dpo(z) < R.

Fix € > 0 arbitrary small. Since the integral J log, = - vdup(x) is convergent, there exists
M
r1 > 0 such that

(5.17) <€, for any r > rq.

| tog,w - vapola)
Te>T
On the other hand, since ¢ grows superlinearly at infinity, there exists ro > 0 such that

0
0 < —= <kg, for any r > ry.

¢(0)
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Then, for any r > ro and n > 1, we have

j log, z - vduy,(x)| < J Ty dpp ()
Ty>T Te>T

(5.18) B f> o) <¢€:m)> ()

x fM o) dpan (x)

|sm

< Ue,

Lo ((r,0))

where U denotes a uniform upper bound of § a (rz)dpn (z).
By combining (5.17)) and (5.18)), for any r > max(r,r2), we get
(5.19)

U logomwdun(fn)—J log, - vduo(x)| < J logox-vd,un(x)—j log, x - vdug(x)
M M Te<Tr Ty <T
+ J log, x - vdpn(z) — f log, x - vdup(x)
Te>T Te>T
< f log, - vdyn(x) — J log, x - vdug(z)
Te<T T ST
+ (U + 1e.
Since {z : 7, < r} is a bounded set, by continuity of the Riemannian logarithm we have
lim log, x - vdp,(x) = f log, x - vdug(x).
O e Te<T

Finally, letting n — oo in ((5.19)), we find

f logy « - v djin () — f log, = - v dpp(z)
M M

for any € > 0. From here we infer that

lim sup
n—0oo

< (U + 1)e,

lim
n—ao0

=0,

f log, - v dpin () —J log, @ - v dpio()
M M
and hence,

lim log, = - vduy,(x) = f log, x - vdug(x).
M

n—oo

Since py, has centre at mass at o, we have {, log,z - vdu,(xz) = 0 for all n > 1, and
consequently,

J log, x - vdpo(x) = 0.

M

Since the constant unit vector v is arbitrary, we infer that ug has centre of mass at o. [
The main result of this section is the following theorem.

Theorem 5.1 (Existence of a global minimizer). Let M be a d-dimensional Cartan-Hadamard
manifold with sectional curvatures that satisfy (4.1)), for some ¢, > 0, and let 0 € M be a
fized pole. Also, let 0 < q < 1 and assume that h is lower semi-continuous, non-decreasing,




26 CARRILLO, FETECAU, AND PARK

and satisfies (5.1) and (5.2). Then, the energy functional E[-] given by (2.1) has a global

minimizer in Py o(M).

Proof. The proof follows essentially from the previous considerations. The energy is bounded
below on P; ,(M) — see Remark Hence, define

Eo:= inf  E[u],
0i= At (1]

and consider a minimizing sequence {f,}n>1 < P1,o(M) of E[], i.e.,

(5.20) lim Efu,] = Eo.

Without loss of generality, we can assume that E[u,] is decreasing.

By Proposition any minimizing sequence is tight, so by Prokhorov’s theorem {1y, }n>1
has a subsequence {jt,, }x>1 which converges weakly to pg € P(M). We claim that the limit
Ho is also in Py , (M), as inferred from Lemma Indeed, Wi (ftn,,, d0) is uniformly bounded
from above by Remark (see and also note that E[p1] = E[py,]). Also, from the
proof of Proposition 5.1} we know that

is uniformly bounded from above — see (5.9). Then, by using Lemma with ¢(r;) =

. A
<%) (note that ¢ has superlinear growth at infinity, as required in the assump-

tions), we infer that p9 € Py o(M).
Then, from ([5.20) and Proposition [5.2| we get

Ey = lilgn inf B, | = Eluo] = Eo.
—00

Finally, we can conclude that
Elpo] = Eo,
S0 fig is a global energy minimizer in Py ,(M). O

Remark 5.2. As noted in Remark[{.2, as ¢, — 0+ the exponential function

<smh(4ﬁcme)>A
A/ Cm

converges to the algebraic function 0. Therefore, in such limit, the exponential growth con-
dition on h from (5.2)) reduces to an algebraic growth condition, similar to the assumptions

used to show the existence of global energy minimizers in the Fuclidean case ¢, = 0 (see [T,
Proposition §]).

Remark 5.3. We discuss here the case when the sectional curvatures of M satisfy both a
lower and an upper bound (see (3.1) and (4.1])):
—cm < K(x30) < —cpr <0,

for all x € M and all two-dimensional subspaces o < T, M, where ¢, = cpr > 0. As
0 <q<1, we have

(5.21) vea(d _21)(1 —4) _ vemld —ql)(l —q)
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By Theorem (see (3.4)), if h(0) grows slower than exp WQ at infinity,
then non-existence by spreading occurs. Also, by Theorem (see (5.2])), an interaction

Vem(d=1)(1—q) 0

7 ) contains the spreading, and leads to

potential which grows faster than exp (

existence of ground states.

In view of inequality , the two scenarios of spreading/non-spreading are consistent.
The results in our paper do not cover however the case of interaction potentials h(0) that
behave as exp(af) as 6 — 0, where

JVenr(d —21)(1 —a) _, _ Vemld=1)(1-q)
q

In particular, one could ask whether spreading occurs or not for « in this range when M
is the hyperbolic space (¢, = cpr). This is an interesting open question which we do not
address in this paper.

6. UNBOUNDED SECTIONAL CURVATURES

In this section we consider more general assumptions on the sectional curvatures of the
manifold — see . In particular, the curvatures are allowed to become unbounded at
infinity. One of the main tools in this case is the generalized comparison results in Theorem
Similar to the constant bounds case, we will treat separately the necessary and sufficient
conditions on the interaction potential for global energy minimizers to exist. Throughout
the section, o is an arbitrary fixed pole on M.

6.1. Nonexistence of a global minimizer. We assume here that the sectional curvatures
of M satisfy

(6.1) K(xz;0) < —cp(rz) <0,

for all x € M and all two-dimensional subspaces o < T, M, where cp/(-) is a positive
continuous function of the distance from the pole o.

We will use again the probability density functions pr € P (M) in the form , and
look into the behaviours R — 0+ and R — . By the exact calculation of the entropy in

(3.15)) and the simple estimate of the interaction energy in (3.16)), one reaches (3.17)), which
we list it again for convenience:

|Br(or)|'"? = h(2R)
FE < — .
[PR] 1—¢ R

Behaviour at zero. If h is singular at origin, i.e. limg_,g; h(#) = —o0, then E is unbounded
from below, and has no global minimizer.
Behaviour at infinity. By the volume lower bound in Theorem [2.3] we have

R
\Br(og)| > dw(d) jo e (010,

where 1y is the solution to the second IVP in ([2.7)). This yields

1 R N\ heR)
Blonl < 1 (aw(@ [ wurto)ao) 4 CH
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Hence, if h satisfies

R 1—q
dim (‘11(] <dw(d)L wM(e)dlcw) + h(22R)> = —00,

then there is no global energy minimizer as limp_ o E[pr] = —o0. Since Sé?‘ Yar(0)41do
tends to infinity as R — o0, a sufficient condition for the above inequality can be expressed
as

h
(6.2) I%lm — (R) — =0
—00 ( O/ wM(‘g)d—ldg)

Also, for any 0 < 6 < R/2, we have

R/2 R/2 R/2

on©)10> [ )10 [ w2 - 0 = s (B2 - )

0 R/2—6 R/2—6
Hence, a sufficient condition for (6.2)) to hold is
(6.3) lim ME) =0,

R— wM(R/z— )d 1)(1_‘1)

for some & > 0.
Assume in addition that cps(+) satisfies

. Dcp(0)
oy 5 e (07

Then, by Lemma for any 0 < € < 1, there exists 6y > 0 such that

(6.5) Y (0o) exp ( (1—¢) «/ dt> Vo = 0.
Using (6.5)), we infer that a sufficient Condltlon for is
lim h(R)

R=% exp ((1—6)( SO/Q 5\/7dt)

We now put together the above considerations in the following theorem.

=0.

=0.

Theorem 6.1 (Nonexistence by blow-up or spreading: unbounded curvature case). Let M
be a d-dimensional Cartan-Hadamard manifold with sectional curvatures that satisfy ,
for a positive continuous function cpr(-) that satisfies . Let 0 < ¢ <1 and assume that
h :[0,00) — [—0,0) is a non-decreasing lower semi-continuous function which satisfies
either

lim h(f) = —
3, MO = oo

or there exists 6 > 0 and 0 < € < 1 such that

(6.6) lim no)

9”°°exp<(1—e)(d (1 9/25\/7dt)

Then the energy functional (2.1) is unbounded from below in P1 (M), and therefore has no
global minimizer in Py o(M).

=0.
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Example 6.1. For certain simple functions cp; the condition can be worked out
explicitly.
(1) Constant: cpr(0) = car. For this case we essentially recover Theorem[3.1 The only
difference is the additional coefficient 1 — €, which can in fact be arbitrarily close to
1.
(2) Power law: cpr(0) = 0% with k > 0. Condition is equivalent in this case to

. h(0)

ik (1-e)(d—1)(1—q) 5+1

—_— —€ _ . 0 o
eXp( k/2+1 L(5-9)° )

Hence, a necessary condition for global minimizers to exist is that the interaction
potential grows exponentially (with a certain exponent on 0 that depends on k) at

=0.

nfinity.
(8) Exponential growth: cys(0) = €% with B > 0. Condition is now equivalent to
. h(#)
i T T -0

exp (_B—/Q_ exp (%))

Notably, a very strong growth of the potential (double exponential) is needed to
contain the diffusion when the curvatures of the manifold grow erponentially fast
at infinity.

6.2. Existence of a global minimizer. In this section, we study the energy minimization
problem on M which satisfies

(6.7) —Cm(ry) < K(z;0) <0,

for all z € M and all two-dimensional subspaces o < T, M, where ¢,,(-) is a positive, non-
decreasing and continuous function of the distance from the pole 0. Relevant for this section
are the upper bounds in Theorem with 9, the solution to the first IVP in ([2.7]).

Lemma 6.1. Let 1, be the solution to the first IVP in (2.7)), and let R > 0. Then we have
Ym(0) = Ym(R) exp(v/em(R)(0 — R)), VO =R,

and
Um(0) < Un(R) exp(v/em(R)(O — R)), Y0 <0<R
Proof. The proof follows from some basic ODE considerations. See Appendix [A] O

The Carlson-Levin inequality in Lemma can be further generalized to manifolds of
unbounded curvature. The result is the following.

Lemma 6.2 (Generalized Carlson—Levin inequality (unbounded curvature version)). Let
M be a d-dimensional Cartan—Hadamard manifold whose sectional curvatures satisfy (6.7)),
for some positive continuous function c¢,(-), and let o be a fized pole on M. Also, let

0<g<1andX> W. Then there exists a positive constant Cy > 0 that depends on
A, 4, Cm, and d, such that

JM p(x)4dV(z) < C1(\, q, ¢, d) ( JM p(w)dV(x)) e ( JM U (1) p(x)dV(w)>pq ,

for any p(-) = 0, where p = W € (0,1).
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Proof. The arguments follow very closely the proof of Lemma See Appendix O

To show the existence of global minimizers we assume that h satisfies

(6.8) h(0) = 0,
and
(6.9) lim inf o) > 0, for some \ > w

0% oxp (5\ Sg Mdt) q

Condition simply sets h(0) to a constant (this is the same condition as in (5.1))), as h
cannot be singular at origin for a ground state to exist. Condition (6.9)) generalizes (5.2))
from the constant bound case; see also the necessary condition om Theorem (6.1
The reason we use notation \ in is to reserve the symbol X for a different constant, in
order to transfer more easily the arguments made in Section [5[— see below.

Set A such that A > \ > W. By Lemma we write

MO (o)

m inf

16—>oo O exp <)\ S‘g \/Wdt>
- h(o) exp (A= ) §g /em(D)d)
- llﬁgf N4 x o>
exp (Afg V/em(B)dt)
> 0,

where for the last inequality we used and

. exp <(5\ - ) Sg «/cm(t)dt)
o oA -

Hence, if h satisfies , then it also satisfies

lim inf

0—00 ¢m(9)A z

(6.10) lim inf o) >0, for some A > w

0—o0 T,Z)m(g))‘ q
Remark 6.1. In the proof of Theorem [6.2( we will use in fact the weaker assumption (6.10
on the growth at infinity of h. We choose however to list the growth assumption as in (6.9
as this is given in terms of the known function ¢,,(-), rather than the unknown solution

Y () of the IVP.

Proposition 6.1 (Tightness of the minimizing sequences). Let M be a d-dimensional
Cartan-Hadamard manifold whose sectional curvatures satisfy , where ¢y (+) is a pos-
itive, mon-decreasing, and continuous function of the distance from a fixed pole o. Also,
assume 0 < q¢ < 1 and that h is lower semi-continuous, non-decreasing, and satisfies
and (6.9). Then, any minimizing sequence {in}n>1 < Pi,o(M) of the functional E[-] is
tight.

Sketch of the proof. The proof follows closely the arguments in the proof of Proposition [5.1

by replacing sinh(y/¢;,0)//¢m with ¥, (6). An analogue of (5.3 can first be derived by
using Lemma where A is the constant from (6.10). Then, instead of (5.4)) one can use

(6.10]) to find an analogue of (5.5 with ,,(0) in place of sinh(,/¢;,0)/+/¢m. From there on,
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the arguments in the proof of Proposition [5.1] follow exactly, and a uniform upper bound as
in (5.9) can be derived, i.e.,

(6.11) Co> [ vn(r (), nel,
M
for some constant C3 > 0 which does not depend on p,. Eventually, (5.10)) is adjusted into
Cs
(6.12) f dpn(z) < — 5, Vn e N,
re=R " Tﬂm(R)A
where the constant C3 does not depend on R or n. From here, we infer that {tn}n=1 is
tight. ([l

Proposition 6.2 (Lower semi-continuity of the energy). Let M and h satisfy the assump-
tions of Proposz'tz'on and o be a fized pole in M. Then, for 0 < q <1, E[-] is lower semi-
continuous on minimizing sequences, i.e., for any minimizing sequence {fin}n>1 < P1,o(M)
of E that converges weakly to po, we have

liminf Elp,] = Elpo].
n—00

Sketch of the proof. The proof is similar to that of Proposition by replacing %
with ¥, (0). Indeed, denote by p, and py the absolutely continuous parts of yu, and po,
respectively. Following the argument leading to (5.13)), by using the generalized Carlson-
Levin inequality in Lemma (see also (6.11]) and (6.12])), one finds
¢y 0
pn(x)!dV(z) < ——~—.
JBr(or " Py (r)A1=P)

Here, r > 0 is a fixed radius, A is the constant from (6.10)), p € (0,1) is defined in Lemma
and C and C3 are constants that do not depend on r or n.

Then, since lim,_, 4 ¥, (r) = 00, one can follow the argument in the proof of Proposition
to infer the lower semi-continuity of the entropy:

1 1
_ q <1 ] f _ " q .
1 Mpo(a?) dz im in <q— . JM,O (z) dm)

The lower semi-continuity of the interaction energy can be obtained from the same argument
as in Part 2 of the proof of Proposition The thesis of the theorem follows from combining
the two facts. g

The main result is the following theorem.

Theorem 6.2 (Existence of global minimizer: unbounded curvature case). Let M be a d-
dimensional Cartan-Hadamard manifold whose sectional curvatures that satisfy , where
em(+) s a positive, non-decreasing, and continuous function of the distance from a fized pole
0. Also, assume 0 < g < 1 and that h is lower semi-continuous, non-decreasing, and satisfies
and . Then, the energy functional E[-] given by has a global minimizer in
Pio(M).

Proof. The proof follows the same argument used to prove Theorem [5.1], using the tightness
of minimizing sequences (Proposition, the lower semi-continuity of the energy functional
(Proposition , and the conservation of the centre of mass (Lemma . We also note
that a bound analogous to (5.11]) (see Remark holds in the present case as well, following
the proof of Proposition [6.1 O
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Example 6.2. We consider here several examples of functions ¢y, — see also Example[6.]]
(1) Constant: ¢y (0) = ¢p,. For this case, condition reduces to (5.2)), so we recover

Theorem [5.11
(2) Power law: cp,(0) = 0% with k > 0. Condition is equivalent in this case to
lim inf né) >0
0—o0 exp< T )
(8) Exponential growth: ¢y, (0) = €% with 8> 0. In this case, becomes
lim inf no) > 0.

15" exp (4 exp (56) )

Therefore, an exponential and a double exponential growth of the potential contains

the spreading when the curvatures of the manifold grow algebraically, respectively
exponentially, at infinity.

Remark 6.2. Two two conditions and are complementary, in the sense that
they cannot hold at the same time. Indeed, suppose the sectional curvatures of M satisfy
both a lower and an upper bound: —cp(ry) < K(x;0) < —cp(rz), for all points © and all

sections o, where ¢y, (+) is non-decreasing. Suppose h satisfies for some 2> W.
Then, since 0 < q < 1, we have

5o [d=1(-q)

p > (1 =e)(d-1)(1-q),

for any 0 <e < 1.
Therefore, with § > 0, we can estimate
h(9) h(0)
exp <(1 —e)(d—1)(1 9/2 * Ve dt) exp (5\ 3/2_6 q/cM(t)dt>
h(0)
= 1 (0
exp ()\ 5o \/CM(t)dt)
h(0)
> N
exp ()\ S0 q/cm(t)dt)

By sending 0 — o0 we then find that cannot hold simultaneously with , as other-
wise it would lead to the following contradiction:

. h(9)
0 = lim s
=% exp ((1 —e)(d—1)(1—q) 70 \Jens dt)
> lim inf h(f) > 0.

0= exp ()\ SO th)

Remark 6.3. We conclude with some comments regarding the assumption on the lower
bound ¢y, (+) to be a non-decreasing function. Suppose the sectional curvatures satisfy (6.7)),
where ¢, (+) is positive and continuous, but not necessarily non-decreasing. Define

Em(6) = gmax, em(?)
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Then, the sectional curvatures also satisfy with ¢, replaced by ¢y, where ¢y () is a
positive, continuous and non-decreasing function.

This observation allows one to apply Theorem [6.3 in the following way. Provided h
satisfies the assumptions in Theorem but with (6.9) replaced by the stronger condition

- —1)(1 =
lim inf ho) > 0, for some \ > w,

0= exp <5\ Sg \/Mmaxo<s<t cm(s)dt) q

then a global energy minimizer exists in P o(M).

APPENDIX A. PROOF OF LEMMA

Define f : [0,00) — R by

Ym(0)

f(0) = )
= 5.0

Then, using (2.7, we find that f satisfies

{f’(9) =1-cn(0)f*(0), V9>0,
f(0) =0,
and since ¢, is non-decreasing, we further have

f'(0) =1 —cn(R)f(H)?, Y0 <0 <R,

and
f'0) <1—cn(R)f(0)?, VR<O.
Let g : [0,00) — R be the solution to the following IVP:

{g’w) =1—cn(R)g(0)%, V0 >0,

9(R) = f(R).
By the comparison theorem in ODEs, we first note that
(A.13) f(0) < g(0), Yo > 0.

The IVP for g has the explicit solution

g(0) = cl(R) tanh (arctanh(\/Mf(R)) +em(R)(0 — R)) ’

which used in (A.13)), gives

£(6) < Cl(R) tanh (arctanh (/e () f(R)) + Vem(R)(0 ~ B)), 90> 0.

From the definition of f, we further get

¢m(R) coth (arctanh(«/cm(R)f(R)) + v/ em(R)(0 — R)) < Vi (0) Vo > 0,

which is equivalent to

(A.14) % In (sinh (arctanh(m F(R)) + /em(R) (6 — R))) < % 10 4 (6).

Now, we estimate 9 (0) for 6 > R and 0 < 6§ < R separately.
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(Case 1: 6 > R) Integrate (A.14) from R to > R to find

arctanh(\/Wf(R)) +/em(R)(0 — R)) ) Vo~ R
sinh (arctanh(Mf(R))> ,

sinh (
Vm(0) = ¥m(R)

If we set

(A.15) B = arctanh(v/c(R) f(R)),

then the right hand side of the above inequality can be estimated as follows:

sinh (B + /cm(R) (6 — R)))

sinh B

s

= ity - ) (SR O]
> Yon(R) expl(/em (B0 — F).

This leads to the first inequality we need to show (for 6 > R).

(Case 2: 0 < 6 < R) Integrate (A.14]) from 6 < R to R to get

arctanth(y/em (R) f(R)) + /cm(R)(0 — R))
sinh (arctanh(q/cm(R)f(R))>

Again, use notation (A.15)) to simplify and estimate the right hand side above as

bm(R) (sinh (B+/em(R)(0 — R)))

sinh B

sinh
wm(9)<wm(R)( ( ) V0 < 6 < R.

= Y (R) exp(M(g “R)) <1 —exp(—2B — QW(Q _ R)))

1 —exp(—2B)
< Pm(R) exp(v em(R) (0 — R)),

leading to the second inequality to be shown (for 0 < § < R).

APPENDIX B. PROOF OF LEMMA [6.2]

Fix a nonnegative function p on M and fix R > 0. By Holder inequality with exponents
L and 1%(1, we get

L< R p(x)9dV(z) < (qu p(x)dV(x)) ! < J . ) dV(x)) 1—g

(B.16) ) . -
< (fMp(x)dV(x)> (dw(d) L wm(e)“ow) ,
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where in the second inequality we used the volume upper bound in Theorem Also by

Hoélder inequality with exponents % and 11?(1, we find

1—q

< ([ putraPotwavie))" (awta) [ wmtoy=5a0)

(B.17)

where for the second inequality we used a very similar argument to that used to derive the
second inequality in . Namely, we changed variables to geodesic spherical coordinates
x = exp,(fu), with # > 0 and u € S¥~!, in the second integral, and used the upper bound
on J(exp,) from Theorem to bound from above dV'(z) — see also (4.10).

Denote

ow) = (twia | i wmw)dlde)l_q,

D(R) := <dw(d) f: ¢m(9)d13’2d0> o

Then, by combining (B.16)) and (B.17) we get

q

©19) | plerav) < cim fMp<x>dv<x>)q+D<R> ([ omtrrotavia))

From Lemma [6.1, we have

1—q

o) < (@) [ (/om0 - 1)~ a0)

0

w =1 exp(—(d — Cm -
d (d)%(R)(d i 1?< C<d(R)1>\/WR> (exp((d = D)v/en(R)R) - 1))

(d - 1) cm(R)

_ o
3 (dw(d)¢m(R)d 1 eXp(—(d - 1) Cm(R)R) exp((d _ 1)MR)>
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and (note that d —1 — % < 0)
D(R) < (du(a f:wm(m exp(y/em(F) (0 - R))dlqude)lq
dw(d)pm(R) T exp ((—d+ 1+ 2L) /e (BR) i
- (—d+1+fq) em(R) eXp<(d_1_1—q> mR)
= dw(d N qq/,m —1)(1—q)—Xq
( d+1+ 2L \/7
e
If we set

1—¢
- dw(d) B
al—((d_l) Cm(o)) L Bi=@-1)0-0)

1—q
662 = dw(d) ) 52 = )\q - (d - 1)(1 - Q)v
(~d+1+ L) \/en(0)

then by the assumptions on ¢ and A all these constants are positive and we get

C(R) < Grvm(R)",  D(R) < Gatom(R) ™.
Finally, we substitute the above result to (B.18) to get

(B.19)
[ owravie) < aven ([ pev)) + asin(ry ([ st o@ava)

To find an optimal R, we calculate the derivative of the right hand side of (B.18)) with
respect to R, and set it to zero:

q
0= 61 Bt (R)P 000 (R) ( fMp<x>dv<x>) it (R) P (R ( [t
Then, we get

aio B2 (SMwm(rx)A (z)dV(x ))q
a5 (5, p(x)dV(z))*

Since 1, (0) = 0, limg_, o0 ¥ (0) = 00 and 1), is an increasing function, we know there exists
a unique R = R, > 0 which satisfies the above equation. Finally, we substitute R = R,

(B.20) Ym(R)P1 52 —

@avta))
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into to find
[ ptoravia) < aunr® ([ pwavie)) + s () ([ vmasleavi))

s <a252> Fiim ta (@52)731%2
"\aip *\aus
2L 71
X (J p(:c)dV(x)) o (J wm(rw))‘p(.%')dV(ﬂﬁ)) o
M M

C Ot ([ pt)avio)) o (] entrarotonavia))”.

N

where
1
- B o 52 ﬁ1+/32 Bl 51+52
Ci(N q,cm,d) = (aﬁQa’Bl)ﬂﬁBQ ( + ,
1A g ) b2 b1 Ba
_ (d-1)(1-q)
andp B 516-152 >)\q :
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