GROUND STATES AND PHASE TRANSITIONS FOR AN
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ABSTRACT. We consider a free energy on the sphere that contains an entropy associated
to nonlinear fast diffusion, and a nonlocal interaction energy. The two components of the
free energy compete with each other, as one favours spreading and the other promotes
concentration, respectively. The model is a generalization of the Onsager free energy with
dipolar potential, used to study polymer orientation. We study the global energy minimiz-
ers of the energy functional, and in particular the various phase transitions that occur with
respect to the strength of the nonlocal attractive interactions. In the considered regime,
diffusion reduces as the density increases, for which reason the global energy minimizers
can contain Dirac mass concentrations. We identify various ranges of the fast diffusion
exponent and of the interaction strength, which give qualitatively different equilibria and
ground states. The theoretical results are supported by numerical illustrations.

1. INTRODUCTION

In this paper we investigate the minimizers of the free energy functional

(1) Bl = o [ o@ras@ + [ e - vPantant

m—1
SdxSd

defined on the space P(S?) of probability measures on the unit sphere S?, where the integra-
tion is with respect to the standard Lebesgue measure dS of the sphere, and pdS represents
the absolutely continuous part of the measure p (the notion of absolute continuity is with
respect to the measure dS). Also, 0 < m < 1 is the diffusion exponent, x > 0 represents
the interaction strength, and | - | denotes the Euclidean norm in R%+1.

The energy functional consists of two terms: the first is the entropy and the second
is a nonlocal interaction energy, with an interaction potential W : S x S¢ — R given by
W(z,y) = %HIL‘ — y[?. The two terms in have competing effects, as the first favours
spreading, while the second promotes aggregation. In its most general form, the energy
can be set up on arbitrary Riemannian manifolds M, with general interaction potentials
W : M x M — R. There is an extensive literature on this class of aggregation-diffusion
energies and associated equations, due to their wide range of applications in sciences and
engineering; it is beyond our scope to give a comprehensive review of this literature, we
simply refer here to [2, [13],[32] for some recent reviews on the topic. For example, nonlinear
diffusion was considered in the Keller-Segel model for chemotaxis [I2], in swarming models
[10L 111, 144], granular media [21], machine learning [42], and opinion formation [24].
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Particularly relevant to the current work, the free energy for the special case m = 1
(in this case the entropic term is given by {4 p(x)log p(2)dS(z)), known as the Onsager
free energy [41], has been used to study isotropic-nematic phase transitions in rod-like
polymers [22] 25]. In this application, p represents the probability distribution function for
the orientation of a polymer interpreted as a rigid rod of unit vector = € S%. The quadratic
interaction potential in (in fact, its equivalent expression —x(z, y)) is called the dipolar
potential. As shown in [25] 29, 23], there exists a critical value of the interaction strength
k at which the isotropic state (provided by the uniform distribution) loses stability to a
nematic equilibrium density. Similar phase transitions are investigated in the present paper,
but with nonlinear diffusion replacing the linear diffusion. The current work complements
the recent research on phase transitions with nonlinear diffusion in the porous media regime
(m > 1) done in [2§].

The range 0 < m < 1 of the diffusion exponent corresponds to the fast diffusion regime;
this is in contrast with the range m > 1 for the slow diffusion (porous media) regime. The
terminology comes from the evolution equation (gradient flow) associated to the entropic
term in . Indeed, in a suitable Wasserstein space, the gradient flow of the entropy
component (the interaction term in is ignored here) leads to the nonlinear diffusion
equation p; = Ap™ [I]. The nonlinear diffusion Ap™ can be written as V - (mp™1Vp),
and the coefficient mp™~! in front of Vp is the (density-dependent) diffusion coefficient.
As 0 < m < 1, the diffusion coefficient becomes larger as p gets smaller. Conversely, as
p increases, the diffusion coefficient becomes smaller, which suppresses the diffusion rate.
Hence, regions of low density correspond to faster diffusion, while in regions of high density
the diffusion is slower. As an extreme example, if p contains a singular part at some point
(i.e., p = o0 at that point), then p™~! = 0, and the diffusion vanishes there. For example,
fast diffusion behaviour can be observed in dilute plasmas or rarefied gases, where particles
in low-density regions move more freely and spread rapidly [4, [38].

This behaviour of the diffusion coefficient in fast diffusion is opposite to that in the
slow diffusion (porous media) regime, where m > 1. The two types of diffusion (fast and
slow) are very different, and the fast diffusion is by far the one that is less studied and
understood. In the Euclidean setting, aggregation—diffusion dynamics in the fast diffusion
regime was studied in [16] [17], where the so-called partial mass concentration phenomenon
was introduced. This phenomenon occurs as the aggregation interactions lead to high
densities, while diffusion is too weak in order to prevent the blow-up. Mass concentration
occurs only in the fast diffusion regime, and does not appear for slow or linear diffusion.

An alternative viewpoint on fast versus slow diffusion comes from the variational per-
spective. Indeed, write the entropy term in the energy as ﬁ § p(z)™ tdp(z), where the
integration is with respect to the measure dp = pdS. In the slow diffusion regime (m > 1),
as p concentrates, p~! diverges to infinity, which makes the entropy itself infinite. Hence,
energy minimizers in this regime cannot have mass concentrations. However, for fast dif-
fusion (0 < m < 1), p™ ! tends to zero as p increases, and the entropy remains finite
even when p develops a singular part. Due to this fundamental difference between the two
regimes, in the present research we allow singular measures as admissible energy minimizers,
whereas in previous work on the slow diffusion case only absolutely continuous measures
were considered [2§].
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Steady states and energy minimization for aggregation models with fast diffusion in
Euclidean space have been studied recently in several papers. In [15], energy minimizers
are analyzed using a reverse HLS (Hardy-Littlewood—Sobolev) inequality that relates the
fast-diffusion entropy and the interaction energy. In [20)], the existence of a global minimizer
is proved by a variational method, and radial symmetry is obtained via a rearrangement
inequality. The partial mass concentration in the steady states of aggregation equations
with fast diffusion is explored in [I6] and [I7]. The minimization problem for aggregation-
diffusion energies has also been studied on Cartan-Hadamard manifolds [18, 19} 26| 27] - for
example, the fast diffusion range is considered in [19]. On Cartan—Hadamard manifolds, the
faster volume growth of geodesic balls effectively strengthens the diffusion, so the conditions
ensuring the existence of an energy minimizer differ from the flat case. Specifically, such
conditions depend on the behaviour of the manifold’s curvature at infinity. We also note
that the fast diffusion equation (with no aggregation terms) has been extensively studied
in the literature, with particular interest on the well-posedness and long time behaviour of
its solutions [Bl (6] [7, B5) [45] [46], including works on manifolds [8], 34} [39].

In our study we consider the free energy set up on the unit sphere, with fast diffusion
entropy and interactions modelled by a quadratic potential. As noted above, one of the
main motivations for the present work is to extend the Onsager free energy [41] to nonlinear
diffusion in the fast regime, and investigate the phase transitions (in terms of the interaction
strength k) of its ground states. In our analysis we have identified three different subranges
of 0 < m < 1 (specifically, i) 1 —2 <m < 1,ii) 1 — 2 <m <1—2 andiii) 0 <m <
1-— T31>7 where the global minimizers are qualitatively different, and the phase transitions
are different too. For example, although the entropy remains finite for all 0 < m < 1, even
when p has a singular part, the global energy minimizer of contains a singular part only
for0<m<1-— % (ranges ii) and iii) — see Theorem , and any such singular part must
be a single Dirac delta concentration. This result is consistent with the fast diffusion theory
on the Euclidean space. For the fast diffusion equation on the Euclidean space, it is known
that the Dirac delta mass is stable for 0 <m < 1 — % and unstable for 1 — % <m < 1; see
[9] and Remarks and Since concentration is a local phenomenon, this consistency
of the ranges of m with the Euclidean case is natural.

To contrast the three types of diffusion (fast, linear and slow), in Table [I| we show all
types of ground states that can occur, as the interaction strength x increases. For all the
three types of diffusion, the uniform distribution is the global energy minimizer as x starts
increasing from 0. But then, depending on the range of the diffusion exponent m, one can
experience various transitions of the ground states. In particular, we note transitions to
(fully-supported) measure-valued ground states in cases ii) and iii) of fast diffusion, while
for slow diffusion we see transitions to minimizers that are strictly supported on the sphere.
In all cases, as k increases to infinity, the grounds states concentrate around a point on
the sphere, but their shape and structure can be very different, depending on the type of
diffusion and the specific value of m.

We also mention that there has been an increased interest recently on aggregation-
diffusion models on sphere and other manifolds, due to applications of these models to
machine learning [36], 40]. We note in particular the application to large language models,
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Diffusion Range of m Ground-state transition as x increases

Fast (case iii) O<m<1-— % puni — f.s. density + a Dirac delta

Fast (case ii) |1 — % <m<1-— % Ppuni — f.s. density — f.s. density + a Dirac delta

Fast (case 1) 1— % <m<1 Puni — f.s. density

Linear [25] 29] m=1 Puni — f.s. density
Slow [2§] l<m<?2 puni — f.s. density — s.s. density

Slow [28] m > 2 (for d = 2) Puni — S.8. density

TABLE 1. The various transitions in the ground states that can occur by
increasing the interaction strength r, for three types of diffusion: fast (0 <
m < 1), linear (m = 1) and slow (m > 1). We used the abbreviations:
f.s. for fully supported, and s.s. for strictly supported. A major distinction
between the fast and the slow diffusion regimes is that in some ranges of the
fast diffusion exponent we see transitions of the ground state to a measure-
valued (but fully supported) minimizer, while for slow diffusion we have
transitions to ground states that are strictly supported on the sphere.

specifically to transformers [31]. Various recent works have been motivated by such appli-
cation, where a common theme is phase transitions from the uniform distribution, similar
to the focus of this paper [3, [30} 42} [43].

The rest of the paper is organized as follows. In Section [2] we establish the variational
framework by setting up the admissible class of minimizers, and derive the possible critical
points from the Euler-Lagrange equations. In Section [3| we find the critical values of k at
which equilibria undergo phase transitions, and we characterize these equilibria for various
ranges of k and m (Proposition . Finally, in Section [4| we compare the energies asso-
ciated with the found critical points, and determine which ones yield the global minimizer
(Theorem (4.1)).

2. ADMISSIBLE CLASS AND CRITICAL POINTS OF THE ENERGY

In this section we present the admissible set of energy minimizers and derive various
expressions for the equilibrium points. For any two points on the unit sphere z,y € S%
|z — y|? can be expressed as

le —yl* = 2* + lyl* — 2z, ) = 2 - Az, ),



which can be used to rewrite the energy (|1.1)) as

(22) Pl = 5 | olemas@) = 5[] o dniut) + 5

m—1
Sd xSd

Here, {-,-) denotes the inner product in R4+
The centre of mass ¢, € R4 of a measure p € P(S?) is defined as

¢ = dedu(x).

leul® = <Ld zdp(z), Ld ydu(y)>

f (x,y) dp(x)du(y),

Sd xSd

It holds that

and hence, the energy functional can be written as

(23) Bl = = | p@)mas(e) = Slad* + 5.

2.1. Admissible class. We first need to set up the set of admissible energy minimizers.
Note that there are infinitely many critical points of the energy functional. For instance,
any symmetric distribution of Dirac delta measures (e.g., a regular n-gon on the great circle
or a regular d-simplex on S%) are equilibrium states of the energy. The following lemma
excludes a large class of such equilibria from being candidates for energy minimizers.

Lemma 2.1. Let p € P(S?) be a critical point of the energy E[u]. If the singular part
of n with respect to dS is not concentrated at one point, then u cannot be a global energy
minimizer.

Proof. A generic probability measure p on S? can be written as
(2.4) p=aps + (1 —a)pds,

where 0 < a < 1, and aus and (1 — «)pdS are the singular and the absolutely continuous
parts of j, respectively. Here, we assumed that both ps and pdS are in P(S%). Note that the
regular part of u here is (1 — a)pdS, and the extra factor of 1 —« has to be considered when
computing F[u] (cf., . or . We will show that provided the singular component of
L is not Concentrated at one point, then a change of ps can decrease the energy E[u]. See
Appendix [A] for the rest of the proof. O

By Lemma [2.T] we can assume that the singular part of a ground state y is a single Dirac
delta mass ad,, concentrated at a fixed point xg € S%. In the next lemma we show that a
delta concentration with no regular part (o = 1) cannot be a global minimizer either.

Lemma 2.2. The Dirac delta concentration 05, is not a global energy minimizer.
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Proof. As 65, has no regular part and its centre of mass is at xo with |zo| = 1, by (2.3) we

have E[d4,] = 0. Consider the following perturbation of dg,:
t
b= (1= 1)0a + 1grdS
K ( ) 0 + |Sd| )

where 0 <t < 1. One can easily check that {¢, du’ =1, and that ¢, = (1 —¢)zo. Then, by
(2.3) the corresponding energy can be expressed as
— -1 -t +

tm
E[u'] =
VA e 2

-~ (=) e (- ).

As 0 <m < 1, we have E[u'] < E[u’] = E[dy,] for small t > 0. In fact, we have

d

&E [Mt]

K

= —0o0.
t=0+

We infer that d,, is not a global energy minimizer. O

Next, we will investigate the absolutely continuous part of u. We denote by Pu.(S?)
P(S?) the space of probability measures that are absolutely continuous with respect to dS.
By an abuse of notation we will often refer to an absolutely continuous measure pd.S directly
by its density p.

Lemma 2.3 (Radial symmetry of global minimizers). Let i = ady, + (1 —a)pdS be a global
energy minimizer, where 0 < o < 1 and p € Poe(S?). Then,
a) The density p is radially symmetric with respect to some z € S, i.e., for any two points

y1,y2 € S? satisfying (z,y1) = (z,y2), we have p(y1) = p(y2)-
b) Furthermore, if 0 < a < 1, then z = xg. That is, p is symmetric with respect to xo, and

cp = |icplzo-

Proof. a) Take a rotation R :S? — S? that preserves the centre of mass ¢, of p. Note that
the centre of p’ := Rup is also ¢, (i.e., ¢y = ¢,). Define

Y= ady, + (1 —a)p'dsS.
Then,
¢y = axg+ (1 —a)cy = arg + (1 — a)c, = ¢y,
and by (12.3)), this yields

n_ 1 J 1eoAm Ky o2 R

Bl) = = | #@rasta) = Gleul® + 5
_ 1 m Bz
- | plemas@) = Sl + 5
= E[p],

where for the second equality we used that p’ is a rotation of p, and that ¢,y = c,.
Consider a convex combination of p and p':

pa=(1—=XNp+ Mo, 0<A<l.



As the function z — 2— is convex for any 0 < m < 1, we get
s y , We g

e [mrase < [ (a-0 (G ) oA (G en ) ) aste)

=00 (5 [ ptermasta) (1 [ deras).

where equality holds only for p = p'. Together with the fact that c,, = (1-=X)c,+ ey = ¢y,
we get from ([2.3) that

E[p] < (1= NE[u] + AE[] = E[p],
with equality holding only for p = p’. Since E[u] is the global minimum, then E[uy] = E[u]
and hence, p = p/ for any rotation R that preserves c,. Let z € S¢ satisfy ¢, = |c,|2. Then,
p = Ryp for any rotation R that preserves z. It implies that p is symmetric with respect
to z (or equivalently symmetric with respect to —z).

b) Now assume that 0 < a < 1, i.e., p has both a Dirac delta and a regular component.
Using the notation from part a), we have ¢, = |c,|z. If |c,|| = 0 then z can be any vector
and we can set z = zg. If ¢, > 0, then express the energy as

1 K 2 K

Elu)l = —— 1—a)™ mdS(x) — = +(1- + -

] = 7 | (1= )@ as(e) = oo + (= lesleff + 5
Now note that this energy is minimized when zy = z, as both 1 — « and «a/¢, || are positive.
In particular, p is symmetric with respect to xg. This concludes the proof. O

Based on Lemmas [2.1112.3] we consider the following admissible set Psym (S?) = P(S?) for

the energy minimizers:
(2.5)  Peym(S?) = {aéxo +(1—a)pdS(z): 0<a<1, pePu(Sh, c, = \\cp|\x0} :

where g is a fixed point on S?. Note that when o = 0, u = pdS and we can assume that
p is symmetric with respect to zo without loss of generality. Indeed, by Lemmas it
holds that
A PV~ i E1)

2.2. Critical points of the energy. We now investigate the equilibria that are in the
set Psym(S?) of admissible minimizers. We will distinguish between equilibria that are
absolutely continuous with respect to d.S, and equilibria that contain a singular part. The
interaction strength x > 0 is arbitrary, but fixed. In this section we do not yet indicate,
however, the dependence of the equilibria on k; hence, the equilibria computed here depend
on k, unless otherwise noted.

a. Absolutely continuous equilibria. Consider first an equilibrium g = pdS which has no
singular component. In this case, write the energy (2.3) as a function of p:

1

(26) Bl = = | pla)™as(a) = Slel? +

r
5

The functional derivative of E[p] can be computed by taking variations of the form

P =p+€dp,
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where §o, 0p(2)dS(z) = 0, so that p© are probability densities. Then, by (2.6]), we compute

d m

SB[ = | )™ op()as () — s e L abp()dS(x) ),

m—1 sd

and upon evaluating at € = 0, we find

ok m
7 = (m—l) p(z)™ 1 — ke, x).

At an equilibrium, the first variation of the energy vanishes. Note that here we only
consider perturbations that preserve the unit mass. In turn, this introduces a Lagrange
multiplier, and we infer that a density p € P,.(S?) is a critical point of the energy if % is
equal to a constant in the support of p. There is an additional caveat that in general, the
support of an equilibrium density can have multiple disjoint components, in which case the
value of the constant can take different values in different components [14} [37]. It is not the
case here however, as the support of an equilibrium p must be the entire sphere S — see
justification below.

By the observations above, we arrive at the following Euler-Lagrange equation:

(2.7 (2 ) o gy =2, e supplo)
for some constant A. The equilibria satisfying are fully supported on the entire sphere.
Indeed, since the exponent of p in is negative, if the support was strictly contained
in S¢, then \ would be infinite. This also explains why we ruled out the case that supp(p)
can have disconnected components in S%: by the same argument, if (2.7) held on a certain
component of supp(p), then the constant would be infinite. Also from and 0 <m < 1,
we infer that

A+ wlcp, )y <0,  VaeS

Recall that ¢, = |c,||zo, with 2o € S? fixed. Define 6, = arccos(z¢,z) € [0,7], to write
the equilibria from (2.7 as

1
m

1—m
(2.8) p(z) = (1_m> (=X — Klcp| cosfp)m T,  VaeST
Also, since —\ — &l|¢, | cos b, = 0, for all 6, € [0, 7], we have A < —&l|c,|. If the inequality
is strict, i.e., A < —k|c,|, then —X — kc,|| cos @, > 0 for all x € S¢, and hence p € L@ (S?).
However, A = —kl/c,| is a limiting case, where p becomes infinite at # = 0; see part b, in
particular Remark

To find X and |c,|, and hence determine the equilibrium (2.8)), we ask that p has mass
1 and centre of mass at c,. Using hyperspherical coordinates, we arrive at the following
system of equations:

1
u —m
1= dde <1m> (=X — Klley | cos H)ﬁ sin?=1 6 d#,
—m

(2.9) 0

T 1—m
leoll = dwdf <mm> (=X = &lley | cos G)ﬁ sin?1 0 cos 0 do,

0

1

1—
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where wy denotes the volume of the d-dimensional unit ball. In the integration above we
used [S%!| = dwgy, where |[S?"!| denotes the area of the (d — 1)-dimensional unit sphere.
System ([2.9) needs to be solved for X and |c,|, for a given k.

b. Equilibria that have a singular component. By (22.5)), we consider probability measures
of the form

(2.10) fa = @z + (1 —a)pdS,
where a € (0,1) and zg is the normalized centre of mass of the density p € Puc(S?):

_ % Ssa zp(2)dS
leoll ||§sa zp(2)dS|

Similar to how ([2.3)) was derived, we can write

(2.11) 20

1 K K
2.12 Ela) = —— | (1—a)"p(x)™ — Zepal® + =
(212) ol = 7 | (1= )" o) a5 (w) = Sl + 5.
where the centre of mass of u, is given by
(2.13) Clo = J xdpe () = azg + (1 — a)c,.
Sd
Also, using (2.11]), we can further write
1
Bla] = | (=)o) ds(a)
(2.14) m p sd -
=5 (@ +2a(1 =)o + (1= @), [*) + 5

In computing the Euler-Lagrange equations for the energy F[juq], we consider variations

in both the parameter o and density p. First, by setting a—E [ta] = 0, we find
a

m(1—a)m !

Ld pla)"dS (@) — k(o + (1= 20) ey | + (a = 1), |?) = 0.

1—m

After factorizing the expression in the round brackets in the L.h.s. above, we arrive at the
following Euler-Lagrange equation (by perturbing with respect to « only):

m(l —a)m!

1-m

(2.15) Ld p(z)"dS(z) =k (1 =) (@ + (1 = a)]ey])) = 0.

Now consider perturbations with respect to p. The functional derivative of the energy
(2.12]) with respect to p can be computed by taking variations pf, of i, of the form

pg, = bz + (1 — a)p©dS,
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where p® = p + €dp, with [, dp(2)dS(z) = 0. Calculate, using (2.12) and (2.13):

Pl = (o [La - ams@mas

m—1

_ g<axo + (1 — a)cpe, axo + (1 — a)cpe) + ';)

= T | (=)™ (@) p(a)dS ()
Sd

— m<04x0 + (1 —a)cpe, (1 — a)f mép(a:)dS(a:)>.
Sd
By evaluating the above at ¢ = 0 we then find

< Bl =t [ e p@as
— k(1 —a) y (axo + (1 — a)cy, x)dp(x)dS(x)
= | (1—a)"p(@)" dp(x)dS (a)
m sd
— k(1 —a) Ld <|Cp +1-— a> (ep,x) op(x)dS(x).

From this calculation we find that the functional derivative of the energy with respect to p
is given by

57E7 m
5p m—1

(1—a)™p(z)™ ' — k(1 — a){cy,z) <”a| +1-— a> .
p

Note again that perturbations §p have zero mass, which introduces a Lagrange multiplier.
We then arrive at the following Euler-Lagrange equation (by perturbating with respect to
p):

m m m—1 aQ
(216) — (1= a)"p(e)" " — k(1 - a)epa) (o +1—a) = A @ ecsupp(p),
m—1 ol

for some constant .

The support of p is the entire sphere; if we assume otherwise, A would be infinite. From
(2.16)), by writing in hyperspherical coordinates, we have

1

M) T (ca—r(1—a)cosby (a + (1 — a)c ) ™T,  VreSd

1—m

1) pto) - (

Note that for o = 0, (2.17) reduces to (2.8).
An equilibrium g, in the form (2.10]) must satisfy both (2.15)) and (2.16)). Multiply (2.16))

by % and integrate over x € S to get

A

| plomasia) + slel @+ (1= legl) = -
Sd o

m(l —a)m !

1-m

(2.18)
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Now subtract (2.18) from ([2.15) to find the following relationship between A, ||c,| and a:

A
We remark here that o = 0 corresponds to the limiting case A = —£|¢,| pointed out in part
a.
Finally, by using ([2.19)), we write (2.17)) as

m(l —a)™

1—m

220 - (

Also, we find the compatibility conditions for the mass and centre of mass:

1
1= dde <m(1—a)> o (—/\)ﬁ (1 — cos 9)ﬁ sin?~1 9 de,
0 1—-m

1—m
) (=N (1 - cosf,) ™7, VoeS?

(2.21)

1
lepl = dde <m(11—;;)> o (—/\)ﬁ (1 —cosb) = sin?! 0 cos 6 de.
0 _

The constants A, ¢, and « are then found by solving (2.19) and (2.21)).
|

First note that by dividing the two equations in (2.21]), we find
§o (1 —cos H)ﬁ sin?~1 @ cos Ad6
§o (1 —cos G)ﬁ sin?~1 do

(2.22) lepll =

so the centre of mass of p does not depend on k. Furthermore, by the first equation in

(2.21)), we have
1
1

P
1-m ) §o (1 —cos) ™ sin~' g do
which upon substitution in (2.20) yields

(2.23) (_)\)ﬁ _ di;d (m(l —a)™

1

(2.24) p(x) = (1 = cosf,) ™

= 4 ., VYzeSh
dwqg §; (1 — cos ) ™1 sin?~1 946

Hence, we conclude that the density p of the regular component of an equilibrium in the
form ([2.10)) is fized, in the sense that it does not depend on x. The only variable that needs
to be determined is «, which can be done by solving (2.19) and (2.23) for a and A, with

leo| given by [@22).

Remark 2.1. The density p from ([2.24)) is not in L®(S?%), as it blows up at 6, = 0. We
need however that p € L*(S?) (p is unit mass in fact). By hyperspherical coordinates (see

1
first equation in (2.21))), this reduces to checking whether (1 — cos@)m—1 sin® 1@ has an

integrable singularity at 0 = 0. As 1 — cos® behaves as 62/2 near 0 = 0, we need to check

the integrability of gt e find that p is integrable when 0 < m < 1 — %, and not

integrable for 1 —% <m < 1. Also note that ford =1 and d = 2, p is not integrable for any
0 <m < 1. We infer from these observations that equilibria in the form (2.10) (i.e., with a
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singular component) do not occur for d =1 and d = 2, and only occur when 0 <m <1 — %

ford = 3.

Remark 2.2. The critical value m = 1 — % also appears in distinguishing different be-
haviours of solutions to the nonlinear diffusion equation py = Ap™ in the Euclidean space
RY. For0<m < 1-— %, it was shown that the Dirac delta remains stable in a certain
sense, for all times [9]. In informal terms, diffusion does not spread out very localized ini-
tial densities when 0 <m <1 — %; we also note that this result applies only in dimensions
d = 3. On the other hand, also shown in [9], diffusion does spread out a Dirac delta when
1-— % <m < 1. Even though we work here on the sphere, as opposed to the flat Fuclidean
space, these consideration are very local in space, and the effects or curvature do not seem
important. Hence, as noted in Remark equilibria of that contain a Dirac delta can
only occur for 0 <m <1 — % and d = 3, which is consistent with the case when the Dirac
delta is “stable” for the nonlinear diffusion evolution equation.

2.3. Uniform distribution. The uniform distribution on the sphere, given by
1
Puni(T) = g7 Vo e Y
|54
where |S?| denotes the area of S, is a solution of (2.7) for all x > 0. Indeed, in this case,
Cpuni = 0, and the constant A is given by

m 1
= (525 e

In applications to polymer orientation, this equilibrium corresponds to the isotropic state.
The full nonlinear stability of the uniform distribution can be established, in terms of
the strength x of the attractive interactions. The result is the following.

Proposition 2.1 (Stability of the uniform distribution). The uniform distribution pyu; is
a stable critical point of the energy functional E if and only if k < k1, where
m(d+ 1)

Proof. We consider two types of perturbations of the uniform distribution: i) absolutely
continuous perturbations, and ii) perturbations that contain a singular part.

Case i) Absolutely continuous perturbations. First consider perturbations {p¢} < P,.(S%)
of the uniform distribution, that are absolutely continuous:

(2.26) P’ = puni, f pf(x)dS(z) =1, foralle.
Sd
The energy of p¢ is given by (use (2.2))):

Pl = = | p@mas@) = 5 || @ @reas@ase) + 5.

m
Sd xSd
The uniform distribution is a local minimizer with respect to absolutely continuous pertur-
bations provided
d2

2.27 —E[p], =0,
(2.27) SEl]

e=0
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for all perturbations p that satisfy ([2.26]).
The stability calculations in this case are identical to those carried out in [28)] for slow
diffusion, and we will only summarize them here. Denote

€ ds 26_d26
5p—&,0, and 5p—@p

Using the unit mass condition in (2.26)), we note that

f dp(x)dS(z) =0, and J 82p¢(z)dS(x) = 0, for all e.
Sd sd

By direct calculations, one finds

(2:28) LB = g [ mp @ @S @) ([ @) @)dn 0)as@asty)
€ sd
SdxSd

and

d2E € € m—2 50¢ 2 S € m—152 € S

Pl =m [ @) G ) s + [ s
(2.29)

— [ @@ @) + @ )aS @S ).

Sd xS
Evaluate (2.28) and (2.29) at ¢ = 0. Using that p° = pun; is constant, that &p(z)
d
integrates to 0, and also that the centre of mass of p® is at the origin, we find d—E [p€] |6 0= 0
c -

— as expected, since pup is a critical point of the energy. Similarly, using that p° = puy is
constant, that 62p¢(x) integrates to 0, and that the centre of mass of p° is at the origin, we

find that two of the terms in the r.h.s. of (2.29) vanish:
. 1
| @120 @S @) = s | 6 @dS(a) =0,
s |S] s
and

[[ @wrwrdwas@ase) - [ arwase. [ sedwasm)
d d
Sd xSd s
=0.
Therefore, by dropping the superscript 0 and by denoting dp = 5p6|€:0, we find from
2.29):

2
d2 m

€ _ 2 _
2Py = s |, 00l 45 =) | sdp(aas(a)
For (2.27) to hold, the r.h.s. above has to be non-negative, i.e.,

Com J(0p(@))’ dS()
- |sdpm-2 |Sde5p(1:)dS(x)|27

for all perturbations dp that have zero mass.
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Define A = {¢ € L*(S%) : (o4 ¢(x)dS(z) = O} and the following functional on A:
ds
(2.30) Fly] = Sgd @
‘Ssd M/} (33)‘

The uniform distribution is a local minimum (and hence, stable) with respect to absolutely
continuous perturbations, provided
m
2.31 k< ——— - inf F
(231) e - 0, 7).
and unstable otherwise.
The following lemma is proved in [28], and we simply list it here.

Lemma 2.4 (Lemma 3.1, [28]). Let F : A — R be given by (2.30). Then,

d+1
inf Fly] = —.
I T
By Lemma (2.31) holds only for k < k1, and this shows the claimed stability with
respect to absolutely continuous perturbations.

Case ii) Singular perturbations. Consider a singular perturbation {4}~ < P(S?%) of the
form
ut = av+ (1 —a)pumids,
where v = v, + pdS € P(S?), with v, and pdS being the singular and the absolutely
continuous parts of v, respectively. Also, {a‘}¢~0 satisfy

a’ =0, and oo := gacE > 0.
de |__, .
Note that these are one-sided perturbations with respect to o, as a = 0 is a boundary value
of the interval (0,1).
Then, by we have

Bl = 5 [ (@) + (1= a)pun()™ 45 = S @] + 5,

m—1
and its derivative at € = 0+ is

d
7E €
g (1]

da [ @) (pusle) — ) a5,

Since pyni is constant, we can simplify the above as

1_

e=0+4

d e _ m(a)p " _ m(80) Pl Ssa dvs
aE[M ] o T Ld (puni(z) — p(z))dS = 1—m ’

where we used pyn;, v € P(S%).
As we considered singular perturbations v, we have SSd dvgs > 0. Therefore,

(2.32)

—F
de
and we conclude that the energy of the uniform distribution increases with the formation
of a singular measure.
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More generally, if we consider perturbations of the form
ut = av+ (1 —apds,

where

d
=0, p=pumi, da:=—a >0, and J p(x)dS(z) = 1,
dG =0+ sd

then the considerations follow the previous calculations. Indeed, by taking a derivative of
E[p€] with respect to €, and evaluate at € = 0+, we find again (2.32), as the contributions
from the variations p® lead to 0.

We conclude that the energy increases by perturbing pun; with a singular measure. Note
that this fact applies to all values of k. Hence, the stability of pu,; for different ranges of k
is as found using absolutely continuous perturbations. O

We will find in the next section that for k < k1, the uniform distribution is the only
critical point of the energy (and hence, a global minimizer), and at K = k1 a bifurcation
occurs.

3. CRITICAL VALUES OF kK AND PHASE TRANSITIONS

In this section, we will identify various critical values of k at which equilibria experience
phase transitions, for several ranges of m within 0 < m < 1.

3.1. Bifurcation from the uniform distribution. We first study the bifurcation that
occurs at k = k1 (cf., Proposition . We consider the fully supported equilibrium ,
with A and |lc,| that solve (2.9), where in this case, =X\ > &l/c,|.

For a simpler notation, we denote

(3.33) s = el

A
To guarantee the condition on A\, we assume 7 > 1. The compatibility conditions (2.9)) for
mass and centre of mass become

1
1 = dwy <(m> o J (n — cos H)ﬁ sin?~1 9 de,

1 —m)ks 0

= —KSN.

_1

s = dwg ((m) o f (n — cos H)ﬁ sin?™1 0 cos 0 d.

1 —m)ks 0
From the above, we find s and x in terms of n as
(3.34a)
. Sg(n — Cos H)ﬁ sin?=1 6 cos d6
T Sg(n — oS H)ﬁ sin1 9d6

(3.34b)

1— Q T m—2
kL= 777ﬂb(dwd)"”“1 (f (n — cos H)ﬁ sin?~1 6 cos 9dc9> (J (n — cos H)ﬁ sin?~! 0d0> .

m 0 0
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We define the following function in the range n > 1:

(3.35)
1—m m 1 7 1 m-2
H(n) = —— (dwg)™ ! (J (n — cos §)m—1 sin?~1  cos 9d9> <J (n — cos §)m—1 sin? ™! 9d0> .
m 0 0
Equation (3.34b]) can then be written as
(3.36) H(n) =r"1.

Finding a fully supported equilibrium in the form reduces to finding solutions to
equation . Indeed, with x fixed, once a solution n of is found (note that such
solutions need to be in the range 1 < n < ), then s can be determined from , A
is computed from , and the equilibrium p in the form is fully determined. For
this reason, the behaviour of the function H(n) for 1 < n < oo, is essential for investigating
the existence (and uniqueness) of fully supported equilibria . In the next lemma we
establish some remarkable monotonicity properties of this function.

Lemma 3.1. The function H(n) defined in for n = 1, is strictly increasing for

1- d 1 <m <1, strictly decreasing for 0 <m < 1 d 7, and constant when m =1— %

Proof. The proof is quite lengthy and nontrivial. It involves investigating the sign of H'(n)
using associated Legendre functions of the first kind and the Chebyshev inequality; see

Appendix O

Remark 3.1. Note that d = 1 and d = 2 in Lemma[3.1] are special, in the sense that for
these cases, H(n) is strictly decreasing for all 0 < m < 1.

Lemma 3.2. The following holds:
-1
(3.37) (ggo H(n)) = k1,

where k1 s the critical k identified in Proposition (2.1,
Proof. The proof follows a direct calculation — see Appendix [C] O

Remark 3.2. In the limit n — o (along with s — 0 and X — A\yyui), the equilibria approach
the uniform distribution pyn;. As discussed below (Remark Proposition , there is
a bifurcation at k = K1, where a fully supported equilibrium p,, gets born from the uniform

distribution pyn;. In this sense, equation (3.37)) indicates k1 as a critical value, as depending
on the monotonicity of H, equation (3.36|) has solutions n € (1,00) when k < kK1 or Kk > K1.

The function H(n) is plotted in Figure |1} for plot (a) we used m = 0.5, d = 2, for (b)
we have m = 0.25, d = 3, and for plot (c) we used m = 0.3, d = 5. For both cases (a) and
(b), H(n) is increasing, but the cases are different in the behaviour n N\, 1 — see discussion
below. Case (c) corresponds to H(n) being decreasing; see Lemma

Limit n \, 1. We investigate the convergence of the integrals that appear in the function

H — note the singularity of (1 — cos 0)ﬁ at @ = 0. Near 6 = 0, (1 — cos H)ﬁ sin?=1,
1 2
as well as (1 — cos ) ™1 sin?~1 @ cos 6, behave as gm—1 L The integrals are convergent
provided =5 +d — 1> —1, which is equivalent to m <1 — %; see also Remark
Based on Lemma and the limit n \ 1, we distinguish three cases:

i)1—§<m<1, ii)1—ﬁ<m<1—§, and iil) 0 <m < 1 — 725,
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Note that in dimensions d = 1 and d = 2, only case i) applies (for d = 1, the lower bound
1 — 2/d should be interpreted as 0; see also Remark , while in dimension d = 3, only
cases i) and ii) apply.

02 m=0.5, d=2
015
—
= 041
=]
0.05 -
ol
1 2 3 4 5
n
(a)
o1 m=0.25, d=3 m=0.3, d=5
// 0.055|-
0.1
— _
= =
m 0.09 - m
— Uk,
0.08- s, 0.05 K,
2 2
I T
) , ,
1 2 3 4 5 1 2 3 4 5
n Ul

FIGURE 1. Plot of function H defined in (3.35)). (a) 1 —2/d < m < 1. For
this range of m, H(1) = 0. For any x > k1, there exists a unique 7,, > 1 such
that k=1 = H(n,.) — see equation (3.34b). (b) 1 —2/(d—1) <m <1—2/d.
In this case, H(1) = 1/ka, with ko > k1. For any k1 < k < Ka, there exists
a unique 7, > 1 that solves k™1 = H(n,). (¢) 0 <m <1—-2/(d—1). In
this case, H(1) = 1/kg, with ko < k1. For any ko < k < K1, there exists a
unique 7, > 1 that solves k' = H(n,). For plot (a) we used m = 0.5 and

d = 2, for plot (b), m = 0.25 and d = 3, and for plot (¢), m = 0.3 and d = 3.

Case i) 1 —2 <m < 1. Write

2—m
m <Sg(n — cos 9)ﬁ sind—1 9d0>

1
1—m o1 §0(n —cos @)1 sin?1 0 cos 6d0
H(n) = (dwg)™" k
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Due to the non-integrability of the integrands, the limit 7 N\, 1 is of the type oo/c0. Write
the above as

1
n — cos §)m-1 sin?~1 f cos 6d0 1

H(n) = 1_7771(‘11‘%!)77%1 Sg(w 1 x 1 i—m
m §o (n — cos 0) m=1 sin®~" 6@ (Sg(n — cos @) m—1 sin?! 9d9)

The quotient of the two integrals in the r.h.s. is bounded in absolute value by 1, as
4 1 g1 " Lo Lod-1

J (n — cos @) ™1 sin®" "~  cos GdH‘ < J (n — cos@)m—T1 sin® ~ 6d#,

0 0

and also,

1
lim = 07

7 (SO — cos 0)m I sin?— 1«9d9)

due to the non-integrability of the integrand in the limit.
Hence, in case i) we have

lim H(n) = 0.
nl\ml()

Figure a) corresponds to this case (for dimension d = 2, all 0 < m < 1 fall in this regime
in fact). Together with Lemmas and we infer that for any x > k1, there is a unique
Nk > 1 that solves k! = H(n,) — see equation . This value of 7),, determines uniquely
the corresponding s, from , and then set A\, = —ksxnx. Together they determine a
unique (fully supported) equilibrium in the form . For the range of m in case i), there
is no second critical value of k.

Case i) 1 — ﬁ <m<1- %. In this case, the integrals that appear in H(n) are

convergent in the limit n N\, 1, and hence,

lim H(n) = H(1) > 0.

7™\
Denote by
1
3.38 =
(3:3%) )
Since H ( ) is 1ncreasmg onn € (1,00), we have kg > k1 (see Lemma[3.2). We also infer that
forl—=* <m<1-—3% ﬁxed where d > 3, for any k in the range k € (K1, k2), there exists

a unlque 77,.c > 1 that solves — see Figure [lj(b) for an illustration that corresponds to
this case. This value of 7, determlnes sk by (3.34a) 34a and then )\,.i, uniquely. This determines

uniquely a fully supported equilibrium p, in the form 1

Case i11) 0 < m < 1 — %. Similar to case ii), the 1ntegrals in (3.35) are convergent.
Define again ko by (3.38)); however, for this range of m, H(n) is decreasing, so k2 < k1. In
this case, for 0 <m <1 — % fixed, with d > 3, for any s € (K2, k1), there exists a unique

N > 1 that solves (3.34D]) — see Figure[Ic). Then, by (3.34a) one determines s,, and finally
set A\, = —ksSkNk. Hence, a unique equilibrium p,; in the form (2.8)) is determined.

Remark 3.3. For any 0 < m < 1, a fully supported equilibrium p, gets born at k = K1,
from the uniform distribution pyn;. For 1—2/d <m <1 (case i), this equilibrium exists for
all k > K1, and no further bifurcation occurs. However, when 0 < m < 1 —2/d (cases ii)
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and 1)), a transition occurs at k = Ko, where an equilibrium of the form (2.10) (a measure
with a singular component) gets born from p.

Remark 3.4. The explicit expression of ko can be obtained as
m (ks +d) LT (5 +4)
21+(d71)(m71) dlm—1 1 d d+1
54 F(mei)F(i)

m—1

R =
2

The derivation is provided in Appendix@ Note that 0 <m < 1—g here, so ﬁ—kd > g > 0.

Asm /1 — , Ko — +00 since —— + 5 \ 0+, and this yields T’ (ﬁ + %) — 00 while
m—1 < 0. This limiting beham’our is conszstent with the fact that there is no second critical
value Ko when 1 — % <m<1.

3.2. Second critical value k = k3. We only consider here cases ii) and iii) from Section

and investigate the ranges k > ko and k < kg, respectively (see (3 )
At Kk = ko we have 1., = 1 and —\,, = KaSk,, With s., given by (see (3.34a)))

(3.39) §7(1 — cos )@ sin?~1  cos §d6
) - .
’ §o (1 — cos G)ﬁ sin~1 9de

Correspondingly, the equilibrium in the form ({2.8)) is given by

_1
m

(3.40) pry (1) = (1_m> T (CAe) T (1= cosf,)mT, Ve St

Using the first equation in (2.9)), we find

1

11 m L
(3.41) (“As) ™7 = - (1 — )
Wd m 5o (1—c089) nt-19dg’

which used in (3.40)) yields

1—
o) = ! “’892 | Veest

dwg SO (1 — cos 9) n16do

Remarkably, this is the density (see ) of the regular component of the measure-
valued equilibrium in the form ; also compare with and note that
corresponds to for « = 0. We infer that at x = ko, an equilibrium p, of the form
(2.10) gets born from the fully supported equilibrium py, .

We investigate now the measure-valued equilibria in the form , for a fixed Kk > Ko

(case ii) or kK < kg (case iii). Recall from Section [2| that the density p given by (2.24]) does
2.24)

not depend on k. To avoid confusing notation, we redenote the density from (2.24]) by p:

(3.42) p(z) = (1~ cos? ) . Voesh

dwq §T (1 — cos ) 7T sind=1 4df
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Here, 6, represents the angle measured from a fixed (but arbitrary) direction zq € S%, which
represents the normalized centre of mass of p:
.
(3.43) Lo = ——.
sl
We also denote
(3.44) § = leal,

and corresponding to (2.22)) we have

§o (1 —cos H)ﬁ sin?~1 @ cos #dH

§o (1 — cos H)ﬁ sind=19d9

With notation , the measure-valued equilibria has the form
(3.46) fo = gy + (1 —a)pdS.

The only parameter that needs to be determined (in terms of k) is «, the strength of the

singular part. Using (2.23) in (2.19)) — with p instead of p, along with notation (3.44)), we

arrive at the following equation for a:

(3.45) 5=

m— T 1 1-m
(3.47)  K(a+ (1 —a)5) = (dwg)™™ m(ll—_c;)ll (L (1 —cos) ™1 sin®? 6d0> .

By the considerations above, at k = k2, a solution of (3.47)) is « = 0. Hence, (3.47)) can
be simplified into

(3.48) k(G4 a(l—5)) = (1 —a)™ ks
Denote the Lh.s. and the r.h.s. of (3.48)) by
(3.49) fela) =k(3+a(1—-35)), and gla)=(1—a)™ k3.

We are now concerned with finding the number of solutions a € (0,1) to f.(a) = g(a), for a
given value of k. Note that f, is a linear function of «, while g is an increasing function of
« which becomes infinite as & — 1. We also note that the expression for § can be simplified
using the Gamma function (see Appendix [Ef) to

1
1-m)d—1

Since0 <m<1-— %, it holds indeed that 0 < § < 1.

(3.50) 5=

Lemma 3.3. Assume d > 3, and consider the ranges of m identified in Section |3.1 note
that for d = 3 only cases i) and ii) apply. Then,

o Casei)1— % <m < 1. For any k, equation (3.47) has no solutions in the interval
(0,1).
o Case i) 1 — 2 <m<1-— %.‘ There exists ko introduced in (3.38|) such that:
— for 0 < kK < Ko, equation 3.4?} has no solutions in the interval (0,1).
— for k > ka, equation (3.47)) has a unique solution o, € (0,1).
o Case iii) 0 <m < 1 — ;. There ezists a critical value k3 € (0, K2) such that:
— for 0 < k < k3, equation (3.47)) has no solutions in the interval (0,1).
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— for kK3 < K < kg, there exist two solutions 0 < G, < a, < 1 of . At
Kk = K3, the two solutions &, and o, coincide. Also, as kK /' kg we have
a, \, 0.

— for k > Ko, has a unique solution oy € (0,1).

Proof. We consider the three cases separately.
o Case i) 1—2 < m < 1. Let assume that there exist o € (0,1) satisfying (3.47). From

(3.50) and the given range of m, we get

1
s> 1.

5 =
(1-(1-3)d-1

However, by the expression of s in (3.45)), it holds that 5§ < 1. Hence, we get a contradiction

and we conclude that there is no solution in the interval (0, 1).

o Case ii) 1 — ;2 < m < 1 — 2. We note that both f.(0) and f/(0) are increasing
functions of x. Therefore, if we show that for kK = ko, @ = 0 is the only solution of
, then we can infer the uniqueness of the solution for k > kg — see Figure a) for
an illustration of this case. From the same property, we can also infer that has no
solutions for 0 < k < kao.

We know that fi,(0) = ¢(0), and we will show that f; (0) < ¢'(0). Given that fy, is
linear and g is increasing, this shows that o = 0 is the only solution of for Kk = Ko.
Indeed, the slope of the tangent line of g(a) at o = 0 can be calculated as

g'(0) = (1 — m)kas.
Also, fl,(0) = k2(1 — 5). By a simple calculation we find that
k2(l —3) < (1 —m)kas,

as this is equivalent to

1< (2—m)s,
which after using (3.50)), is equivalent to
2
>1—-—-.
" d—1

The latter inequality is satisfied by the assumption on m.
Therefore, for any k > ko there exists a unique solution 0 < ay, < 1 of fx(a) = g(a) for
this case. Similarly, we can also conclude that for any 0 < kK < k9, there exists no solution

of (3.48)) in the interval (0, 1).

o Case iii) 0 < m < 1— 72;. From a similar argument (reverse the inequality sign in the
calculation above), in this case we have

fr,(0) > 4'(0).

Therefore, in addition to a = 0, the equation f,,(a) = g(a) has an additional solution in
the interval (0,1) — see Figure [2(b) for an illustration.

Recall that both f,(0) and f.(0) are increasing functions of x. Hence, for £ > kg, there
exists a unique solution in (0, 1) of . Also, by decreasing the values of k£ down from
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k2, we infer that there exists k3 < k2 such that fi,(a) and g(«) are tangent to each other
at some @ € (0,1). To find k3 and @ one needs to solve

{fm, (@) = g(@),

fiy(@) = ' (@).

Using the expressions of f; and g, the system above becomes
k3(5+a(l—35)) = (1 —a)™ ko5,
{53(1 —5)=(1-m)(1 —a)™ 2ks3,

and solving the system we find

&= 1—25+ms
S (1-5(2-m)’
and
(3.51) K3 = /@2(1;_”;)3(1 —@)m2,

with § given by (3.50).

For k3 < Kk < kg, there exist two solutions 0 < &, < «, < 1 of (3.47). At kK = k3, the

two solutions &, and «, are equal to @. For k < k3 there exist no solutions. O
m=0.25, d=3 35 m=0.3, d=5
— (@) —ful@)
45 H—fu@), x> Ky - = @), k3 <k <Ky
— (@ — fol@)

—fd@), k> Ky
— 8@

35+ 25~

25

FIGURE 2. Plots of f, and g from (3.49). (a) Case 1 — 2 <m < 1— 2
for any k > kg, equation (3.47)) has a unique solution «a, € (0,1). (b) Case
O<m< 1—%: for k3 < Kk < Ko, there exist two solutions 0 < &, < ax < 1

of (3.47). At k = kg3, the two solutions &, and «, coincide. For k > ko,
(3-47

.47)) has a unique solution in the interval (0, 1). The numerical simulations
correspond to (a) m = 0.25 and d = 3, and (b) m = 0.3 and d = 5.

In each of the cases of Lemma for every solution «, of (3.47) it corresponds an
equilibrium g, in the form , where the density p is given b.

The findings in this section can be put together in the following Proposition; see also
Table |2 for a summary of these results.
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Proposition 3.1 (Phase transitions and equilibria). Given a dimension d > 1, we distin-
guish three ranges of 0 <m < 1: i) 1—2 <m < 1,ii) 1 — 2 <m < 1— 2, and iii)

O<m<1-— %. Note that for d =1 and d = 2, cases ii) and i) do not apply, while for

d = 3 case iii) is not applicable. Then,
a) In all three cases, at k = k1 (see (2.25)) ), an equilibrium fully supported on S bifurcates
from the uniform distribution pyn;. This equilibrium, in the form (2.8)), is given by

1
m

(3.52) pr(T) = <> o (—Ax — KSy; COS Hx)ﬁ , vz eS¢,

1—-m

where s, and A, are uniquely determined by k (see (3.33) and (3.34) ), as given by:
_ Sg(nn — cos 9)ﬁ sin=1 @ cos 6d6

§o (nx — cos H)ﬁ sin?~1 4do

Ae = —KSkNx, With 1, being the unique solution of H(n.) = k1.

In case i), the equilibria p, exist for all k € (k1,00). In case ii), they exist only for
k € (K1, K2), where Ky > K1, and in case i) they exist for k € (ka,k1). For both cases ii)

and iii), ko is given by (3.38]).

b) In cases ii) and iii), at K = Ko the equilibria (3.52) transition from density-valued to
measure-valued.

e case ii) 1 — % <m<1-— %. By Lemma for any Kk > Ko, equation ([3.47))
0

has a unique solution 0 < a, < 1. Hence, for any k > ko, there exists a unique
equilibrium in the form (3.46)), given by

(3.54) Poy, = Qdzy + (1 — ay)pdS,
where the density p (which does not depend on k) is given by (3.42). Here, xg e S?

is a fized (arbitrary) unit vector; see also (3.43)).

e case i) 0 <m < 1 — %. In this case, there exists a third critical value k3 < K

(see and Lemma such that:
— at k = K3 a pair of equilibria in the form gets born. For any k3 < k < Ko,
there exist two solutions 0 < &y, < ay, < 1 of . To each of the two values
a, and a, it corresponds a measure-valued equilibrium in the form ,
with p given by . At k = Rg3, the two solutions &, and o, (and hence the
corresponding equilibria) coincide.
— as kK /" kg we have &, \, 0, and its corresponding equilibrium pgs, changes at
Kk = kg from measure-valued to an equilibrium density in the form . On
the other hand, p,, undergoes no transition at kK = ko and retains the form

(3.54). As k increases to infinity, pa, approaches Oy, .

(3.53) Sk

3.3. Numerical illustrations. We illustrate Proposition [3.1] with numerical results. For
case i) we used m = 0.5 and d = 2. Figure (a) shows the bifurcation at x; — for this choice
of m and d we have k1 &~ 5.3174. Blue colour corresponds to the uniform distribution (with
centre of mass at the origin), which is unstable for k > k1 (Proposition . In red we plot
sk = |¢p,.| for the fully supported equilibria (3.52)), which for case i) exist for all £k > k.
In Figure (a) we plot the equilibria p, at several values of k (at K = K1, py is the uniform
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Case Range of m Equilibria

i) 1—%<m<1 puni (£ > 0) and py (kK > K1)

i) [1—22<m<1=2]pu (k>0),pc (k1 <k < k) and fia, (K> K2)

) puni (K> 0), p (k2 < Kk < K1),
iii) O<m<1-3%5

Ua, (K3 < Kk < K2) and fa, (K> K3)

TABLE 2. The table shows the various equilibria established in Proposition
for the three ranges of m. In each case, the uniform distribution pyp;
is an equilibrium for all kK > 0, and a fully supported density p, bifurcates
from puni at K = k1. At kK = kg (cases ii) and iii)), p, transitions to a
measure-valued equilibrium; note that k1 < ko for case ii), while k1 > kg for
case iii). In case iii), a pair of measure-valued equilibria gets born at k3: pg,
which changes at Kk = k2 from measure-valued to a density, and p,, which
undergoes no further transition and exists for all K > k3.

distribution). As k increases, pj concentrates around # = 0, behaviour which can also be
inferred from Figure [3(a) since |c,, || approaches 1 as xk — o0.
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FIGURE 3. Casei) 1 —2/d < m < 1. (a) Plot of the norm of the centre of
mass of equilibria. b) Plot of the energies of equilibria for x > k1. In both
plots, blue corresponds to pyni and red to p, — see Proposition part a).
At k = k1, a fully supported equilibrium p, in the form emerges from
the uniform distribution, and then it exists for all k > k1. The equilibrium
pr is the global energy minimizer when k > k1 — see Theorem [4.1| part a).
The numerical simulations correspond to m = 0.5 and d = 2.
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FIGURE 4. Plot of equilibrium densities p, from (3.52). (a) m = 0.5, d = 2.
These values correspond to case i) from Proposition E The equilibrium
densities p, exist for all K > k1. (b) m = 0.25, d = 3. These values
correspond to case ii) from Proposition The equilibrium densities py
exist for k1 < kK < k2 in this case (here ko ~ 12.4453). For both plots,
Kk = K1 corresponds to the uniform distribution, and p,; concentrates around
0 = 0 as k increases.

For case ii) we used m = 0.25 and d = 3. Figure (a) illustrates the bifurcation at x; ~
9.3648 and the transition to measure-valued equilibria at k9 &~ 12.4453. Blue corresponds
to the uniform distribution, the red line represents |c,, | (k1 < £ < K2) — see (3.52)), and
the black line corresponds to | ¢y, || (k> k2) — see ([3.54) and (3.42). Figure[f{(b) shows the
equilibria p, at several values of kK < Ky (so before the equilibria become measure-valued),
where k = k1 corresponds to the uniform distribution. For k > kg, the regular part p of the
equilibrium g, (see ) is infinite at 6 = 0, so we could not provide good illustrations
for this range. As r increases, oy, /' 1 (see Figure [2(a)) and the equilibria o, approach a
delta Dirac.

Finally, for case iii) we used m = 0.3 and d = 5. Figure [6|(a) shows the bifurcation
at k1 ~ 19.9199, the transition to measure-valued equilibria at ko ~ 17.8623, and the
bifurcation at k3 ~ 15.8088, where two measure valued-equilibria emerge. Blue corresponds
to the uniform distribution, and the solid black line represents ||c,,,, | (which exists for all
Kk > Kk3). Also, the dashed black line represents |[c,, | for k3 < x < K2 (see and
(3.42)), and the dashed red corresponds to |c,,_| for kg < & < k1 (see (3.52))). At x = Ky
the equilibrium pg, changes from measure-valued to an equilibrium density p, in the form
; this transition is indicated by a black diamond. At k = ki, px merges with the
uniform distribution and vanishes. We do not provide separate illustrations of p, here, as
the qualitative behaviour is similar to Figure (b), except that p, now concentrates as
decreases from k1 to k2. Finally, as x increases to infinity, the equilibrium g, on the upper
branch approaches a delta Dirac (as o, /" 1).
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FIGURE 5. Caseii) 1-2/(d—1) <m <1—2/d. (a) Plot of the norm of the
centre of mass of equilibria. (b) Plot of the energies of equilibria for k > k;.
In both plots, blue corresponds to puni, red to ps, and black to pq,

— see Proposition At k = K1, a fully supported equilibrium p, in the form ([3.52))
emerges from the uniform distribution. At xk = ks, p, changes to a measure-valued
equilibrium puq, — see and ; this transition is indicated by a black diamond.
The global minimizer when x; < k < kg is pg, and when x > kg, the ground state is pq, —
see Theorem [4.1| part a). The numerical simulations correspond to m = 0.25, d = 3.

4. ENERGY MINIMIZERS

In this section we investigate which of the equilibria identified in Proposition [3.1] are
global energy minimizers. The result is given by the following theorem.

Theorem 4.1 (Global energy minimizers). Consider the uniform distribution together with
the equilibria established in Proposition[3.1), for a fized d > 1. Note that we examined three

ranges of 0 < m < 1 there, where for d = 1,2 and 3 only some of the ranges are applicable.
Then,

a) In cases i) and ii), the uniform distribution p.; is the global energy minimizer on P(S?)
for all k < k1. For k > K1, we have

e case i) 1 — % < m < 1. The global minimizer for any k > k1 is given by the
equilibrium py in ,

e case ii) 1 — % <m<1-— %. The global minimizer for kK1 < k < Ko is given by py
in (3.52)), while for k > ka, the ground state is the measure-valued equilibrium fi,,,
fm.

Moreover, in both cases the energy differences E|puni] — E[px] and E[puni] — E[pta, ] increase
with k for k > k1.
b) In case i) 1 — % <m<1-— %, there exists k3 < K. < k1 such that the global energy
minimizer on P(S?) is

o the uniform distribution pyn; when k < ke,

e the measure-valued equilibrium p,, in the form (3.54), as identified in Proposition
when Kk > Ke.
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FIGURE 6. Caseiii) 0 <m < 1—2/(d—1). (a) Plot of the norm of the centre
of mass of equilibria. (b) Plot of the energies of equilibria. In both plots, blue
corresponds to pun; and the solid black to the measure-valued equilibrium
o, (Which exists for all kK > k3). Also, the dashed black corresponds to pg,,
(for k3 < Kk < k2) and the dashed red corresponds to p, (for Ky < K < K1)

— see Proposition At k = K3, a pair of measure-valued equilibria in the form
emerges. At kK = Ky, the measure-valued equilibrium ps, on the lower branch changes to a
fully supported density-valued equilibrium p,, in the form ; this transition is
indicated by a black diamond. At k = k1, the equilibrium p,, merges with the uniform
distribution and vanishes. As k — o0, the equilibria p,, on the upper branch approaches a
delta Dirac. A fourth critical value k. € (K1, k3) exists in this case. The global energy
minimizer is pyn; for © < k. and pq, for £ > k. — see Theorem part b). The numerical
simulations correspond to m = 0.3, d = 5.

Moreover, the energy difference E[puni] — E[pta, | increases with k for k > k3.

Proof. We will compare the energies of the various equilibria that exist in each case, for
various ranges of k.

Step 1: Compare E[pyn;] with E[p.]. This calculation applies to case i) when k > k1, to
case ii) when k] < Kk < K2, and to case iii) when kg < kK < K1.

By (2.3)) we write

1

(4.55)  Elpuni] = Elps] = —

m 1 m E 2
| patens = [ putamasia) + Slen |

The first term in the r.h.s. above is a constant, and it does not change with k. We will
investigate how the other two terms change with «.
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Using (3.34) and (3.52)), we compute

(4.56)

T I
Zlepl? - 1f P (z)dS = m §5 (1 — cos )7 sin®~! 0 cos df

K K — . =
! e 2(1 = m)(dwa)™"! (Sg (1 — cos )77 sind 9d9)

1 §o (i — cos g)7m-1 sind~! fdo
(m = D){dwa)™ ™ (§7 (7, — cos ) 77 sin! ede)m

= 91(N)g2(7k)

where
T

g1(n) = mJ (n — cos G)ﬁ sin?1 @ cos 0d6 + QJ (n — cos 9)% in?16de,
0 0

1 1
20 = m){dwa)™ ™ (§7 (1 — cos )71 sin =1 6dg) "

92(n) =

Calculate

v 2 -
91 (n) = % 0 (1 — cos ‘9)%71 sin?~1 0 cos Od6 + m Tl L (n — cos 9)ﬁ sin?~! 0do

T

__m (n — cos H)ﬁ_l sin?~! 6 cos 6d6
m—1 0
2 s
Lam (n — cos Q)ﬁ_l(n — cos 0) sin?~1 9dg
m—1 0
2mn (T "
- % f (1 — cos 6) 71 L sin®! a9 — % J (1 — cos§) 71" sin?1 § cos 0d0,
—1J, —1Jo
and
A0 m §g (1 — cos 6) 7" sin’ " 6dg
g2\n) = _ 2 m—1 m+1"
2(1 — m)?(dwq) (gg (1 — cos ) 7T sind~! 0d0>
Then,

(g1(mg2(m) = g1 (M) g2(n) + g1 (n)g’ (n)
So — cosf)m—1 ~Lsind-19de

= X

2(1—m) (dwd)'m_1 (SO (n — cos G)ﬁ sind—1 Gdé?)m

So — cos f)m- =1~ sind=1 9 cos Adf
§o (n — cos 9) ~Lsind=1 9de

+msg(77 — cos G)ﬁ sin®1 0 cos 9d9 +2 Sg — cos H)mi ind—1 9d9>

SO — cos f)m= 7 sind=! 9do
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Now write
s

| = cos )T sint =1 66 = |y~ cos )7 (1~ cos6) s~ 60
0 0

T ) T Ny
= nf (n — cos §) =1 sin? 1 Ado — j (n — cos §) =1 sin?~1 @ cos HdH,
0 0
to simplify
(4.57)
So — cos ) m—1 ~Lsin®16d6

(91(m)g2(n))" = 21— m)(dwd)m—l (So (n— cosg)ﬁ sind—1 ede)m "

So — cos ) m- T Lsin?=1 9 cos #dh o So — cos ) m= = smd L9 cosfde
m — )
So —cosf)m—1 ~Lsind=10do So — cos f)m- 77 sind=1 9do

By a direct calculation using the expression of H(n) in -, we compute
(4.58)

H'(n) 1 §5(n—cosf)m- 71 5ind=1 g cos 09 Lm= 2 §5(n— cos G)ﬁ_l sin?~1 9dg
H(n) -1 §o (n — cos @) m- = smd Locosgdg ™1 §o (n — cos Q)ﬁ sin10do
Then, by combining (4.57)) and (4.58]), we write
H'(n)

4.59 g1(n)g2(n)) = —(1 — m)h(n ,
(4.59) (g1(mg2(m)" = —( )()H(ﬁ)
where

m — cos f)m- w1 sin?=1 0 cos 09
(4.60) h(n) := Jo(n

2(1 —m)?(dwg)™—1 (Sg(n — cos 9)m sin?~1 0d0)

Note that h(n) > 0. To show this, we only need to investigate the sign of §7(n —

oS H)ﬁ sin?!  cos #df. Since —1- < 0, we find (n — cos G)ﬁ — (n + cos Q)ﬁ > ( for
all 0 < 0 < § and n > 1. Therefore, we have

J (n — cos O)ﬁ sin?=! 6 cos 0d6
0

/2 T
= f (n — cos Q)ﬁ sin?1 @ cos 0d6 + J (n — cos O)ﬁ sin?1 0 cos 0d6
0 /2

/2 1 /2 1
= f (n — cos @) ™1 sin®! § cos G — J (n + cos §) 1 sin?™! § cos A
0 0

/2 1 1 A1
= J ((n—cos@)mfl - (77+cos€)m*1) sin®™" 0 cos 0dd > 0,
0
where for the second equal sign we made a change of variable § = 7 — 6.

Since h(n) > 0 and H(n) > 0, the sign of (g1(n)g2(n))’ is opposite to the sign of H'(n).
For cases i) and ii), H(n) is increasing with n > 1, while for case iii), H(n) is decreasing
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— see Lemma Consequently, g1(n)g2(n) is decreasing with 7 in cases i) and ii), and
increasing with 7 in case iii).

From (4.55)) and (4.56)), we have
(4.61) Elpuni] = Elps] = const. + g1(115)g2(11x)-

In cases i) and ii), n, decreases as k increases from k1 (since H(n) is increasing). Therefore,
by the considerations above, g1(nx)g2(nx) (and hence the energy difference E[puni] — E[px])
increases with x. Note that since p, forms at x = k1, the energy difference starts from value
0. We also point out that for k < k1 in cases i) and ii), the uniform distribution is the only
critical point, and therefore the global minimizer. We have now partially shown part a) of
the proposition: case i) is complete, and case ii) is shown for k1 < k < k2. For a numerical
illustration we refer to Figures [3(b) and [5(b).

In case iii), 7, increases as k increases from kg2 to k1 (since H(n) is decreasing). Then,
by the monotonicity of g1(n)g2(n), 91(nx)g2(n.) (and hence the energy difference E[puni| —
E[px]) increases as r ranges from kg to k1. Since at kK = K1, px coincides with puni, we
conclude that E[puni] — F[pk] increases from a negative value at k = kg to value 0 at k = Ky;
see Figure [6|(b) for a numerical illustration.

Step 2: Compare E|pyni] with E|pa,] and Elua,]. This calculation applies to case ii)
when £ > kg, and to case iii). Note that for case iii), there exist two measure-valued
solutions: fi,, (for kK > k3) and pg, (for k3 < k < K2), where 0 < &, < a, < 1. Recall that
both g, and pg, are in the form , where the density p does not depend on x — see

(3.42]). Also recall notation (3.44).
By (2.12)), we have

(4.62)
1 1 K
ni| — akl| = i - 1-— K "p " o 2
Blpus] = Elto,] = g [ At@)ds = = [ (1= 0" (@) aS(@) + G ey, |
— ot [ s = | (- (e as(a)
=1 g it m—1 Jg %P ’
+ g (o + (1 — a)3)?.
Take a derivative with « in (4.62)) to get
d m 1t m doy,
i Bl = Bliod) = 7 ([ 0= a0 tawrasio))
K m—1 \Usa dwk
(4.63)
1 \2 _ _ dOé,{
+ 3 (g + (1 —g)d)” + k(1 —3) (ax + (1 — ay)s) T

We will show that the terms containing dgfj cancel each other. Indeed, using ([3.42) we
have
(4.64)

5 (1 = cos 0) =1 sin®~! 9do
M () A (@) = " (dug) (110 L Cos ) sin

m—1 Jsa m—1 (Sg(l — cos H)ﬁ sind—1 Hdﬁ)m.
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By combining (2.19) and ([2.23|) — use p instead of p and « instead of « there, we find
(4.65)

k(o + (1 —ag)s) = A

_1—a,{

1
m—1"
(Sg(l — cos Q)ﬁ sind—1 9d0)

m —-m m—
= m(dwd)l (1—ay)™!

which used in (4.64) leads to
(1 —cos 0)% sin?~1 9dg

- @ @S ) = kot (1- a0 %(1 oy
Now write
Lﬂ(l — Cos 9)% sin?~t0dg = Lﬂ(l — cos Q)ﬁ(l — cos 0) sin?~1 0de,
and then by we get
§o (1 — cos 9)=-7 sin®! 9do 1 §o (1 — cos H)ﬁ sin®1 6 cos 6d6
(4.66) §o (1 — cos H)ﬁ sin?~1 0do §o (1 — cos G)ﬁ sin?~1 0do
=1-—s5.

By using (4.65)) and (4.66)) in (4.64)), we then find

(1= )™ () mdS (@) = —k(1 — 3) (s + (1 — au)3) -

m—1 sd
Return now to the r.h.s of (4.63) and note that the terms containing % cancel each other.
Hence, we get

d 1
(4.67) — (Blpui] — Blpa,]) = 5 (s + (1 - a)s)?,
which is positive for all 0 < o, < 1.
We conclude that E[puni] — E[pta, | increases with k. Together with the previous consid-
erations, this completes the conclusion of the theorem in case ii) — See Figure [5|(b) for an

illustration, and hence, part (a) of the theorem is now shown.
Similar to (4.67) - just replace oy, with @, in the derivation above, we find

o (Blpwi] ~ Bl ]) = 5 (@ + (1= a0)s)°

which is also positive for all 0 < &, < 1. We infer that the energy difference E[puni] —E[1a,. ]
increases with &, for k3 < Kk < Ka. Note that at k = ko, ug, coincides with p,, and we know
from the previous calculations that E[puni] — E[px] < 0 at kK = ko. Hence, E|puni] — E[pa, ]
increases from a negative value at k = k3, and for all k3 < k < k2 we have E[pui] < E|pa,]-
Also see Figure [6(b) for a numerical illustration.

Regarding pin,., first note that it coincides with ps, at £ = k3, and by the above, puni
is more energetically favourable at k3. Hence, E[puni] — E|[pta, ] increases from a negative
value at £ = k3. By ([4.67), the rate of change of E[puni] — E[tta,] is strictly positive, so
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there exists a k. > k3 (a fourth critical value of k) where E|puni] — E[pta, ] = 0, and past
K > K¢, we have Elpq,. | < E[puni]. To conclude part (b) and hence the proof, it remains to
compare the energies of the two measure-valued solutions pg, and g, (for kK3 < k < kK2)
and the energies of p, and g, (for ke < kK < K1).

Step 3: Compare E|ua, | and E[uq, ]. This part concerns case iii) only, with k3 < k < Ka.

By (2.14) and (3.54]) we have

Bliia.) = Elpo,) = - [ (1= @0™0(0)"dS(0) = § (@ + (1~ 6,)9)°
1 m—¢, \m K =
b Lda — )" p)AS () + 5 (s + (1 0)5)°

m—1
From a calculation similar to that leading from (4.63)) to (4.67]), we get

(Bl — Elia]) = 3 (o + (1= 0 = L (@ + (1~ 6,5,

Since &y < au, the r.h.s. above is positive, and we infer that E[us,| — E[ita, ] increases
with k. For the range k3 < k < kg (where g, exists) we then have E[us, | > Elpa, |-
Step 4: Compare E|py] and E[uq, ]. This calculations applies to case iii), for ky < k < k1.
Using (4.61]) and (4.67]), we get
d 1 d
(4.68) 15 (Elpxl = Elpa,]) = 5 (o + (1 = )3)* — T (910092 (1))-

We will show that the r.h.s. above is positive.
By chain rule we have

d d dT],.@
4. v K K = 3 K k)) 7 -
(4.69) 2 91(0)92(11c)) . (910 92(10)) 7 -
Now differentiate
H(nﬁ)il =K,
with respect to x, to get
H'(n,) dn
4.70 - — =
(#70) H2(y,) dn
Then, using (4.69)) together with (4.59) and (4.70]), we find
d H/(nn) HQ(UN)
e K K =—(1- h K -
e @ 92(10)) = ~(1 = m)h(ne) g (e

T 1 2
1§55 —cos@)m—T sin?=1 @ cos Hd6
2 §o (nx — cos G)ﬁ sin®~1 0do

where for the second equal sign we used the expressions of h(n) and H(n) from (4.60) and

(13.35)).
From (|3.53]) we find from the above that

(@.m) (@1 )aa(ne)) = 557
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Here, 7, ranges from 1 (for k = k3) to oo (for k = k1). By using (4.71)) in (4.68]), we get
d 1
(4.72) an (Elpx] — Elpa.]) = 3 (ap + (1 - O‘H)E)Q 5%
Note that § = s, (see (3.39)) and (3.45)), as 7., = 1. Now, since a;; > 0 we have

ax + (1 —ay)s > s,

and to show that the r.h.s. of is positive, it is enough to show that s, decreases with

increasing k (or equivalently, with increasing 7, ), as this implies § > s,;, for all ke < k < k1.

This behaviour was in fact observed numerically — see the red dashed line in Figure @(a).
We can show that s, is a decreasing function of 7, by using the expression of H from

(3-35]), and express s, in terms of H(n.) as

S = ( = m)zwd)m—lH("*”")) ( fo " (7 — cos B) 7T sind-! 6d9>1_m.

From Lemma we know that H is a decreasing function for 0 < m < 1 — %. Since

—L_ < 0and 1—m > 0, we also infer that (Sg(n,.i — cos H)ﬁ sind—1 HdQ) o is a decreasing
function of n,. Therefore, as a product of two positive decreasing functions, s, is also a
decreasing function.

We deduce that the r.h.s. of is positive for kg < k < k1. We have E[px|— E[tq,.] >
0 at kK = kg (as p, coincides with pga, there, and use Step 3), and from there on, the energy
difference will increase to a larger positive value at k = k1. Since p, coincides with pup;
at k = k1, we find that E[puni] > F[lta,] at k1. By Step 2, E[pumi] < E[ta,.] at & = ks,
which implies that the fourth critical value k. is between k3 and ;. By the considerations

in Steps 2-4, we now conclude part b) of the proof. O
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APPENDIX A. PROOF oF LEMMA 2.1]

Assume that p in the form ([2.4) is a critical point of the energy E[u], where a > 0 and
s is not a Dirac delta measure concentrated at one point. By ([2.3) and (2.4), we write
1

(A.73) Bl = —— L (1= a)"ple)"dS (@) — S acy, + (1 - a)ey|* +

K
5 )
where

Cuy = f xdps(x), and cp = f zp(x)dS(x).
Sd Sd

As we can see from , Cu, 1s the only term that depends on the singular measure .
To show that u cannot be a ground state, we will provide a change of us; which decreases
the total energy, i.e., increases |ac,, + (1 — a)c,|.

First, if |c,|| # 0 and the directions of ¢, and ¢, are not aligned, then a rotation that
aligns the two directions decreases the energy. Indeed, assume ¢, and ¢, are not parallel.
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Denote by fis the singular measure obtained by rotating s so that c, and cj, are aligned,
i.e., ¢, = |c,|lz and ¢z, = |z, |z, for some unit vector z € S9. Also denote

= afis+ (1 —a)pdSs.
Then, we have
lacy, + (1= a)e,| < afeu, | + (1 —a)le
= e+ (1 = )|
laca, + (1 —a)ey,

where we used the triangle inequality, the fact that a rotation preserves the norm of the
centre of mass, and finally, that ¢, and cj, are aligned. From this calculation we infer that
by the rotation, |ac,, + (1 — a)c,| increases, and hence, the total energy will be decreased
(i.e., E[ji] < Elp]).

Based on the considerations above, the cases we have to consider are: either |c,| = 0 or
|ep| # 0, in which case directions of ¢, and ¢, are aligned. For both cases, we can assume
that ¢, = |c,|z and ¢, = |c,, |2 for some unit vector z € S%.

Consider the map ff:S? — S? defined for all 0 < t < 1 by

' T +tz
o) = el
and the push-forward measure (f%)xus of ps under this map. Then, we have

() pner 20 = <f wd(f1)hs (o > <Ld éii; > Ld <Tx+:§zz|> s (),

and by taking a derivative with respect to ¢ in the above, we find

d 1 (x +tz, 2)*
(A.74) &<c(f§)#us,z> = o < - ) dps(x).

| + tz| |+ tz|3
Evaluate (A.74) at t = 0 to get

d
$<C(f5)#“s’ z>|t:0 = Ld (1 —{x, z>2) dps(x).

If ps is not concentrated on {z, —z}, then %<c(f§)#u5,z>‘ > 0, and this implies
t=0

vz e S%,

d 2 d
&Hac(ﬁ)#“s +(1— oz)cpH ‘ =2 <adtc(f§)#”3 s (afle, | + (1= a)||cp|)z>
t=0 t=0

d
= 2afalen |+ (1= alepl) gl pne )
> 0.
Therefore, a perturbation pu' = a(f%)xpus + (1 — a)pdS of 1 decreases its energy.
Consider now the case when (i, is concentrated on {z, —z}. Since we already assumed ji5 is

not concentrated at one point, we can assume that aus = a1d, + asd_,, where ay = as >0
and a = a1 + ag. Take a perturbation of aug given by

™
O‘:U’l; = a0, + O526—(0051€)z+(sint)wa for 0 <t < 97
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for some w € S that satisfies (w, z) = 0. Then, we have
acy + (1 —a)e, = arz + ag (—(cost)z + (sint)w) + (1 — a)|c,|z
= (o1 —agcost + (1 — a)|c,|)z + az(sint)w
= (o] ey, | + a2(1 —cost) + (1 — a)|cp|)z + ao(sint)w
where we used a1 — ag = aflcy,|. It yields
lacu, + (1= a)ey|* = (aflc]| + az(l = cost) + (1 = a)|eyl)? + af sint,

and this function is increasing in ¢, for 0 < ¢ < §. For this reason, a perturbation T

apl + (1 — a)pdS of u decreases its energy, and we infer again that p cannot be a ground
state.

APPENDIX B. PROOF OF LEMMA [3.1]
We will investigate the sign of H'(n) for n > 1. From integration by parts, we have

J (n — cos H)ﬁ sin?1 6 cos 0 dg
0

1 s
= {(n — Cos H)ﬁ sin? Gde]

1 T
pi ] j (n — cos H)ﬁ_l sin*1 9dg

O_d(m—l 0

1 T
) d(l)f (n— cos6)71 " sin™1 a0,
“m) ),

which we use in (3.35)) to rewrite H as

H(n) = ﬁ(dwd)m_l (Jﬂ(n — cos H)ﬁfl sindt1 0d0> (Jﬂ(n — cos H)ﬁ sind~1 9d9>m 2 .
0 0
Then, the derivative of In H(7n) can be written as
d H
510100 =
- < m> (So — cos §)m—1 " 2gind+! 9d9>
~\m §o (n — cos@)m—T ~Lsindt1 9de

+< > 5o (n —coseml "sin?=! 9dg

§o (n — cos ) m- -1 sin®1 gdg
Since % > ( for any 0 < m < 1, the sign of H'(n) is the same as the sign of
(B.75)

Hi(n,m,d) := <J (n — cos H)ﬁ_l sind ™! 9d9> <J (n — cos H)ﬁ_l sin?*t? 9d9>

0 0

— (f (n — cos H)ﬁ_2 sin@*! 0d0> (J (n — cos G)ﬁ sin?~! 9d9> .
0 0
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We will study the sign of H; using tables of integrals that involve associated Legendre
functions of the first kind, available in [33]. From Section 3.666, equation (2) of [33], we
have:

T 1 1
f (cosh 8 + sinh 3 cos )" sin~ 2 §df = \2/f sinh” g I’ <2 - V) P;(coshB) VRe(r) < 37
0

where P denotes the associated Legendre function of the first kind. By factoring out sinh j3
from the lLh.s., the equation can be written as

(B.76) f (coth 8 + cos 0)* T sin™2" §df = \2/f sinh™# g T’ <; —v
0

) PY(cosh 3).

Denote pig = —— — 2 + %, vy = —d%l and substitute n = coth 8 in (B.75)), and use

m—1

(B.76) to simplify each integral in H1(n, m,d) as follows:

([T 1
f (n — cos H)ﬁfl sind~1odg = Qﬁl sinh " g T <2 —(vo + 1)) PﬁgH(cosh B),
0

J (n — cos G)ﬁfl sin*1ody = VT sinh~o+D) g 1 (; — V0> P, (cosh ),

0 2V0 MO+1

g 1
L (n — cos G)ﬁ_2 sin?tlade = ;/j sinh ™" g T (2 - I/()) P9 (cosh 3),

i g T o 1 "
fo (n — cos 0) =1 sin?~! de = 2%:1 sinh~ o+ g T <2 — (v + 1)> Pugill(cosh B).

Hence, we can write H1(n, m,d) as

1

_ T (ot 1_ L
Hl(n,m,d)—22yo+181nh o BF<2 vy | T 5 W0

X (P;jg“(cosh BP0 1 (cosh ) — B0 (cosh B)Pﬁgill (cosh ﬁ)) .

The sign of Hi(n, m,d) is the same as the sign of

Hao(B,m,d) := Pﬁg“(cosh B) P01 (cosh B) — B0 (cosh B)Pﬁgﬁ (cosh ),

where [ ranges in (0, 00).

Equation (1) in Section 8.715 of [33] provides the following integral representation of the
associated Legendre function of the first kind:

dt.

y v/2sinh” B cosh(u+ i)t
P](cosh 8) = i P J ( ) T
VAL (3 =) Jo (cosh B — cosht)”*2



By using the integral expression above, we can rewrite Ho(8,m,d) as

2sinh?0+1 g
L (3 — ) T (=3 — o)
1 3
y <fﬂ cosh (,u,g + 5) t _at fﬁ cosh (uo + 5) t _at
0 (coshfB —cosht)”*2z Jo (coshf — cosht)"0"2

‘[ﬂ cosh (o + 5 ;t dth3 cosh (po + 3 3t dt)'

0 (cosh 3 — cosht)"" 0 (cosh 8 — cosht)"™"

H?(/Ba m, d)

(SIS
nlw

Finally, we will investigate the sign of
B cosh + 1)t B cosh +3)t
Ha(Bmd) = | o+ 2) 3dtf ot z)t
0 (cosh 8 — cosh t)”°+5 0 (cosh 8 — cosht)""2

jﬁ cosh (,uo + Y f cosh MO + ) t
0 (coshp — cosht ”0+ (cosh 8 — cosh t)”OJr

dt

_dt,

for 5 € (0,00). The sign of

1 +al—l
m—1 2

A=p+1=

will be crucial in determining the sign of Hs (and hence, of H).
We express Hs using A instead of pg as follows:

8 h(A—21)¢ g h(A+ 1)t
Ha(B,m, d) :J cosh ( 3) Sdtf cosh ( 3) i
0 (coshf —cosht)”*"2 Jo (cosh B — cosht)""z

B fﬁ cosh (A— 1)t dtfﬁ cosh (A+3)t it
1 3
0 (coshB —cosht)”*"2 Jo (coshB — cosht)”"2
_J‘ﬁ COSh‘A 1‘t dtjﬁ COSh‘A—F%‘t
0 (cosh 8 — cosh t)'/DJr 0 (cosh 8 — cosh t)yﬁé
_JB COSh‘A—i‘t dtfﬁ COSh‘A—F%’t
1
0 (coshf — cosht)"*z

dt

dt

- dt,
0 (cosh 8 — cosh t)"“g

where in the second equality we used that cosh(-) is an even function.
Now define, for ¢ > 0:

cosh}A—%‘t
cosh‘A—i— %‘t

h|A+ 3|t
d¢ = €08 ‘ 2‘ = | dt, f(t) = coshB —cosht, g(t)=
(cosh 8 — cosht)"°"2

Hence, we write

3(8,m, d) = ff d&f £)de — ff défdé
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The function f is decreasing on t > 0. Also, ¢’ can be calculated from
! 1 1

g@) _ A_ = A+ |t

g(t) 2 2

which is positive for A < 0, negative for A > 0 and zero for A = 0. We distinguish between
the following cases:
(Case 1: A = 0) In this case, g(t) = 1 and Hz = 0.

tanh tanh

1
A+ =
+2

1
A-gle-
2

(Case 2: A > 0) Since f and g are both decreasing, Hs < 0 from the Chebyshev inequality.

(Case 3: A < 0) For this case, since f is decreasing and ¢ is increasing, Hs > 0 from the
Chebyshev inequality.
Therefore, we can finally conclude that H is increasing for 1 — % < m < 1, decreasing

for0<m<1-—

B.1

%, and constant for m =1 — %, which concludes the proof of Lemma

ApPPENDIX C. PROOF OF LEMMA

We show that
. oy 1
Jim H(—n) = £y
where k1 is given by (2.25) and the function H by (3.35)). By factoring out 7 from each of

the terms in (3.35]), we have
(C.77)

1 1 m—2
1— a m—1 m m_1
H(n) = 4m7m (dwd)m_ln (J (1 — CO;6> ' sin®1 6 cos 9d9> (J (1 — CO;6> ' sin?~1 0d9> .
0 0

We will use Newton’s generalized binomial theorem: for any r € R and z € R with |z| < 1,

it holds that
(T
1+2) = z*,
(1+2) kZ()(,C)

where (}) = w, with the convention ({) = 1. Then, as the binomial series is

uniformly convergent, we get from (C.77):

H(n) 1_7 dwg)™™ <Z ( >771’€J;] cosP*1 9 sind1 9d0>
m—2
X i(—l)k( = >1kf cos® fsin?! 9dh
k=0 ke Jm Jo
1—m m = N R P TR
- (;(—1) ( kl)nk_lfo cos"t1 9 sin®t 6do
0 - m—2
X (Z(—l)k<mkl>1kf cos® fsin?! 6d9> ,
=0 ™ Jo

Il
—
QU
S
U
~
|
—
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where for the second equal sign we used that the & = 0 term in the first binomial sum,
vanishes.
Then, in the limit 7 tends to infinity, we find

T _1
J cos? 0 sin? ! 9d9> <<m_1>
0 0

1- 1 1 m m—1
mm (dwd)m_ll_i X — (j sin?~ 19)

m d+1

lim H(n)

nN—0

T m—2
J sin?1 9>
0

Il
—_
|
3
=
g
&
3
AR
|
N
—
N———

where for the last equal sign we used
S4| = |Sd1|f sin?~1 9de,
0

and [S%"!| = dwg. This proves the claim.

APPENDIX D. DERIVATION OF ko

We Will derive the explicit expression of k2 given in Remark We calculate H(1) first

(see (39) and @3T)):

s e
H(1l) = ﬂ(dwd)m—l So(l — cos ) m=1 sin?1 0 cos 646

2—m
m (Sg (1 — cos H)ﬁ sind~1 9d9)

( ) 1-— m(dw -t 5o 9T sinm-T (g) sin?~1 @ cos #dH
D.78 = ——(dwy —
m (So 27T sin (g) sind—1 9d0)

- m— Q 1 d—].
—9 <1m> (dug) ™) §y sin = (9) s OCOSG(iG |
(S s1nm m—1 (g) sin?— 10d0>

m

Using the identity

(D.79) Lﬂ cos® (g) sin® <Z> do = (F;() 2);) :

the property I'(z + 1) = 2I'(z) for all z > 0, and the elementary trig identities

sin(f) = 2sin (g) cos (g) , cos @ = 2cos? (g) -1,
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we can simplify the numerator and denominator in (D.78]) as

J sin% <6> sin®~1 6 cos 6d0
0 2

=2d-1 JW (smm p+d=1 (9 os?t1 (9> — Sinﬁﬂpr1 (9> cos? ! <0>) dé
2 2 2 2

gd—1 F(ﬁ+%)1“(%)—r(%+%>r(%)
! F<ﬁ+d+1

L (T TE) )
) F(ﬁ+d+1) 2 \m—-1"2
(e g r )

and

Then, we can simplify H (1) from (D.78]) as follows:

271 (L + )1 (4)
(1- m)F —+d+1
2—

1-m
H(1) =2 ——) (dwg)™"
@ ( m >( 2 2d-17( Lo d)p(4)\ T
r(-L5+d)
m—1
pL+d-1(m-1) ARG
= —(dwd>m_ .
m (ks + d) T (5 +d)
wa (1)1 (4
Finally, use |[S?| = a dr((Q) >(2) to write the above expression as
m—1
9l +(d-1)(m-1)|gdm-1 (T (%1 + %) ()

(
= m(ﬁde) r %)r(ﬁm)

The explicit expression for ko listed in Remark follows then from ko = H(1)

-1
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APPENDIX E. CALCULATION OF §

We calculate from (3.45)) using simple trig identities:

§o (1 —cos G)ﬁ sin?=1 0(1 — cos §)df
§o (1 — cos 0)ﬁ sin?~1 0do

1

o Sg (2sin2 )T (2smgcosg)d_1 de

XO (2 sin? g) = (2 sin g cos g)d_l do

o
Il
—_

SO sinm= 1—0—al+1 9 dfl ng

So sinmo1 +d-1 9 5 cosd—1 edﬁ

=1-

Then, using the Gamma function and its properties (see (D.79)) we find

[1]

2]

P(mer+4+1)r(5)
I(-L+d+1)

s=1-2
P(me+4)r(8)
sy

1 d

_q_gmite

- 1

9 2+d(m—1)

1+d(m—1)
B 1
C(1—m)d—1"
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