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Abstract

We investigate the ground states of a free energy functional on sphere. The energy consists of an
entropy and a nonlocal interaction term that are in competition with each other, as they favour
spreading and aggregation, respectively. Specifically, the entropy corresponds to slow nonlinear
diffusion and the interaction term is modelled by a quadratic interaction potential. We investigate
the transitions that occur in the equilibria and the global minimizers of the energy, in terms of the
strength of the nonlocal attractive interactions. We consider separately various ranges of the dif-
fusion exponent, which give qualitatively different behaviours of equilibria and ground states. In
terms of applications, we note that the energy we consider here is a generalization to nonlinear dif-
fusion of the Onsager free energy with dipolar potential, used to study phase transitions in poly-
mer orientation.

1. Introduction

In this paper we investigate the minimizers of the free energy functional

1
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defined on the space P,.(S?) of absolutely continuous probability measures* on the unit sphere S?. Here,
m >0 is the diffusion exponent (m =1 requires special consideration), x > 0 represents the interaction
strength, and || - || denotes the Euclidean distance in R, Also, the integration is with respect to the
surface area measure dS of the sphere, and the notion of absolute continuity is with respect to the meas-
ure dS.

The functional (1.1) falls in a class of aggregation-diffusion energies extensively studied in vari-
ous contexts, in particular in self-organizing phenomena such as swarming or flocking of biological
organisms [36, 45, 47], emergent behaviour in robotic swarms [41, 43], self-assembly of nanoparticles
[33], and opinion formation [42]. In its general form, the energy (1.1) is defined on probability meas-
ures on a generic Riemannian manifold M:

1
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4 Note that throughout the paper we refer to an absolutely continuous measure directly by its density, and by an abuse of notation we
write p € PM(Sd) instead of dp = pdS € ’Pac(Sd).

© 2026 The Author(s). Published by IOP Publishing Ltd and the London Mathematical Society.
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where W: M x M — R is an interaction potential, and integration is with respect to the Riemannian
volume measure dx. The energy (1.2) relates to the following nonlinear nonlocal evolution equation for
the population density p:

0 (%) = Var- (p () VarW s p (x)) = A (%), (13)

where
Wp() = [ W) p )y

and V) and V) represent the Riemannian divergence and gradient, respectively [1]. Specifically, critical
points of the energy functional correspond to steady states of (1.3). We also note that for m = 1, which
corresponds to linear diffusion, the entropy term in (1.2) is replaced by [, p(x)logp(x)dx.

Both the free energy functional (1.2) and its corresponding gradient flow (1.3) have been extens-
ively studied on the Euclidean space M = R?. A partial list of issues addressed by analysts includes the
existence of global energy minimizers for interaction potentials of Riesz type [4, 6, 11], uniqueness
and qualitative properties (such as monotonicity and radial symmetry) of energy minimizers or steady
states of (1.3) [3, 10, 16, 35], and well-posedness and long time behaviour of solutions to the evolution
equation (1.3) [5, 7, 10]. We also refer here to the review papers [5, 12] and the influential monograph
[1]. The literature on general manifolds is much less developed however. The case when M is a Cartan—
Hadamard manifold was studied recently in [21, 22] for linear diffusion and in [8, 9] for nonlinear dif-
fusion. As far as the manifold setup is concerned, most of the research has focused in fact on the model
without the diffusion term (when only nonlocal interactions are considered). The well-posedness of the
model without diffusion on manifolds was studied in [23, 24, 48], and emergent behaviours were stud-
ied on a variety of specific manifolds such as sphere [13, 23, 25], unitary matrices [32, 38], hyperbolic
space [19, 25, 30], the special orthogonal group [18] and Stiefel manifolds [31], as well as on general
Riemannian manifolds of bounded curvature [20].

In the present paper we consider the case

M=5 and W(x,y) = ng—sz. (1.4)

The interactions corresponding to this potential are purely attractive, i.e. any two points experience
a pairwise attractive interaction. Consequently, the interaction energy favours points to aggregate
together. On the other hand, the entropy component favours spreading, so the two components of the
energy (1.1) compete with each other. On compact manifolds such as the sphere, diffusion by itself leads
to global energy minimizers that are uniform densities on the entire space. Together with the attract-
ive interactions, diffusion may still dominate (and lead to uniform states) if the attraction is sufficiently
weak. The main interest in this paper is to study the competition between attraction and diffusion in
terms of the size of the interaction strength .

Apart from its own intrinsic interest as an aggregation-diffusion energy on the sphere, one of the
main motivations for this work is to consider nonlinear diffusion in the Onsager free energy on the
sphere [44]. The free energy (1.1) for the special case m = 1—i.e. with the entropic term given by

/ p(x)log p(x)dS(x)—has been used to study isotropic-nematic phase transitions in rod-like polymers
Sd

and has an extensive literature on its own (see [14, 17] and the references therein). In this context, p(x)
represents the probability distribution function for the orientation of a polymer viewed as a rigid rod of
unit vector x € S?, and the interaction potential in (1.4) is called the dipolar potential; note that since
points on S have unit norm, an equivalent expression of the potential used in this literature is —rx - y.
It was shown for d=2 [17], and later generalized to arbitrary dimension in [15, 26] that a phase trans-
ition occurs at a certain critical value of k, where the isotropic state (given by the uniform distribution)
loses stability to a nematic equilibrium density. In a similar spirit to this research, equilibria and phase
transitions with the Maier—Saupe interaction potential of the form —r(x-y)?, have also been studied in
the linear diffusion case (m =1); see [17, 29, 37].

In this paper we work with general exponent m > 1, which corresponds to slow nonlinear diffu-
sion, and investigate the ground states of the energy functional (1.1) in terms of the interaction strength
k. Depending on the values of m (we distinguish between the cases 1 < m < 2, m=2 and m > 2), we
identify various critical values of x that lead to phase transitions in the ground states, similar to the
isotropic-nematic transitions for the Onsager energy. We also note that, different from the case of lin-
ear diffusion, we also account here for equilibria that have support strictly included in S%. This adds a
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new type of transition, where ground states change from being fully supported to being strictly suppor-
ted on the sphere. For the range 1 < m < 2 we characterize the global energy minimizers and their phase
transitions, in general dimension d > 1. For m > 2, we carry out our investigations only in dimension

d =2, which in fact is the most important case as far as applications to phase transitions in polymer ori-
entations are concerned.

We also note that on top of the numerous applications to self-collective behaviour in sciences and
engineering, there has been recent interest in such models in the context of inverse problems and
machine learning [34, 39, 46]. In particular, some of these works include manifold setups as in the
present paper [40]. Very recently, an interacting particle system was used in the context of artificial intel-
ligence, more specifically for large language models [27]. In this application, the phenomena of cluster-
ing and synchronization is important for learning tasks. We point out that the system used in [27] is set
up on the unit sphere of general dimension, and the dependence of solutions on the relative strength of
the noise and diffusion is listed as an interesting question that remains to be investigated.

Summary. The summary of this paper is as follows. In section 2 we identify the possible critical points of
the energy functional. In section 3 we focus on the uniform density and study its stability. In section 4
we investigate the critical values of k, the equilibria, and the global energy minimizers when the diffu-
sion exponent is in the range 1 < m < 2. Sections 5 and 6 are similar in scope, and they cover the cases
m=2 and m > 2, respectively. Some technical details of the results are deferred to the appendix.

2. Critical points of the energy

In this section we identify the critical points of the energy functional, which are the candidates for
ground states. For any x,y € S%, we have

e = y1* = [l¢ll* = 24x,9) + [I¥l1* = 2= 2{x, ),

which allows to simplify the energy as
1 m K K
Bl = [ 00" a0 =5 [ (xpp)ds s+ 5. @5)
m—1 Sd 2 Sd %S4 2
The centre of mass ¢, € R™! of a density p € P,(S) is defined as

%zém@a@.

It holds that

oo =( [ 30 as60). [ ro)as)

— || @ p(asdse),
S x s

and hence, the energy (1.1) can be written as

1 m
Elol = o= o) a8 = leolP + 5, 26)

A density p € P,.(S?) is a critical point of the energy E if the expression

OE m—
<m(Jpru>la%@ (2.7)

is equal to a constant, possibly different in each closed connected component of the support of p [6, 35].
At critical points, the first variation of the energy (with respect to perturbations that preserve mass) van-
ishes. As alternative terminology, we will refer to critical points of the energy and equilibrium densities,
interchangeably in the paper. Our main goal in this paper is to identify the global energy minimizers, for
which reason we will further reduce our attention to a subset of this large class of critical points.
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Critical points that are candidates for global minimizers must necessarily satisfy

(55 ) = rlepst =, e supp(o), (28)

m—1

a condition that demands that the expression in (2.7) takes the same constant value A in each connec-
ted component of supp(p). Condition (2.8) can be formally derived by taking perturbations in suitable
Wasserstein spaces [6, 19]. More informally, we can explain it by using the physical interpretation of the
constant A, which mathematically plays the role of a Lagrange multiplier in the derivation of the Euler—
Lagrange equations. Specifically, A represents the energy per unit mass felt by a point mass at position
x due to interaction with all points in supp(p) [2]. Then, a critical point with different values of A in
different connected components of the support, cannot be a global minimizer (not even a local minim-
izer) with respect to perturbations that transport mass from the component with larger A to that with
smaller A.

We first note that the uniform distribution on the sphere,

1
Puni (%) = @, Vx € §% (2.9)

where |Sd| denotes the area of S% is a solution of (2.8) for all £ > 0. Indeed, in this case, Cpuy = 0, and
the constant ) is given by

m 1
=) - 2.1
A (m_l)gd|m_1 (2:10)

The following lemma limits the candidates to global energy minimizers to densities that are fully
supported on a geodesic disk of the sphere.

Lemma 2.1. Suppose p is a global energy minimizer; in particular it satisfies (2.8) for a constant \. Then,
supp (p) = {x: r{cp,x) + A > 0}.

Proof. Denote by A := {x: k(c,,x) + A > 0}. We want to show that supp(p) = A. The inclusion supp(p) C
A is immediate. Indeed, by (2.8), for any x € supp(p) we have p(x) > 0, which implies that x(c,,x) + A >0,
and hence x € A.

Assume by contradiction that supp(p) is a proper subset of A, so that |A\supp(p)| > 0. Take a probabil-
ity density v such that supp(¢) C A\supp(p), and consider the following perturbation:

pr=(l—¢€)p+ep, 0<e<1.
Since
Oep = —p+1h,
we calculate using (2.6):

d €
&E[P]

= | (4 (9)dS() — nler e, )

e=0+ e=0

m
= )" dS() + Rl P — ey o)
m 1 sd

=0, (2.11)

where for the second equal sign we used that the supports of p and 1) are disjoint, and the inequality comes
from the fact that p is a minimizer.
Multiplying (2.8) by p and integrating with respect to x on supp(p), we get

m m
e L PG AS () =l =

which used in (2.11) leads to
—XA—K(cp,cyp) = 0.
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Since v is supported on A\supp(p), we infer from the above that

/ (A+K{cp,x)) 9 (x)dS (x) < 0. (2.12)
A\supp(p)

On the other hand, A + k(c,,x) > 0 for all x € A, which together with (2.12) implies that A + k(c,,x) =0
a.e. with respect to 1(x)dS(x). This means however that ¥ (x)dS(x) is supported on JA, which is not pos-
sible. We conclude from here that supp(p) must be the entire set A. O

Write the equilibria (2.8) as

(5™ (A+#lep,x) ™7, forx € supp (p),

0, otherwise.

By lemma 2.1, p is fully supported in the geodesic disk given by A+ x(c,,x) > 0—see more discus-
sion below. Also, by its explicit expression we note that p is axially symmetric with respect to the direc-
tion of its centre of mass.

Without loss of generality, we can assume ¢, = ||c,||xo for some unit vector xo € S?. Define 6, =
arccos(x,x) € [0,7], to write (c,,x) = ||c,|| cosf. The condition A+ x(c,,x) > 0 on supp(p) can be sim-
plified into

— ——— < cosby, Vx € supp (p). (2.13)
kel

Given that cosf, ranges in [—1,1], we now distinguish two types of equilibria that are candid-
ates for global minimizers, in terms of the relative size of A: equilibria supported on the entire sphere
(supp(p) = S) when A > &|c,||, and equilibria that are supported on a strict subset of the sphere
(supp(p) € S%) when —x||c,|| < A < K||c,||. Note that (2.13) has no solutions if A < —x||c,||. Also, for
A= —kllcy||, (2.13) has only the solution §, = 0 and this does not give an admissible density since the
support of p is one point and it corresponds to a Dirac mass at x;.

a. Equilibria fully supported on S?(\ > k||c,||). In this case —m < —1, so 6, has full range [0,7]. The
equilibrium is given by

_1\ T e
p(x) = (mm) (A +Kllcpl| cosBy) ™, vx € §7. (2.14)

To determine p one needs to find A and ||c,||. These can be found by requiring that p has unit mass and
centre of mass at c,, as following.
From the definition of ¢, we compute

oo = (e [ o)a5(2))
— [ (arinx)ds
Sd
i m—1 m]j 1, d—1
=dwgllc,|| | cosf | —— (A+El|cp|| cos@) ™ sin“"" 6d6,
0 m

where for the last equal sign we used hyperspherical coordinates and that |[S9~!| = dwy, where wy
denotes the volume of the d-dimensional unit ball (wy = 7%2/T'(d/2 + 1), where I" denotes the Gamma
function). Together with the unit mass condition, this leads to the following two equations to be solved

for A and ||c,|:
1= dwd/ (
0

el = v | (
0

1

71 m—1 1
) (A+ K¢y cos @) =T sin?~1 6 do,

3

:

1

_ 1\ w1 L
) (A + &llc,|| cos8) 7T sin?~" § cos 6 6. (2.15)

3

:

5
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b. Equilibria supported on a strict subset of S*(—k|c,|| < A < k¢, ||). In this case we have —1 < —m
o
< 1, and (2.13) restricts 6, to {O,arccos (—m)] The equilibrium p can be expressed as
P
1 1
m=L) =T (N 4 k||c, || cosB) ™, if 0 <6 <arccos(— A ),
p(x) = ()™ Ot el feosts) S leell (2.16)

0, otherwise.

Again, A and ||c,|| need to be found. Denote by ¢ = arccos (—m) Then, similar to how sys-
tem (2.15) was derived, we find in this case:

m—1

é = .
lded/ (> (A + &llc, || cos @) 7T sin?~' 6 d6,
o\ (2.17)

¢ L — 1\ T o
llepll = dwd/ (m> (A + £c, || cos§) ™ sin’ ! O cos 0 d,
0

which has to be solved for A and ||c,||.

Remark 2.1. We note that for the free Onsager functional with linear diffusion, all critical points are fully
supported on the sphere [17, 26]. In considering nonlinear diffusion, the set of admissible equilibria is
richer, which leads to more sophisticated phase transitions, in particular in the case m > 2.

3. Stability of the uniform distribution

In this section we will study the full nonlinear stability of the uniform distribution pyn; given by (2.9).
Consider a general family of perturbations {p¢} C Pu(S9) of the uniform distribution. In particular, we
have

2° = puni, / pS(x)dS(x) =1, foralle. (3.18)
Sd
The energy of p° is given by (use (2.5)):
€ 1 € m K € € K
Elp) =y [0 ase =5 [ et e ) dsds )+ 5.
s 54x 8

The uniform distribution is a local minimizer provided

d2

—E[pq]| >0,

qa el _

for all perturbations p® that satisfy (3.18).
Denote
d d?
00 = —pf d 52 € — —_ €.
P dep ) an P dezp

Note that by the unit mass condition in (3.18), we have

dp° (x)dS(x) =0, and / §%p° (x)dS(x) =0, forall e.
sS4 sd

Now compute:

TEY = o [t @ s =5 [t 60 00 0) +0 (9507 ()85 (45 )

m—1 sd 2

=L gt )" 0 (1) dS () — // (x,3) p° (x) 5p° () dS (1) dS (7).,

SdxS4

6
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d2 €1 _ € m—2 € 2 m € m—1 2 ¢
qakll=m P ()™ " (6p° (x))"dS (x )+771 p° (%)™ 67 p (x)dS (x)
(3.19)

K //SS (x,7) (6p° (x)6p° (y) + p° (%) p° (v)) dS (x) S () -

Evaluate (3.19) at € =0. Using that p°(x) is constant and that §2p°(x) integrates to 0, we find that
the second term in the r.h.s. vanishes:

0 m—1¢2 0 _ 1 20x x) =
A 0 0)a50) = iy [ 8 (9 ds(

Also,

/ xp° (x)dS (x) =
Sd
and hence,

//deSd x9)p" (x)8°p° (y)dS (x)dS () = </dep° (x)dS(x)7/de62p0(x)d5(y)> -

Now drop the superscript 0 and denote dp = dp°|,_,. We find from (3.19):

& 2
—E[p] dL/ (6p(x))*dS (x) — K / xdp (x)dS (x) (3.20)
de? o |S4|m=2 S
For the uniform density to be a local minimum, the expression above has to be positive, i.e.
m de op x) dS(x)
|Sd\m 2 | [oux0p (x)dS (x )‘27
for all perturbations dp that have zero mass.
Define the following functional on A = {1 € L*(S) : [,,1(x)dS(x) = 0,4 # 0}:
P (x 2dS (x
IM:@<U><Q o)
| Jaxt (x) dS (%) |
The uniform distribution is a local minimum (and hence, stable) provided
m
——— . inf 3.22

and unstable otherwise.

Lemma 3.1. Let F : A — R be given by (3.21). Then,

d+1
f .
JEAIM Sd

Proof. We will present a direct proof, though this result can also be inferred from the known facts on the
free energy with linear diffusion—see remark 3.1.

By Cauchy-Schwarz inequality, we see immediately that F is bounded below by 1. Also, F is lower-
semicontinuous and S is compact, from which we infer that 7 admits a global minimizer in .A.

Denote by s, the centre of mass of 1:

Sy = /dew (x)dS (x).

By calculating the first variation and setting it to zero, i.e.

Fl(0¢) =0,
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we find the following Euler—Lagrange equation for the critical points:

/Sd <¢ () [sy|* — (/Sdz/ﬂ ) dS(y)> Se -x> 81 (x)dS (x) =0,

for all perturbations 69 € A. From here we find

s lsol = ([ 01850 ) sy 5= (23)

for a constant \. By integrating this equation over S? on both sides, and using that 1) integrates to 0, we find
A=0.
Consider a critical point ¢ and denote C := [, 1/*(y)dS(y). From (3.23) (where A =0), we can write

_ C
w(x)zwsiz-x.

P

By taking the square of this expression and integrating, we find

sy l*
C=——"_
fgd (512 ’}’) dS(y)
and hence,
. Isgl*
D(x) = ——t 5. (3.24)

= 2
fsd (SJJ '}’) ds(y)
All the critical points of F are in the form above. Evaluate F at such 1) to find
- C
Flo]=— 2
|51

3.25
|S¢|2 ( )

sy 9) dsG)

By symmetry, if y = (y1,92,...,ya11) € S? we have

[ ast= [ aso) == [ siaso.

Then, since y% +y3 + - - —l—yﬁH = 1, it holds that

) 1 o 1 / s
/deids(y)—d+1 Sd()'er +yd+1)d5(y)—7d+l deS(y)—dH,

foralli =1,2,...,d+1.
Therefore, for any £ € R4 one gets

d+1 d+1 ‘Sd| |Sd|

. 2 = 2,2 — 2_ =0 2
[enrasn =3 [ @rast)=3 6 =gt

which used in (3.25) for § = s, yields

d+1

Note that F is invariant under scalar multiplication ¢) — A, which is reflected in the fact that the value
of F[t)] does not depend on the magnitude of s;. Put it differently, up to symmetry and a scalar multiplica-
tion, the critical points in the form (3.24) are unique. Since F admits a global minimizer, 1) must necessarily

achieve this minimum value. O
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Remark 3.1. Lemma 3.1 also follows directly from the known results for linear diffusion. Indeed, consider
the free energy with linear diffusion, which can be simplified and written as

2

E (/) :/Sdp<x>1ogp<x>ds<x>_;’/dep@ds@ +f

By taking perturbations p° of the uniform distribution and performing a similar calculation as for m # 1,
we calculate

d2 2

. 1
@El [P°]

|Sd|—l/Sd (0p(x))"dS(x) — /de5p(x)ds(x)

)

e=0

which is in fact (3.20) for m = 1. Since the uniform distribution is a global energy minimizer for x < d+1
[17, 26], the second variation calculated above needs to be non-negative, for all jp € A. Hence, |Sd|}' [6p] >
K, for all 6p € A and k > d + 1, from which we conclude

d+1
inf Fly] > 2L
S P> T

The considerations above lead to the following result.

Proposition 3.1 (Stability of the uniform distribution). The uniform distribution pyy; is a stable critical
point of the energy functional E if and only if k < k., where

m(d+1)
Ry = W (326)
Proof. The proof follows from the previous calculations, by using lemma 3.1 in (3.22). O

Remark 3.2. We note that in the limit m ™\ 1, proposition 3.1 recovers the stability result from the classical
Onsager free energy with linear diffusion [17, 26]. Indeed, in the case of linear diffusion, the uniform dis-
tribution is stable for © < d + 1, and unstable otherwise. In the context of polymer orientation [17, 26], this
critical interaction strength indicates the phase transition from isotropic to nematic states.

In the next sections, we investigate the existence and bifurcations of critical points of the energy. We
will consider the following cases separately i) 1 < m < 2, ii) m =2, and iii) m > 2. The case m =2 is con-
sidered separately, as it constitutes a degenerate case. The range m > 2 is very different qualitatively, and
it is only considered for d =2.

4. Case 1l < m < 2: critical values of Kk and energy minimizers

In this section we investigate the range 1 < m < 2. We identify two critical values of «, which we present
in order. We then investigate the energy minimizers and also provide some numerical results.

4.1. Bifurcation from the uniform distribution
We first study a bifurcation that occurs at k = k; (see proposition 3.1). Consider the fully supported
equilibrium (2.14), with A and ||c,|| that solve (2.15). Recall that in this case, A > &l|c,|| holds.

For simpler notation, substitute

s=|lcpl|s A= —Ksn. (4.27)
To guarantee the condition on A, we assume 7 < —1. Then, (2.15) becomes
1
—1)\ " [T i
1=dw,; (/@5(141)) / (cos® —n) 7T sind ! 6do,
m 0

1

—1 m—1 ™ e
s=dwy (HS(H;)) / (cos —n) ™ sin?~! f cos Od0.
0

From the above, we can express s and « in terms of 7 as follows:

9
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i (cosf — 1) sin?~! 0 cos Od0
Ss=

T 1 9 (4.280)
Jy (cos@ —n)mT sin?~10dog
k~'=H(n), (4.28b)
where H(n) is defined for n < —1 by
m—2

m—1

H(n) = —— (dwy)"™" (/ (cosh — 77)ﬁ sin?~! 0 cos 9d6’) (/ (cosf — 77)ﬁ sin?™! 0d9>
m 0 0
(4.29)

Lemma 4.1. The function H(n) given by (4.29) is decreasing for 1 < m < 2, constant for m = 2, and increasing
form> 2.

Proof. The proof is based on a technical and fairly involved result that uses associated Legendre functions of
the first kind and the integral form of the Chebyshev inequality. This technical result is stated and proved in
appendix A—see lemma A.1. The reader should first check appendix A before continuing to read.

We first rewrite the first integral in the expression of H(n) from (4.29) using integration by parts, to get

T 1 1 T
/ (cos@ —n) "1 sin ! fcosfdf = {(cos@ —n)mT X p sin” 0}
0 0

—/ ! I (cos@—n)m%l*l(—sinH) X %sind9d9
o Mm—

_ 1 " Vs L d
_d(m—l)/o (cosf —n) sin™"" 0d6. (4.30)

Therefore, we can express H(n) as

m—2

1 _ T . T L
H(n)= — (dwg)" ™" (/0 (cos@ — )T 1sin‘”lﬁdﬁ) (/0 (cos@ — )T sind19d9>

Then, for any 7 < —1, we have

H'(n) 2—m foﬂ (COSG*W)"’szsindH@da
H(n) — m—1 (foﬂ (COS@—U)’”LI_ISindHHdH)
2 (I (cosd )™ i o
ol ( Ji7 (cos — 7)™ sin®~" 6d6 )
_(m=2\ [ J5 (cosf—m)T Psin*10d6 [T (cosf — )7 sin ! 66

Using the notation (A.74) in appendix A, we can further simplify it as

H’(n):_<m—2) Hom,a (—1)
H(n) m=1) (J7 (cos—m)™ " sin"*10d6) ( f;" (cos0 )™ sin~' 60)

Finally, we apply lemma A.1 in appendix A to get

Sgn(H,(n)):sgn 7(m—2) Hom,a (—1)
H(n) m—1 ( I (cosefn)ﬁ_lsindHGdO) ( I (cos — )T sind*19d9>

o((32) (s +5Y)

Here, we used that both [ (cosf — ) 1~ 1sin®*1 9df and i (cosf — 1) sin?~" 6d are positive. From
m>1,wealsogetm—1>0and 15 + % > 0. Therefore, also using that H(7) is positive, we find

sgn (H' (1)) =sgn(m—2),
which proves the result. O
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m=1.5 m=1.5

0.5+~

= 04-
~—0.74 ©-
=
<=
= 03

0.2

o7l 0.1+ T/
1l
.

ISE]
i b
'S

(a) (b)

Figure 1. Case 1 < m < 2. (a) Plot of function H defined in (4.29). For any k1 < K < K, there exists a unique 7, < —1 such
that k! = H(n, )—see equation (4.28D). (b) Plot of function F defined in (4.35). For any x, < k < 0o, there exists a unique
¢r € (0,7) that solves k1 = F(¢y )—see equation (4.34b). For both plots, m=1.5 and d = 2.

Lemma 4.2. The following holds:

-1
(UgmooH(n)> =5

where K, is the critical r identified in proposition 3.1.

Proof. The proof is based on a direct calculation, using Newton’s generalized binomial theorem; see
appendix B. O

Remark 4.1. When 1 — —o0 and s — 0 (along with A — \,,; defined in (2.10)) one finds the uniform dis-
tribution. Therefore, at K = &, a fully supported equilibrium p,, gets born from the uniform distribution

Puni-

Since the domain of H(7) is (—oo,—1], and the first critical value k; was derived from the behaviour
as 1 — —oo, it is natural to investigate the following second critical value of s defined as

Ky = (H(=1))"". (4.31)

Note that since H(n) is decreasing when 1 < m < 2, we have k1 < k;. Also, by lemmas 4.1 and 4.2,
for any k € (k1,k,), there exists a unique 7, < —1 such that ! = H(r,,)—see equation (4.28b) and
figure 1(a). With 1 being known, one then finds the corresponding s, from (4.28a), and A\, = —Ks.7)x
by (4.27). All together, they determine uniquely a fully supported equilibrium in the form (2.14).

4.2. Second critical value kK = K,
We now study what happens at the critical value k = k;, with k, defined in (4.31).

Consider the equilibria with support strictly contained in S*—see (2.16). We will continue using the
notation s = ||¢,||. Also recall the notation ¢ = arccos(—A/(k||c,||)), so for strictly supported equilibria
we have

A = —KSCOS . (4.32)

Then, we write system (2.17) as
—1 e 1
1=dw, (KZS(I’H)) / (cosf — cos )™ sin? =1 Ade,
m 0

1 P B
s=dwy (/is(r:zn)) / (cosf — cosp) T sin ! @ cosHdo, (4.33)
0

from which we can express s and x in terms of ¢ as follows:

f0¢ (cos® — cos ) 71 sin? 1 0 cos 6
s= y
cosf —cosg) ™1 sin”"
1 (cos — cos ) “~16dp

(4.34a)

11
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m—2

m

— ¢ 1 ¢ 1
k= m=1 (dwg)" ! (/ (cosf — cos )™ sin? ! 9c059d9> (/ (cosf — cos )™ sin ! 9d9>
0 0
(4.34b)

Lemma 4.3. Let 1 < m < 2 be fixed, and define the following function on 0 < ¢ < m:

_ ® 1 ® m—2
F(¢) = mTI (dwy)™ ! (/ (cos@ — cos ) m=T sin? ™! 9cos€d9> (/ (cos® — cosqz&)ﬁ sin? ™! 6d6> .
0 0
(4.35)

Then, F is an increasing function on (0, 7).
Proof. The proof is based on calculating F’ and assessing its sign; see appendix C. O

Equation (4.34b) can be written as F(¢) = x~!. First note that F(7) = H(—1) = x; ' (see (4.29)
and (4.31)). Also, F(0) = 0 as we can write

¢ [ m—1

60— T 6 cosfdd ¢ .

F(¢) = const X Jo ((ZOS c0s9) ?m o8 / (cosf — cos ) ™ sin? ' HdH ,
7 (cos® — cos¢) ™ sin?~" 0d6 0

where the quotient factor in the r.h.s is bounded in absolute value by 1, while the other factor is 0 at
¢ =0. Therefore, since F is strictly increasing, we infer that for any s € (k,,00), there exists a unique
0 < ¢, < 7 that solves F(¢,) = k~'—see figure 1(b), and hence it solves (4.34b). Corresponding to
¢w, we calculate s, from (4.34a), and then have A\, = —&s,; cos ¢, by (4.32). Together they determine
a unique equilibrium in the form (2.16).

By combining these considerations with the finding from section 4.1, we arrive at the following
result.

Proposition 4.1 (Critical  and equilibria for | < m < 2). Forany 1 < m < 2 and d > 1, there exist two
critical values of k (k1 and k, defined by (3.26) and (4.31), respectively) such that:

i) At k = k1, an equilibrium fully supported on S? bifurcates from the uniform distribution pyy;. For any
K € (K1, K2), there exists a unique equilibrium in the form (2.14), given by

1\ T e
Pr (%) = (m> (Ai + K cos )™= T Vxe S (4.36)
m

where s, and )\, are uniquely determined by k—see (4.27) and (4.28).

ii) At kK = Ky, the fully supported equilibria from part i) turn into equilibria with support strictly contained in
S For any k € (k3,00), there exists a unique equilibrium in the form (2.16), given by

1

1
(’”—_1) "1 (Ag + ks cosBy) ™1 if 0 < 6, < arccos (f)‘—“> ,

m

P (%) = o (4.37)
0, otherwise,

with s, and A\, uniquely determined by k—see (4.32) and (4.34).

Remark 4.2. The second critical value k, can be computed explicitly in terms of the Gamma function.
Indeed, by direct calculations (see appendix D), we can write &, as

m—1
m(1+d(m 1)) DT (7 +d)

_ 14+(d—1)(m—1) |Qd|m—1 :
(m=12 S () )

Ky = (4.38)

4.3. Energy minimizers
Next, we will show that the equilibria p,; found in proposition 4.1 are more energetically favourable than
the uniform distribution pyy;, for every x > k; fixed. We caution the reader that for a fixed &, the energy
of the uniform distribution E[pyn] depends on x (see (2.6)), though this dependence is not explicit in
our notations.

The formal result is given by the following theorem.

12



10P Publishing Nonlinearity 39 (2026) 055011 R C Fetecau et al

Theorem 4.1 (Global energy minimizers for 1 < m < 2)
Let 1 < m < 2 andd > 1. The global minimizer of (1.1) on Pa.(S7) is

(1) the uniform distribution pyn; when Kk < Ky,

(2) the equilibrium p,, given by (4.36) (for k1 < Kk < K2) or by (4.37) (for Kk > k3).

Moreover, the energy difference E[puni| — E[py| increases with k for k > k.

Proof. When « < &, the only equilibrium is the uniform distribution and hence, it is the global minim-
izer. For k > k1, we have two equilibria (pun; and p,;) and we will compare directly their energies. We will
consider separately the two ranges x1 < Kk < k; and K > K, with equilibria given by (4.36) and (4.37),
respectively.

Case k1 < Kk < K. In this case the equilibria p, from (4.36) are fully supported in S?. We will express
E[puni] — E[p«] in terms of the variable 7. By (2.6) we have

1 1

Elpun) = Elpel = = | (0450 = = [ ol ()45 + 3,

2, (4.39)
m—1 Ja m—1

Since 15 [c, . (x)dS is a constant, consider only

K ) 1 m
= -— x dS(x).
o e
Recall the notations s,, = ||c,,. || and A\, = —ks, 7). Using (4.28a), (4.28D) and (4.36), compute

m J (cosf — 1) 7T sin? ™! 0 cos Od0

(m—1) (dwa)"™" <f07r (cos® — 17,€)ﬁ sin?™! 9d9> :

K ) 1
el =g [ s =5

1 foﬂ (cosf — r],.g)ﬁ sin?~10do
(m—1) (dwg)""" (foﬂ (cos® — 77,.@)ﬁ sin?™! 9d9)m
=81 (Nx) &2 (1), (4.40)

where we denoted

g1 (n) :m/ (c050—n)ﬁsindflﬂcosﬂdO—Z/ (cosQ—n)%sinqud&,
0 0

1
&)= 1 .
2(m—1) (dwa)" ™" (f07r (cos® —n) 7 sin?~! 9d0)
Calculate
g{("):*% (Cos9*n)"llj"sind”ocosed(;ﬂ%/ (cosf — 7)™ sin®~! 4dg
0 0
:7L1 (Cosﬂ777)ﬁflsind,19(((:059777)+77)d9+2i1/ (Cosefﬂ)ﬁsind719d0
m—1J, m—1),
:_ﬂl (Cosg_mﬁﬂSindﬂed“Ll (cos® —n) 7" sin~" 6 (cosf — 1) df
m—1J, m—1),
:_2777’” (cosﬁ_n)ﬁflsind—lede_FL (Cose_n)ﬁilsind_lﬁcosﬁcw
m—1J, m—1J,
(4.41)
and
™ L1 . 4
m cosf —n)™ 1" "sin”" " 60dO
&)= - o | ) . (4.42)

2 m—1 1 m-+
2(m—1)" (dwa) (foﬂ (cos —n) 7™ sin® ! 9d9>

13
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Combining (4.41) and (4.42) we then find
(& (mgm)" =g (mg(n) + g (n)gn)
I [ (cos —n) 71 1sin?"1 9do
2(m — 1)(dwy)™? (f(;r (cos — )7 sin®~! 9d9) ;

Jy (cos® —1n) 711 sin?1 § cos A0
S (cost) — )71~ sin® " 0do
N m [ (cos — n)ﬁ sin? 160 cos0dh — 2 [ (cost — 7)1 sin?! 9d9)'

Jy (cos —n) 7 sin? "1 0dg

Now use

/ (cos® —n) 7T sin’~" 66 = / (cosf — )™ (cos® —n) sin®~' 6do
0 0

= / (cosf — 77)ﬁ sin! cos0df — 77/ (cosf — r])ﬁ sin’~!6do,
0 0

to write

o [ (cos6 — n) 7~ sin?~1 0do

m—1

2(m — 1) (dosg)"—! (fo”(cose — )7 sind ! 0d6> "

(g1(m)g(n) =

oy I (cost =) T sin pcosods (m—2) 7 (cost — )T sin L gcostds
X : ] .
Jy (cosf—n) w=1 " sin?= 1 9do [ (cos —m)n— sin“—16d6

[T (cosf — 17)ﬁ_1 sin?=16do

2(m — 1) (duwg) ™! (fo’f(coso — )" sind=! 0d0>m

<f07r(c059 - n)ﬁ_l sin=1 0 cos0do N (m—2) [ (cos6 — 77)ﬁ sin?~! 0c050d9> (4.43)
x . . . .
" (cos® —n)7=1 "' sin? =" 0do " (cos® —n) == sin?~" 0do
By a direct calculation, using (4.29), one can compute
H'(n) 1 i (cosf — 77)ﬁ71 sin?™1 0 cosfdf C(m—2 Jy (cosf — n)ﬁfl sin?~10do
=— ; m— - — .
H(n) m—1 Jy (cosf —m) T sin? ™19 cosfd Jy (cosf —n)m=T sin?~10de
(4.44)
Then, by combining (4.43) and (4.44), we write
H'(n)
(@ e () =) (- - ), (445
where we used the notation
b [T (cosf —n) 7 ' sin®! 66 I (cosf — )™ sin’~" G cos Ol
n:= 1 m T 11 . -
2(m—1) (dwg)™ " (fow (cosf — )7 sin? ! 9d9> o (cosf —n)™=T 'sin’~! 6do
(4.46)

m " (cosf —n) 7 sin®~!  cos Hdf
2(m—1)* (dwg)"™" (fo7r (cos® — )™ sin’~! 9d9>m .

Note that h(n) > 0—to show the positivity of the numerator one can use the integration by parts
in (4.30). Also, H(n) > 0, and hence, (¢1(1)g2(n))’ and H'(n) have opposite signs, for all m > 1 and
—00 < 11 < —1. By lemma 4.1, H(n) is strictly decreasing for 1 < m < 2, and therefore g1(1)g2(n) is strictly
increasing in 7). Finally, by (4.39) and (4.40), we conclude that for any 1 < m < 2, the energy difference
E[puni] — E|px] increases with n,; (and hence with ), as  ranges in k; < Kk < Kj.

Case Kk > k. The calculations are very similar to the fully supported case, and we will only summarize
them here.

14
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We estimate again E[pyni| — E[p,] using (4.39). In this case the equilibria p,; from (4.37) are suppor-
ted on a geodesic disk of radius ¢,.. Recall the notations s, = ||c,,, || and A, = —ks,; cos ¢,.. Using (4.34a),
(4.34b) and (4.37), we compute (similar to (4.40)):

m S (cosf — cos ) 7 sin"  cos 0df

m—1) (dwy)"™" (fom (cos® — cos (;S,ﬂ)ﬁ sin?™! Ode)m

E 2 _ 1 m _
Slen. = i [ e ase = o

1 f0¢” (cosf — cos Py.) 7T gin?~! 9do (4.47)
(= 1) (dwa)”"™" ([ (cos0 — cos,) ™ sin® 1 0d0) "
= gl (¢H)§2 (¢m) 5

where

¢ ) ® m
g1 (9) = m/ (cosf — cos )™ sin? ! O cos fdf — 2/ (cosf — cos )™ sin? ! 0d6,
0 0

1 (4.48)

2(m—1) (dwy)™ " (fo(b (cos — cosqb)ﬁ sin?~! 9d9)m -

2(¢) =

In computing (g1(¢)g,(¢))’ we notice that the same calculations as in (4.41) and (4.42) appear, with 7) being
replaced by cos ¢ and an additional — sin ¢ that comes from the derivative of cos ¢. We find
—sing -5 f0¢ (cos@ — cos ) 1 'sin?1 0do

2(m—1) (dwy)™ ™" (f()d’ (cosf — cos qﬁ)%l sin ™! Qdﬁ) "

@ ()2(9) =

(ff (cosf — cos (;3)"171—171 sin""'0cosf0dd  (m—2) f0¢ (cos@ — cos gi))ﬁ sin?~! 0 cos 0d0>
x

ff (cos@ — cos @) =1 sin?19do ff (cosf — cos ) "1 sind—1 9do
=50 (~n-0 ). (1.49)

where we used (C.77) and the notation

T f0¢ (cos® — cos qﬁ)ﬁ*l sin~' 9dd 8 fod) (cosf — cos (/b)ﬁ sin’~! 0 cos fdf

2(m—1) (dwy)™ (ff (cosf — cos )T sin?™! Gde)m f0¢ (cos® — cos (;5)'"71*171 sin?~10do

h(¢):=

) . Ji (056 — cos @)™ sin’~! feosfidf (4.50)

2(m—1)? (dwg)"™" (ff (cosf — cos ) ™ sin ! Gde)m

We note that /(¢) > 0—see the integration by parts (C.78) by which one can show the positivity of the
numerator. As F(¢) > 0, we then find that (g,(¢)g2(¢))’ and F’(¢) have opposite signs, for all m > 1 and
0 < ¢ < . Bylemma 4.3, F(¢) is strictly increasing in ¢ for 1 < m < 2, and therefore g (1)g () is strictly
decreasing in ¢. By (4.39) and (4.47), we conclude that for any 1 < m < 2, the energy difference E[pyni] —
E[py] decreases with ¢,;. As x takes values from &; to 0o, ¢, ranges from 7 to 0 (hence ¢,; decreases with k).
We conclude that E[pyn;] — E[px] increases with &, for k > k.

Conclusion. To conclude, we have shown that the energy difference E[pyni] — E[p,] increases with &, as k
ranges in K1 < Kk < Ky (where p,; has full support in S%), as well as in & > K, (where p,, has strict support
in S%). Since at k = k1, p,. coincides with pyp;, the energy difference is zero there. We conclude that

E[puni] > E[px], forall k> k.

Remark 4.3. We note that calculations in the proof of theorem 4.1 which lead to (4.45) (for equilibria of
full support) and (4.49) (for equilibria of strict support), apply to any m > 1. Hence, for easier reference,
we summarize the conclusions inferred from (4.45) and (4.49): a) (g1(n)g2(n))" and H'(n) have opposite
signs, forall m>1and —co <7 < —1,and b) (g1(¢)g2(¢))’ and F’(¢) have opposite signs, for all m > 1
and 0 < ¢ < m. These results will be used in sections 5 and 6 for the case m > 2.
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0.8

0.2

Figure 2. Case 1 < m < 2. (a) Plot of the norm of the centre of mass of pyni (blue) and p,, (red) — see proposition 4.1. At k =
K1, a fully supported equilibrium py, in the form (4.36) emerges from the uniform distribution. At K = k;, p, changes from
being fully supported to having support strictly contained on S?—see (4.37); this transition is indicated by a black diamond. (b)
Plot of the energies of pyni (blue) and p,, (red) for k > k. The global energy minimizer is p,—see theorem 4.1 The numerical
simulations correspond to m=1.5,d =2.

Remark 4.4 (Linear diffusion limit). In the linear diffusion case (m = 1), there exists only one critical value
K1, and no second critical value k,. When « < k1, the uniform distribution is the unique critical point and
also the global minimizer. For k > k;, there are exactly two types of critical points: the uniform distribution
and a fully supported non-uniform equilibrium p,, where p,; is unique up to rotations; moreover, p,; is the
global minimizer in this case. These results have been established in [17, 26].

By taking m N\ 1 in our results, we can verify that the limit is indeed consistent with the linear diffusion
case. In particular, by letting m ™\ 1 in the expression for «, given in (4.38) (where &, is written explicitly in
terms of m), we find

lim K, = o0,
mN\(1

showing that no second critical « exists for linear diffusion. This limit can be justified as follows.
By the log-convexity of the Gamma function, we have

1 1 1 d d+1

1 e m—1
for any d > 1 and m > 1, and it implies (W) > 1. By (4.38), we then find

: - m(l+d(m—1)) -
"lfgll "z r}}{?l (m—1)21+@=D(m—1)|§d|m—1 o0

4.4. Numerical illustrations

We illustrate proposition 4.1 with some numerical results. In the numerics we have used m = 1.5 and

d =2. Figure 2(a) illustrates the bifurcation at x; and also indicates the second critical value &,. For
this choice of m and d we have x; ~ 1.2694 and k, ~ 1.4658. In blue we plot the uniform distribution,
which is stable for k < ki, and unstable otherwise. In red we plot s, = ||p,|| for the equilibria (4.36)
(k1 < k < ky) and (4.37) (k > k). The transition at k, is indicated by a black diamond. Also, theorem
4.1 is illustrated in figure 2(b); note how the energy difference E[pyni] — E[ps] increases with .

In figure 3(a) we show the size of the support ¢, of equilibria (4.37), and in figure 3(b) we plot the
equilibria at several values of x. Note that at x = k;, the equilibria is simply the uniform distribution
(i.e. constant on S%). As k increases, pr becomes more and more concentrated at § = 0. However, as seen
in plot (a), the size of the support ¢, has a rather slow convergence to 0.
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-—k=4
—Kk=9
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more and more concentrated at @ = 0 as x increases. We used m =1.5and d = 2.

Figure 3. Case 1 < m < 2. (a) Plot of ¢, the size of the support of equilibria (4.37). (b) Plot of equilibria p;, (see (4.36)
and (4.37)) for various values of k. Note that at kK = k1, the equilibrium is the uniform distribution. The equilibria px become

5.Casem =2

We consider separately the case m =2, which turns out to be degenerate in a sense that we will explain.

5.1. Equilibria and critical

Consider first equilibria that are fully supported on S?—see case a) in section 2, in particular
equations (2.14) and (2.15). Use again the notation s = ||c,||. Equations (2.15) become

™

1= % (A + kscos) sin? =1 0d,
0

s= % (A + rscos) sin? 1 cos Od.
0

However, some of the integrals above are zero, so the system simplifies to

1:)\<dwd/ sindlade),
2 Jo

S=Ks <d2Wd/ sin? ! cos’ 0d9> .
0

From the first equation in (5.51), one can determine A:

- de i . d—1 71_ 2
A= (2/0 sin 9d9) = @

Using

/ coszﬁsindflﬂdﬂzi/ sin16do,
0 d+1 J

the second equation in (5.51) can also be written as

_ 18
S_KSZ(d+1)

For m =2, the uniform distribution loses stability (see (3.26)) at

gy 2051

S

(5.51)

(5.52)

(5.53)

(5.54)

(5.55)

Then, the second equation in (5.51) (or equivalently, (5.54)) is satisfied trivially for k = x;, and it has

only the solution s =0 (corresponding to the uniform distribution) for x # «;.
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Recall that for fully supported equilibria, A > ks. Hence, for k = k1, using (5.52) we get that s can be
any value that satisfies:

0< </\ !
S —_— = .
= \Iil d+1

Therefore, for k = k; there is a continuum family of fully supported equilibria in the form (2.14), where
A is given by (5.52) and s can take any value in the range 0 < s < ﬁ.

Look now into equilibria with support strictly contained in S?—see case b) in section 2,
equations (2.16) and (2.17). In this case, —xs < A < ks. Equations (2.17) become

¢
1= % (A + kscosf) sin?~10de,
°¢ (5.56)
d
s= % (A + kscosf) sin? ! 0 cosHd6.
0
By substituting A = —kscos¢ in (5.56), we get
d ¢ ¢
1= % KS ( cosng/ sin®™! 9d9+/ cosﬂsind19d0> ,
0 0
(5.57)
dwq ¢ d—1 ¢ 20 id—1
$=— ks —cos¢ sin®” " 0 cos6dl + cos“fsin“" " 6do | .
0 0
By noting that
¢ ¢ Lo
/ cos?@sin?"'dg — cos¢/ sin® !0 cosfdf = 7/ sin*16do,
0 0 d Jo
and cancelling s, the second equation in (5.57) reduces to
@
1= 248 [ Gindt1 o4,
2 Jo
or equivalently,
1_ Wd ¢ d+1
K = 7/ sin?T10do. (5.58)
0

This is in fact equation (4.34b) for m =2. Note that

@/ sin*10d0 = %19 " Gnd-1gdg — .
2 J, 2d+1),

Then, since ¢ ranges from 0 to =, if k1> /ﬁfl (or k < K1), there is no ¢ that satisfies (5.58). On the
other hand, for any x > k1, there is a unique ¢ € [0,7]; this follows from the intermediate value prop-
erty and the property of increasing functions.

With ¢ determined uniquely in terms of x, we can find s from the first equation in (5.57):

—1
2 ¢ [
s= (cos¢/ sind*19d0+/ cos@sind10d9> , (5.59)
dwyk 0 0

and then set A = —Kscos¢.

Remark 5.1. For m =2, the function H(n) from (4.29) is constant in 7, as the second term in the r.h.s. is 1,
and the first term does not depend on 7, since

/ (cos —n)sin®~! 0 cosfdf = / cos?fsin? 1 0dg =
0 0

Hence, x1 = K, in this case; note that one can also check that x; = &, by substituting m =2 into (3.26)
and (4.38).
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ks = gy § =0
0.3 --rk=k;,8=1/5
-k =hy,$=1/3
k=1
0.2
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S
"x‘\‘» -
| s :
— . 3r
0 i ’ ' 7T
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Figure 4. Case m = 2. (a) Plot of the norm of the centre of mass of pyni (blue) and py;, (red) — see proposition 5.1. At k = K1,
there exists a family of fully supported equilibria in the form (5.60), parameterized by s € [0, ﬁ] At every k > K, thereisa

unique equilibrium in the form (5.61), which has support strictly contained in S?. The transition at x = #1,s = 1/(d+ 1) is
indicated by a black diamond. (b) Plot of equilibria (5.60) and (5.61) for various values of x and s. For k = k1, we show three
equilibria of the form (5.60), where s = 0 corresponds to the uniform distribution and s = 1/3 is the transition value shown by
black diamond. The numerical simulations correspond to d = 2.

The considerations above can be collected in the following proposition.

Proposition 5.1 (Critical x and equilibria for m =2). For m=2and d > 1, there exists only one critical
value K, (see (3.26) for m = 2) such that:

i) The uniform distribution pyn; is the only equilibrium for k < k). At kK = K1 , there exists a family of fully
supported equilibria in the form (2.14) given by

(A + Kyscosb,), Vx e $% (5.60)

N —

Pry (%;5) =

where \ is given by (5.52) and s can take any value in the range 0 < s < ﬁ.

ii) For any k > K, there exists a unique equilibrium with support strictly contained in S. This equilibrium is
given by (see (2.16)):

KSk

Pk (x) = (5.61)
otherwise,

% (A + ks cosy), if 0 <6, <arccos (—A—“) ,

=

with s,, and A, uniquely determined by k—see (5.58) and (5.59).

Remark 5.2. The bifurcation for m = 2 is degenerate in the sense that the two critical values «, and &, iden-
tified for 1 < m < 2 (section 4), are in fact the same here. We also point out that in the limit x \ K1, px ()
from (5.61) does not approach the uniform distribution, but it approaches instead pj, (+; ﬁ) from (5.60) —
see also figure 4.

We present some numerical simulations in figure 4. Figure 4(a) illustrates the degenerate bifurcation
that occurs at k; ~ 0.4775 (in the numerics we used d =2). The vertical segment at x = k;, with 1 <
s < 1/3, corresponds to the family of equilibria (5.60). At K = k; and s =1/(d+ 1), there is a transition
(indicated by a black diamond) to equilibria of the form (5.61). Several equilibria in the form (5.60)
and (5.61) are shown in figure 4(b).

5.2. Energy minimizers
The global energy minimizers for the case m =2 are presented in the following theorem.

Theorem 5.1 (Global energy minimizers for m =2). Let m =2 and d > 1. The global minimizer of (1.1) on
Poc(S) is

(1) the uniform distribution pyn; when Kk < Ky,
(2) any equilibrium of the form (5.60) with s € [O, ﬁ}, when Kk = K1,
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(3) the equilibrium p,, given by (5.61) when k > k.

Moreover, the energy difference E[puni] — E[ps] increases with & for k > K.

Proof. For k < K1, puni is the only equilibrium, and hence the global minimizer. We will next discuss the
cases kK = k1 and kK > Kj.
Case k = k1. Consider a generic equilibrium in the form (5.60), corresponding to x = x; and some 0 <

s <

1
F (see the vertical segment in figure 4(a)), and compute its energy.
The entropy can be computed as follows:

_ de

/ P (x35)"dS (x) = 7/ (A + r1scosf)’ sin? ! 9dd
s 4/,

d ™
= % (Az sin?~16 + K1s? cos* O sin? ™! 0) do
0

2 1 ks
_ dwa R S+ K2s / sin?~10do,
4 \(d+1) d+1)J,

where for the last equality we used (5.53) and that A = % (see (5.52) and (5.55)). Also, using the expres-
sion of k1 from (5.55), and the fact that |Sd\ = dwy foﬁ sin?~ ! 0d0, we can write the above as

K1 Ks%

The interaction energy (see (2.6)) is given by

Ki1s? Ky

2 2
By combining the two components, we find the total energy

K1 K1 K1 (d + 2)
Elpy, (,5)] = 2d+1) t7 = 2+
Note that the energy does not depend on s. It means that when xk = &, each equilibrium in the form (5.60)
(with0 <s < ﬁ) is a global energy minimizer.

Case k> 1. One can show that E[pyni] > E[p«] in the same way as this was shown for theorem (4.1) (see
remark 4.3) in the case K > k,; recall that m =2 is a degenerate case where x1 = k,. Indeed, following the
same calculations as in the proof of theorem (4.1) (case K > k;) using m = 2—see (4.47) and the calcula-
tions that follow, the desired conclusion results from the monotonicity of the function F(¢).

Though not covered by lemma 4.3, the monotonicity of the function F(¢) for m =2 is immediate.
Indeed, for m =2 (4.35) reduces to

1 ¢
F(¢) = Edwd/(; (cosf — cos ) sin?~! @ cos Hd6,

which further simplifies to (see calculation leading to (5.58)):

[
F(¢) = % / sin®*1 9dg.
0

To conclude, F(¢) is strictly increasing with ¢, and as in the proof of theorem (4.1) we infer that the
energy difference E[pyni] — E[p] decreases with ¢,.. As k increases from ; to 00, ¢, decreases from 7 to
0. Hence, ¢, decreases with x, and we conclude that E[pun] — E[p;] increases with , for k > k. L]

6.Casem >2andd=2

In this section we consider general exponent m > 2, but restrict to the case d =2 only. From the point
of view of applications to rod-like polymer orientation [17], we argue that this is the most relevant case
to consider. The limitation to d =2 is due to the difficulty in assessing the monotonicity of the function
F(¢) (see (4.35)) for general dimension d. As shown below, F(¢) is no longer monotonic for d=2, and
numerical checks indicate that it is no longer monotonic for general d as well.
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Figure 5. Case d =2, m > 2. (a) Plot of function H defined in (4.29). For any k; < k < k1, there exists a unique 7, < —1 such
that k! = H(n, )—see equation (4.28b). (b) Plot of function F defined in (4.35). The function changes monotonicity at ¢,
where it has a global maximum. For k3 < k < Kk, there exist two solutions ¢, € (0, (Z)) and ¢ € ((E, ) of (4.34b). At kK =
K3, the two solutions ¢,1 and ¢ > coincide. For k > k,, there exists a unique solution ¢,,1 € (0,¢) of (4.34b). For both plots,
m=3.

6.1. Phase transitions and existence of equilibria
Start with equilibria of full support. Following section 4.1 (see (4.28) and (4.29)), the problem reduces
to solving H(n) = k™ '. Note that when m > 2, the function H(n) is increasing (see lemma 4.1 and
figure 5(a)). Hence, by using the same notations for x; and , (see lemma 4.2 and equation (4.31)),
in this case we have k, < k;. For any K, < k < k), there exists a unique solution of H(n) = x~! in
(—o00,—1) (i.e. of (4.28D)) — see figure 5(a) for an illustration. In particular, there exists a unique equi-
librium with full support in S in the form (2.14); in proposition 6.1 below (see (6.64)) this equilibrium
is referred to as p, ,. Therefore, at k = x; we find again a bifurcation from the uniform density pyy;, but
in this case a fully supported equilibrium in the form (2.14) emerges as « decreases through &;. This is
one of the major differences from the case 1 < m < 2.

At Kk = k,, fully supported equilibria transition to equilibria of strict support. Finding the support
of the latter equilibria reduces to solving F(¢) = ™! (see (4.34) and (4.35)). And here arises the second
fundamental difference from the case 1 < m < 2: F(¢) is no longer monotone when m > 2. In d =2 the
monotonicity of F can be established easily, by a direct calculation, as given in the following lemma.

Lemma6.1. Let m > 2, d= 2, and the function F(¢) for 0 < ¢ < given by (4.35). Then, there is é € (0,7)

such that F is increasing on (0, ) and decreasing on (¢, 7).

Proof. When d =2, the integrals in (4.35) can be computed explicitly by substitution. We find

F(¢) = (m—1) (m_l>m_l(27r)ml(l—cos¢)m <ml_1+1+cos¢).

- m(Q2m—1) m

Denote the constant

i Lm=1) <m_ l)m_l (2m)"

- m(2m—1) m
Then, the derivative of F is computed as

m? —m+ 1 >

F/(@ZC(m—l—l)sin(b(l—cosqS)m_l( — +cosé

Hence, the sign of F depends on the behaviour of the function

- mP—m+1

g(m) o

For 1 < m < 2, we have g(m) > 1, s0 F/'(¢) > 0 (cflemma 4.3). For m > 2, we have g(m) < 1, which makes
F’ change sign from positive to negative at

¢: =7 —acos(g(m)).
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(a) 0 <k <0.2

Figure 6. Case d = 2, m > 2. Plot of the norm of the centre of mass of pun; (blue), pk,1 (solid red) and py > (dashed red) — see
proposition 6.1. Plot(b) is the inset of the rectangle from plot (a). At k = k3, a pair of equilibria with strict support in S gets
born. The equilibrium p,; undergoes no further transitions and concentrates into a Dirac delta as k — co. On the other hand,
Pr,2 becomes fully supported at kK = &, (transition indicated by a black diamond), and then merges with the uniform distribu-
tion at kK = k1. The numerical simulations correspond to m = 3.

(b) inset of rectangle from plot (a)
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(a) Equilibrium py, 1 (b) Equilibrium py; 2

Figure 7. Case d =2, m > 2. Plot of equilibria px,; and px ., for various values of « (see (6.63) and (6.64)). Both equilibria form
(and coincide) at k = k3. The equilibrium py,1 remains of strict support in S and concentrates at @ = 0 as r increases, while
Pr 2 transitions to a fully supported equilibrium at £ = k», and at kK = k; turns into the uniform distribution. We used m = 3.

We conclude that F is increasing on (0, ¢), decreasing on (¢, 7), and at ¢ = ¢ it has a global maximum — see
figure 5(b).
O

Remark 6.1. Define a third critical value of « by

Ky = (F(¢)) . (6.62)

Then, at k = 3, the equation F(¢)) = x~! has one solution given by ¢—see the black dash-dotted line in
figure 5(b). Also, as r; = 1/F(7) > k3, for any k3 < K < k;, the equation F(¢) = k! has two solutions:
br1 € (0,6) and ¢, » € (¢, 7). Finally, for k > k,, there exists only one solution ¢, ; € (0,¢) of F(¢) =
x~'—see the magenta dash-dotted line in figure 5(b). As x increases to oo, ¢, | decreases to 0.

The considerations above can be put together in the following proposition. We also refer to figures 6
and 7 for some numerical illustrations which support the theoretical findings. For numerical results we
used m =3, d=2, for which x; ~ 0.0569, x, ~ 0.0534, x5 ~ 0.0518.

Proposition 6.1 (Critical ~ and equilibria for m > 2,d =2). For d=2 and any m > 2, there exist three
critical values of K (k1 > K, > K3 defined by (3.26), (4.31) and (6.62), respectively) such that:

i) Atk = K3, a pair of equilibria with support strictly contained in S gets born. For any k € (k3, k,), there
exist two solutions 0 < ¢} < @y 2 < T of (4.34b); at k = k3, the two solutions ¢, | and ¢, , coincide, with
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common value ¢. Correspondingly, there exist two equilibria p,; and p,; , of the form (see (2.16)):

1
(@) " (/\m,i + /"Q-Silﬁ,l'(:()sgx)ﬁ ’ if 0 < 9;( < ¢N’i7

Prei (x) = " (6.63)
0, otherwise,
with s, j and A\, ; uniquely determined by ¢,. ; (i = 1,2) —see (4.32) and (4.34a).
ii) At Kk = Ky, the equilibrium p,, , from part i) becomes fully supported on S (ie. @ry2 =T). For
Ky < K < K1, Pg,2 has the form (see (2.14)):
m—1 T i d
Pra(x)=—— (A2 + ks pc086,) ™1, Vx € S°, (6.64)
m

where s, » and A\ , are uniquely determined by k—see (4.27) and (4.28a). On the other hand, p;;
undergoes no transition at Kk = K,, and retains the form (6.63).

iii) At Kk = Ky, the fully supported equilibrium p,, , from part ii) merges with the uniform distribution pyyi, and
vanishes. And again, p,, | undergoes no transition at k = k; as k increases to infinity, ¢,. | approaches 0 and
Pr,1 concentrates into a Dirac delta.

6.2. Energy minimizers

It remains to discuss the energy minimizers. As noted in remark 4.3, the calculations in the proof of the-
orem 4.1 work for m > 2 as well, with p,, replaced by either p,; ; or p. ,, depending on the context. In
the subsequent discussion, we will be referring back to notations and calculations used in the proof of
theorem 4.1.

For equilibria of full support py , from (6.64) (k; < Kk < k1), the energy difference E{puni] — E[py 2]
depends on the behaviour of the function g1(7)g2 (). By remark 4.3, since H(n) is increasing, g;(1)g(n)
is decreasing with 7. Hence, as k increases from k, to k; (or equivalently,  decreases from —1 to —o0),
E[puni] — E[px2] increases from a negative value to zero.

For equlibria of strict support (6.63), the energy difference E[pyni] — E[px.i] (i =1,2) depends on the
behaviour of the function g;(¢)g,(¢). In turn, the latter depends on the monotonicity of F(¢), as given
by lemma 6.1. We have, for each equilibria:

a) pr.2 (¢ increases from ¢ to ). Since F(¢) is decreasing, g,(4)g2(¢) increases on (¢, ) (cf remark 4.3).
Hence, E[puni] — E[ps,2] increases as ¢ increases from ¢ to 7 (or equivalently, x increases from k3 to
k7). Combined with the previous observation (for the range x, < K < k1), we find that as s increases
from K3 to K1, E[puni] — E[px 2] increases from a negative value to zero.

b) pr.1 (¢ decreases from ¢ to 0). Since F(¢) is increasing from 0 to ¢, g1(¢)g:(¢) decreases on (0, )
(cf remark 4.3). Hence, E[puni] — E[px.1] increases as ¢ decreases from ¢ to 0 (or equivalently, as
increases from 3 to 0o). Given that at kK = k3, pe,1 and p, » coincide, using part (a) we infer that
E[puni]| — E[ps,1] < 0 at k = r3. Therefore, E[pyni] — E[ps,1] increases from a negative value at x = ks,

but we have no more information yet on how the energies compare for a general x > k3.

Theorem 6.1 (Global energy minimizers for m > 2,d =2). Let d=2 and m > 2. Then, there exists a fourth
critical value of k (which we denote by k), with k3 < k. < Ky, such that the global minimizer of (1.1) on

Poc(S) is

(1) the uniform distribution pyn; when kK < ko,

(2) the equilibrium p,. ; given by (6.63) when Kk > K.

Moreover, the energy difference E[puni| — E[px,1] increases with r for k > k3.

Proof. The considerations we made before listing the theorem imply that pp; is more energetically favour-
able than p,, , for all kK3 < K < k1. Also, pyni is more energetically favourable than p,; ; at kK = k3, and the
difference E[pyni] — E[px,1] increases for £ > k3 (but we have not yet quantified how). These behaviours can
be observed in figure 8; note that for a better visualization we separated the energy plots in three parts, for
different ranges of k. To establish which equilibrium is the global minimizer we still have to compare E[pyni
and E[p,.1], and E[p,; 1] and E[p, »]. We will do this separately.
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Compare E[pyni] and E[p,; 1]. We use (4.39) and (4.47) (see also (4.48)) to write

1

Elpunil = Eloxal = 2= | Puni (<) S (x) + 21 (61) 22 (1) -

Also recall that ¢, | decreases to 0 as « increases to co. For this reason, we will check the behaviour of

21(9)%2(¢) as ¢ tends to zero.
Write g1 (¢) from (4.48) (with d =2) as

d) 1
21(p)=(m— 2)/ (cos@ — cos @) " sinf cos Hd6
0
¢ 1
+2cos¢ / (cosf — cos ) ™1 sinfd6.
0

Then, using m > 2 we get

(m—2) f0¢ (cos® — cos qﬁ)%l sinf cos0df + 2 cos ¢ f0¢ (cosf — cosqb)ﬁ sinf6df
2(m—1) (dwy)" ™! (_[f (cosf — cos @) = sin6‘d0>m

81 (#)&(0) =

2cos ff (cos@ — cos (zﬁ)ﬁ sin0do
" (m—1) (dwyg)™ " (ff (cosf — cosd))ﬁ sin@d@)m

cos¢

=C m—1"
(fod’ (cosf — cos @) "1 sin 0d9)

where C is a positive constant.
As the r.h.s. above tends to oo as ¢ — 0, we infer that

J}E}Ogl (0)82(¢) = .
The limit ¢ — 0 corresponds to k — co. Hence, E[puni] — E[px 1] is negative at k = k3, increases on (k3,00),
and approaches 0o as k — 0o0. We conclude that there is a fourth critical value, which we denote by k. such
that E[puni] = E[px,1] at & = Kc. Also, E[puni] < E[px,1] for k3 < k < K¢, and E[puni] > E[px 1] for k > k.-—see
figure 8, in particular plot (b) and its inset.

Compare E[p,. 1] and E[py, »]. We will consider two cases: a) k3 < k < Kk, and b) k, < k < K1.
Case a) k3 < K < Ky. We use (2.6) and (4.47), to write

Elpr2] —Elpri] =81 (0r,1) &2 (0r1) — 81 (0r,2) &2 (D ,2) - (6.65)

We will show that E[p,, 5] — E[px 1] increases as x increases from 3 to ;.
Compute the derivative of g1 (¢, ;)§ (¢x,i) with respect to &, for i = 1,2. By chain rule,

% (81 (Pr.i) 82 (Dr.i) = 4@ (¢Z$5,2 (b)) di:’i- (6.66)
Now differentiate
F(bei) ' =K,
with respect to x, to get
_F'(¢ri) dom.i _
F2(¢r,i) dr
From the above we get
A 24
oo
By (4.49), we also have
d (g (¢Z,(;)n§j (¢ri) _ (m—1)Fi (6. 1:((5::'))’ (6.68)
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with h given by (4.50). Then, by combining (6.66), (6.67) and (6.68), we find

(81 (6008 (9n)) = (m~ )9 F(on)

) (6.69)
= (m =1 h(dni)n
The equation above holds for i = 1,2. Now, from (6.65) and (6.69) we get
d 1 - -
- (Blpea] ~ Elpe ) =57 (m = 1) ((B1) 5 (61.2)). (6.70)

Note that at each & fixed, we have ¢,; 1 < @, . If we show that E((b) is decreasing in ¢, then together
with (6.70), we infer that E[px2] — Elpx,1] increases with «.
We will find that h'(¢) < 0 by a direct calculation. By (4.50) with d =2, write
h(é)=C f0¢ (cos® — cos @) ﬁlsine cos Gdn? 7
<f0¢ (cos@ — cos )™ sin 9d9)

where C > 0 is a constant. Both the numerator and the denominator above can be computed exactly. Indeed,
by direct integration we find

m—1 m—1  m—1
1_ m—1
2m—1 ( cosg{)) + m

¢ 7] n
/ (cos® — cosp) ™ sinf cosHdh = cos¢ (1 —cosp) ™1,
0

and
¢ 1 m—1 m
/ (cosf — cosp) ™ T sinfdf = —— (1 — cos ) "1,
0 m

and hence, by redenoting the constant C several times to include new constant terms, we have

1 N mel g B m
h(¢)=C 71 (1 — cos ) +mCOmS;¢(1 cos )
(I —cos¢p)mT

=C (Zml— ; (1—cosg)' ™" +%cos¢) (1— cosd))_m)

C(1—cosp) " (m+ (m—1)cose).

Then, compute

fz’(d)) _ szind) (I*COng))im (m(m—i-(m— 1)coso) e l)

1—cos¢
= —Csing (1—cos¢) "' <m2 +m—1+(m— 1)2c05¢) .
Finally, we have
2 2 2 2
m +m—1+(m—1)"cos¢p 2m +m—1—(m—1)
=3m—2,

and hence in the regime m > 2, h'(¢) < 0.
Case b) K, < k < k. In this range of &, p,, » is fully supported on S9. We use (2.6), (4.40) and (4.47) to
write

Elpra] —Elpra] =81 (0x,1) 82 (1) — &1 (Mx) &2 (1) - (6.71)

We will show again that E[p,, 5] — E[ps,1] increases as « increases from k; to k1.
From computations similar to those leading to (6.67) and (6.69), we get

% _ _H2 (1)

dk H' (n,)’
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and by chain rule,

d _
3 @ (1) & (0s)) = (m =1 k() 7
K
with h given by (4.46). Then, together with (6.69), we write (6.71) as

% (Elps2] = Elpra]) = 57" (m = 1) (($5.1) = 1 (nx)) - (6.72)

By (4.46) with d =2, we have

i (cos —n) T sinf cos §df

h(n) =C T 1 m>
(fo (cosf —n) ™1 sin 9d0)

for C > 0 constant. Inspect first the numerator

f(n) ::/ (cos@—n)ﬁsinHCOSQdG.
0

Compute the derivative:

1 i L
f(n)= — (cos@ —n)"—T 'sin6 cosHdo.

m—=1Jo
We will show that [ (cosf — 77)ﬁ_1 sinf cosfdf < 0, and hence f'(n) > 0. Note first that as m > 2,

7] 5 1 ~ L1
—L- —1<0. Then, for any 0 < 6 < I, we have: (cos( —0) —77) < (cos (% +9) —77)

s

2
(by the monotonicity of cosine and 1= —1 < 0), sin (g — 9~) = sin (% + é) and 0 < cos (% — 9) =
—cos (% + é) . From these relations, we infer

z ™

2 1 1
/ (cosﬁfn)mflsin%osﬁdﬁgf/ (cos@ —n) ™1~ 'sinfcosHdo,
0

™

2

where in the integrals we change variables 0 = 7 — fand § = 7+ 6 respectively. Hence, we find

/ (cos@—n)ﬁ_lsin@cosﬁd@:/2 (cos@—n)ﬁ_lsinecosﬁdﬁ
0 0
+

/ (cos6 —n)ﬁ_l sinf cos6df

2

<

e

1

It is also immediate that f(n) := 1
(fuw (cos@—m) m—T sin HdO

)m is an increasing function of 7, for —oco < n <
—1. Therefore, as h(n) is a product of two increasing functions, it is also increasing. Recall that 7),; decreases
from —1 to —oco as k increases from k; to k1. So overall, h(n, ) decreases as « increases from k; to k1, and in
particular we have
h(=1) = h(ny), forall Ky < Kk < Ky.
On the other hand, by the monotonicity of h (established as in case a)), we have
fz(¢n,1) >171(¢,{271), forall k) < Kk < Ky,
and case a), at kK = K, it holds that
h(Pry1) > h(Pr,2).-
Finally, observe that ¢,;, , = 7 and h(¢,, ») = h(—1), and by combining the inequalities above we find

il(¢n,l)>h(’l’]n), forall Ky < Kk < K.
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K

(c) k> K1

Figure 8. Case d = 2, m > 2. Energies of the various equilibria for different ranges of k. (a) As & increases from k3 to k2, the
energy difference E[puni] — E[px,1] increases, starting from a negative value. Also, the energy difference E[px>] — E[px,1]
increases from 0 to a positive value. (b) The energy differences E[puni] — E[p«,1] and E[px 2] — E[p«,1] continue to increase as

K ranges from k; to k. There is a fourth critical value of k, k¢ € (k3, k1), such that E[puni] — E[p«,1] changes sign from negative
to positive there—this transition, indicated by a triangle, can be better observed in the inset from plot (b)’. (c) The energy differ-
ence E[puni] — E[px,1] increases indefinitely as k — co. The global minimizers are: puy; for k3 < Kk < K¢, and pg,1 for k > Ke.
The simulations are for m = 3.

From this result and (6.72), we infer that E[p,. ] — E[p1] increases with x on (K2, K1).

The comparison of energies above provides the global minimum as in the statement of the theorem.
Finally, using the fact that pyy; and py, , coincide at k = 1, we infer that E[pyni] > E[py,1] at & = k1. Hence,
the fourth critical value k. (where E[pyni] — E[px,1] changes sign) is in the range k3 < K¢ < K7. O

The numerical illustration in figure 8 shows separately three ranges of x. Various facts that appear
in the proof of theorem 6.1 can be observed in the figure; e.g. the monotonicty with respect to x of
E[puni] — E[ps.1]> E[puni] — Elpx,2] and E[py 2] — E[ps.1]. In figure 6.1(b) we indicate by a triangle the
point where E[pyni] = E[ps.1], L.e. at the fourth critical value .
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Figure 9. Plot of the ratio xc/k as a function of m. Numerical results show that there exists a value m.. ~ 3.2456 such that k. >
Ky when 2 < m < my, and k. < K when m > m..

Remark 6.2 (Comparison between «. and x;). The critical value . introduced in theorem 6.1 can be
computed as

2m—1
m)" ! (m+ (m— 1) cos ) (m=1(1— cosqﬁc))m’

Re =

where ¢ € [0,7] is the unique solution of the equation

(@ m = eossg = (1) (1) (673)

The details of this calculation can be found in appendix E. Then, we can numerically compare x. with x, for
m > 2, using the ratio (see also appendix E for details):

Ke 2 " 1
Ky \1—cosp.) m+(m—1)cosep.

Since ¢, cannot be solved explicitly and equation (6.73) is not easily tractable, an analytic study of the
ratio K./ K, appears difficult. We therefore resort to numerical approximation—see plot of k/k; in figure 9.
Our numerical results indicate that there exists a unique value m = m, ~ 3.2456 for which k. = k,, and
also,

Ke > Ko, for2 < m < my,

Ke < K, for m > m,,.

Finally, as m ™\ 2, all critical values x,, x, and k3 converge to the same limit, and «. converges to the
same limit as well since k3 < k. < k. In particular, K. /Ky — 1 as m \ 2.
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Appendix A. Supporting result for lemma 4.1

Lemma A.1. For any given real number m > 1 and natural number d, define the following function on € > I:

Hma(§) = </07T (f—i—cos@)"’lllsind—ledG) (/0” (£+c039)mlllsind+19d0)

- </ (f-i—cos&)ﬁ*z sin ™! 9d9> </ (f—i—cos@)ﬁ sin?™! 0d9) :
0 0

Then, we distinguish the following cases:

(A.74)

(1) if L5+ L <0 then Hyp g(€) > 0 forall € > 1,
(2) if L5 + S =0 then H,y a(€) = 0 for all € > 1, and
(3) if 5 + EL > 0 then Hypa(€) <0 forall > 1.

In other words, we have

d—1

1
sgn (Hpm.a(§)) = —sgn <ml + 2> , forall¢ > 1.

Proof. From section 3.666, equation (2) of [28], we have:

/ (cosh 3+ sinh Bcosf)* T sin™2" 06 = g sinh” § T (; — V) P} (coshf3) VRe(v) < %,
0

where P}, denotes the associated Legendre function of the first kind. By factoring out sinh § from the Lh.s.,
the equation can be written as

T 1
/ (coth 8 + cos0)" " sin™? #dh = 2—\/f sinh " 3T (2 - V> P} (coshf3). (A.75)
0
Denote g = — — 2+ d42-1 , Vo % and substitute & = coth 3 in (A.74), and use (A.75) to simplify

each integral in /Hm,d(f ) as follows:

/0 (§+c059)ﬁ_] sin®10do = 2?,{; sinh™* 3T < —(w+ 1)) PZ%H (cosh3),

/0 (€ +cos®) ™ 'sintl oo = \leinh_(”"“ AT <2 - u0> P ., (coshf3),

/ &+ cos@)ﬁ72 sinft19ds = £5mh BT ( - y0> P (cosh3),
0

2 Ho
/0 (€ + cosf) ™ sin~ ' 9dh = 21/;1 sinh~ (D g ( —(n+ 1)) PZ‘LTI (coshp).

Using the above, H,, 4(§) from (A.74) can be written in terms of 3 as
™ 2 0+1 1
Hma(€) = Jontt sinh~(#o+D g T (2 0) r <—2 - 1/0)

(PZ‘;H (coshﬂ)PZ?]Jrl (cosh3) — py (coshﬂ)PZ‘f}frll (coshﬁ)) .

Here, the range of 3 is (0, 00) since the range of £ is (1,00). Equation (1) in section 8.715 of [28]
provides the following integral representation of the associated Legendre function of the first kind:

P}, (cosh ) = dt.

V/2sinh” j3 /ﬂ cosh (p+ 1)t
vl (5 -v) (cosh 3 — cosht)”+%

By using the integral expression above, we can rewrite H,, 4(§) as
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T 1 1 2sinh** ! 8
. _ inh~ Gt g ( 2 _ r{—-—
Huma(§) eI sin 8 3 7 5 vy | X ﬂF(l — VO)F (_% — Vo)

2
. (/ﬁ cosh (o + 1)t dt/ﬁ cosh (po+32)t
0 (coshf3 — cosh t)”°+% 0 (coshf3 — cosh t)”"Jr]E

_/ﬁ cosh (po +1) ¢ dt/ﬁ cosh (o +32) ¢ dt)
0 0 |

T 3
cosh 3 — cosh )" > cosh 3 — cosh )" ">

Finally, to assess the sign of H,,, 4(&), we will investigate the sign of
~ B cosh(po+ 1)t B cosh(po+2)t
Hm,d(ﬂ)::/ ( - 2)y+3dt/ ( . 2)u+l
0 (coshf—coshr)™"2 Jo (coshf — cosht)”™2

_/B cosh(uo—i—%)t dt/ﬁ cosh(,uo—&—%)t dr
0 0 ’

1 3
cosh 3 — cosh )"’ "2 cosh 3 — cosh ) t?

for 5 € (0, 00).
The sign of

A== 4]
B T

will be crucial in determining the sign of H,, 4(3) (and hence, of Hm,a(§)). We express ﬁm,d(ﬂ) using A
instead of 11 as follows:

_ B h(A—1)t g h(A+3)t
Hm,d(ﬂ):/ cosh (A—1) Sdt/ cosh (A+3) dt
0 (coshf — cosh t‘)”“Jri 0 (coshf — cosht) ot
/5 cosh (A—3)t dt/B cosh (A+7)¢ dr.
o ( o (

T 3
cosh 3 — cosh)” "2 cosh 3 — cosh )"’ ">

Now define, for ¢t > 0:

! h(A+1 1
C(t):/ cosh(A+3)7 ~dr, f(t) =coshf —cosht, g(1)=—F—3.
0 (cosh 3 —cosh7)" "2 cosh (A+1)¢

Hence, we write
_ B B B B8
Hona (8) = / £(1)dc (1) / ¢(0d¢ (1) — / F(1)g()dc (1) / ac (1),

The function f is decreasing on t 2> 0. Also, as shown below, the function g is increasing for A <0, is
constant when A =0, and is decreasing for A > 0. The conclusion of the lemma then follows from the integ-
ral form of the Chebyshev inequality [28, section 11.31] (we account here for the monotonicities of the
functions f and g). We find:

Case 1: A <0. Since f is decreasing and g is increasing, H,,, 4(§) > 0 for all £ > 1.

)

Case 2: A=0. In this case, g(t) = 1 and H,, 4(§) =0 forall £ > 1.
Case 3: A> 0. Since f and g are both decreasing, H,, 4(§) < 0 for all € > 1.

It remains to show the monotonicity of the function g. We calculate:

3;((:)) = (A — ;) tanh (A — ;) r— (A + ;) tanh (A+ ;) t. (A.76)

Since g(t) is positive, the sign of g’(¢) is given by the sign of the r.h.s of (A.76).
From basic identities of hyperbolic functions, we have for any u,v € R:

(u—v)tanh (u—v) — (u+v)tanh (u+v)

(u—v)sinh (4 — v) cosh (4 +v) — (u+v) sinh (4 + v) cosh (1 — v)
cosh (1 + v) cosh (1 —v)
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Y (sinh (2u) — sinh (2v)) — “3~ (sinh (2u) 4 sinh (2v))
1 (cosh (2u) + cosh (2v))

2vsinh (2u) + 2usinh (2v)
cosh (2u) + cosh(2v)

2

Now substitute # = At and v = £ into the equation above to get

(1 (o) (1 Do)

1 tsinh (2Af) 4 2Atsinh (1)
—= X
t cosh (2At) + cosh (1)
sinh (2At) 4 2Asinh (1)

cosh (2At) +cosh ()

The denominator of the fraction in the r.h.s. is always positive, while the sign of the numerator depends
on A. We conclude that for any ¢ > 0, the expression (A — %) tanh (A — %) t— (A + %) tanh (A + %) t
is positive for A < 0, is zero for A =0, and is negative for A > 0. The monotonicity of g follows then
from (A.76). O

Appendix B. Proof of lemma 4.2

We show that

lim H(_n) = K1_17

n—o0

where k; is given by (3.26) and the function H by (4.29). Compute

™ T m—2
H(—n)= mT—l (dwg)" ! </0 (cos@+mn)m—1 7 sin’~ 19c050d9> (/0 (cos@+mn)m—1 T sin’~ 19d9>

1 . %1 m—2
S A / (C039+1> " sin® 0 cos0do / <C039+1> sin®odo | .
m 0 n 0 n

Substitute h = % and take h — 0 by PHopital’s rule, to get

(fo (hcos® + 1) =1 7 sind— 19c059d9) (fo (hcos® + 1) =1 1 sind— 19d9) N

. ~m—=1 w1 1
Jm H(=n) = T(de) lim ,
-1 m—1 ™ cos s d—1 . d—1 "
= —(dwy) X lim (hc059 + 1) "sin?~16 cos0dg (hcos@ +1) =1 1 sin®~1 6o
m h—0 0o m— 0

m—1
(hcos@ + 1) T sind~ l@cos@d@) (m—2) (/ (hcos@ + 1) =1 " sin— l49d0)
0
” cosf e
(hcos€ + 1) 'sin?10d0 ) ).

Then, by taking the b — 0 limit, we find

—1 ™ 0 ™ m—2
lim H(—n) = mi(alwd)m*1 ( </ %Y. sin""' g cos Gdﬁ) (/ sin? ™! 0dt9>
n—o00 m o m—1 0
T ™ m—1 T
+ (/ sin?~! 9cos9d0> X (m—2) (/ sin? ™! 9d0) X (/ cosf sind19d9> )
0 0 o m—1
1 T T m—2
= —(dwy)"! </ sin?~1 0 cos? 9d9> (/ sind_19d9> ,
m 0 0

as foﬂ sin !9 cosfdd = 0.
Finally, by (5.53) we get

/\

m—1
_ (dwa Ji sin"0d0) gt
i H(=n) = (A1) S

This proves the claim.
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Appendix C. Proof of lemma 4.3

Compute from (4.35):

F'(¢) _ sing fo (cosf — cos )™ ' sin® O cos 00
F(¢) —1 fo cos@—cosqb)"’ lsmd 19 cosfdd
(C.77)
(m— Z)Slnfb fo cos9—cos¢>)m T~ Lin®1 940
m—1 fo cosQ—cos(p)m lsmd 1940

Hence, if we show that the following is positive:

¢ 1 ¢ 1
G(p):= (/ (cos® — cosp) ™1 sin ™! 9c030d9> </ (cosf — cosp) ™7 sin? ™! 0d9>
0 0

¢ 1 ¢ 1
+(m—2) </ (cosf — cos )™ sin? ! 9d9) </ (cosf — cos )" sin? ! 9cos€d9> ,
0 0

then we get that F/'(¢) is positive, and the conclusion follows.
To simplify G(¢), we use the following two identities obtained from integration by parts:

¢ .
/ (cosf —cos )™ sin? 1O cosfdf
0

1 L =0 4/ 1 ¢ C L,
= {d (cosf — cosp) ™1~ sindé'} + - ( - 1)/ (cosf — cos )™ *sint! 9de
0

oo d\m-—1

— ¢ )
_d(zm—ml)/o (cosf — cosp) ™1 sint10de,

and

QS 1
/ (cosf — cos )™ sin? ! f cosHdh
0
1 | b= 1/ ¢ L
= [d (cosf — cosp) ™1 sindﬁ} + p (1> / (cosf —cosp) ™1~ sint10do (C.78)
6=0 m— 0

_ 1 ¢ =1 g d+l
_d(m—l)/o (cos® — cos ) sin"" 0d6.

Then, we have

2— ¢ L ®
G(¢) = o m / (cosf — cosp) ™1 *sin®! 6o / (cosf — cosp) ™1 T sin?! 0o
d(m—1) \ Jo 0

__Aom /¢ (cosh — cosq&)ﬁ*1 sin?~19dg /d) cosf — cosqS) 1 sin*19de
d(m—1) \ Jo 0

Since d( ) > 0, we eventually need to show

¢ l ¢ 1
</ (cosf — cos )™ sin?t! 9d9> (/ (cosf — cos ) " sin~! 6d9>
0 0
¢ 1 d) 1
- / (cosf — cosg) ™1~ 'sin?~1 0do / (cosf —cosg) ™ 'sint10de | >0
0 0

With ¢ € (0,7] fixed, write

¢ 1 ® |
2 </ (cosf — cos )™ “sin”t! 0d9> </ (cos® — cos )™ sin ! 9d9>
0 0
¢ I ¢ I
-2 / (cosf — cosg) ™1~ 'sin?~ 0d6 / (cosf —cosg) ™1 'sint!0de
0 0
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¢ ré . .
= / / (cosf — cos ¢)ﬁ_2 sin?t10, (cosf — cos ) ™! sin?~10,d0,do,
o Jo
6 o L 1
+ / / (cosB, —cosp) ™1~ sin?t10, (cos@; — cosg) ™1 sin?"!9,d6,db,
o Jo
¢ rd g g
—/ / (cosf; —cosg) ™1~ sin’"' ) (cos, — cosp) ™1 sin®t! 0,d6,db,
o Jo
6 o T I
7/ / (cost, — cosg) ™1 sin —lg, (cosfy — cosgp) ™1 sin +19,d6,d6,
o Jo

¢ ro . .
= / / (cosf —cosp) ™1 > (cosh, — cos )™ sin? 16y sin? 10, x ((COSHZ — cos )’ sin? 0,
o Jo
+ (cos; — cos¢)2 sin?6, — (cosB; — cos ) (cosb, — cosp) (sin2 0, + sin’ 92)) do,do,.

Using

(cos — cosp)’sin> 0 + (cosy — cos )’ sin® 6, — (cosfy — cosB) (cosb — cosP) (sin®@; + sin”6,)

= sin” ) (cosf, — cos ) (cosh, — cos b)) + sin’ 6, (cosf; — cosp) (cosf; — cosbs)

) ) cost) —cos¢p  cosf; —cos¢
= (cosf, — cosb) sin” 0, sin’ 6, — - — ,
sin” 6, sin” 6,

we write the above as

¢ 1 (z) 1
2 (/ (cosf — cos )™ sin?T! 6d9> (/ (cosf — cos ) ™ sin ! 9‘19)
0 0

¢ i ¢ i
-2 (/ (cosf — cos) ™1 'sin®! 9d9> (/ (cosf — cosp) ™1 ' sin®t! 0d9>
0 0 (C.80)

¢ ro . .
:/ / (cosfy — cosp) ™1 > (cosfy — cosp) ™1 sin 10 sin? ! 6,
o Jo

0, — 0, —
X (cosfy — cos@l)sin2 6, sin 0, <COS 2 —cos¢ _ o5 5 COS¢> do,do,.

sin? 6, sin” 0,

Note that % is decreasing on 6 € (0,7), as

d (cos@—cos¢> _ —cos’f+2cospcosf —1 _(cos@—cos¢)2+sin2¢ <0
do sin* B sin’ @ B sin’ 0 =

Since cosf is also decreasing on [0, 7], we have

>0,  V0,,0,€[0,4].

0, — 0, —
(cosby — cost) (cos ) cosgb_cos 1 cosqb)

sin’ 6, sin® 6,

Therefore, from (C.80) we can conclude that (C.79) holds, which completes the proof.

Appendix D. Calculations in support of remark 4.2

By (4.31), we have

™ T m—2
-1 _ L 1
Ryl = Lm (dwg)" ™" (/0 (cos@ + 1) sind_lﬁcosﬁde) (/0 (cos@ + 1) sind_10d9> ;

Recall the identity
™ (e (L
/ cos’ <9) sin” (9> do = %
0 2 2 r ( 2 )
Using several basic trigonometry formulas

cosf + 1 = 2cos’ €7 sinfl = 2sin <9> cos <9> . cosf = cos’ <0> — sin? <9> ,
2 2 2 2 2
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and the property I'(z+ 1) = zI'(z) for all z> 0, we calculate

/ (cosf + 1)ﬁ sin?~! @ cos 0d6
0

:zﬁ/ cosi <9> sin’ !0 cosfdo

0 2

:2ﬁ+d_1/7r cosim1 Tt 0 sin? ™! 4 — cogmoT o sin’*! g d¢
0 2 2 2 ?

— pmei a1
PGk +d+1)
b (ﬁﬁt%)r(%) <m1_1+‘;’§>
I (55 +4d) I
_ iyt 1F(ﬁ+§)r(g) ]
P(G+d)  1rdn=1)

Similarly,

/ (cosf + 1)'"%1 sin?~!' 9dg
0

:2%/ cosiT (9) sin?~16do
0 2
Zzﬁ'~_d_l/7rcosﬁ"”’l_1 o sin? ™! 0 do
0 2 2
P55 +4)r)
(5 +d)

Therefore, we can find an explicit expression of k, in terms of the Gamma function:

— a1

m—1

1 d d
kol = m—1 dw )L 1H(d=1) (m—1) F(m"'_E)F(i) y ;
2 (dwa) -
" P (5L +d) T+d(m—1)
Finally, using
IS4 = dwa/7T (5)
r (%)

one arrives at (4.38).

Appendix E. Calculations that support remark 6.2

Part 1. Calculation of k.

To find the value of k., we compare E[pyni] and E[p, 1], where pyp; is the uniform distribution on S
and p, 1 is defined in (6.63). The energy of the uniform distribution can be calculated directly, as given
by

(4m)'™" &

m—1 +2'

E [puni] =

To calculate E[p, 1], we first simplify the equations in (4.33). Substitute d =2 in (4.33) to get

_1 ﬁ d’ 1
1=2m <m(m>> / (cos@ — cos ) ™ sinfd6,
0

m
(E.81)

m

)\ = e .
s=27 (’WD) / (cosf — cos ) ™ sinf cosHdh.
0
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Each integral in the r.h.s. of (E.81) can be computed explicitly by substitution. We find

1
_1 m—1 _1 "
1_2W<m<m>> « ML cosg)aT
m

m

= 27r(/<;s)ﬁ <mn;1 (1 cosqb)) " ,

and

s=27 (HS(M)> X ( n (l—cos¢)zf"*‘1 +cos¢m(1—cos¢)'"‘>
m 2m—1 m

1 (m—1 " m+ (m—1)cos
:277(&5)"‘1—‘ (m(l—cosqb)) X %

Using these simplified equations for s =5, ; and ¢ = ¢, 1, we write s ; and & in terms of ¢, as
m—+ (m—1)cos
o = M m-1cosde (E.82a)
’ 2m—1
2m—1

" @m)" " (m+ (m— 1) cosdyr) (L (1= cos )™ (E.82b)

We now calculate E[p,, 1] using (6.63) and (4.32) to get

B o — 1\ 2\ Ks2,
Elpra] = miTI/ <<m ) ()\H71+m,€,1c059)m'> sineda—izv1 +E
0

m 2
2 )\ e e " fos?
] (Hsﬁ’l(m )) / (cosf —cos 1) sinfdf — sl +E
m-1 " 0 2 (E.83)
Kk 1 Kse1 (m—1) RS o K2, K
=—" |27 : (cosf —cospy 1) ™ Tsinfdf | — —— + —
m m 0 ’ 2 2
2
KSk,1 RS 1 K
= T:l (sn,l_cosd)n,l)_Tn‘FE,

where in the last equality we used the identity obtained by subtracting from the second equation

in (E.81), the first equation in (E.81) multiplied by cos¢ (use s =s,,; and ¢ = ¢, ;). Using (E.83), we
calculate the difference between the two energies:

2 1—m
ok, 1 KSe1 (4w
Elpw,1] = Elpuni] = = (5,1 = 08 0,1) = —* = (m)_1

1—
Sk,1 — COSd)N)] Sk,1 (47T) "
=Kl | ————————— | —

m 2 m—1

_ 1 (1 —cosgr,1  m+(m— l)coscbm) B (4m)' ™
2m)" (ML (1 - cosde,1))” m—1

2m—1 2(2m—1)
= (4m)' " 2n7! <(2—m)—(m+1)cos¢ﬁ,1> 1
- (mT_l(l_COS(ﬁn,l))m 2(2m—1) m—11"

where in the third equality we used (E.82a) and (E.82b).
Since at k = K¢, E[px.,1] — E[puni] = 0, we have

S G BT,

2(2m—1) m

where we denoted ¢ := ¢,_;. Therefore, we find that ¢. satisfies the equation

(@ m = eossg = (L) (1) (B.84)

m 2

Lemma E.1. Equation (E.84) has only one solution ¢ in [0, 7).
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Proof. We denote X = 1_%5"5‘, and write equation (E.84) as

m—1

e x-@n-0)- () ko

I(X) ::m

m

The question reduces to show that the equation above has only one solution X € [0, 1]. To use the intermedi-
ate value property, we calculate

10)=-""1 " nd un:3““*)—<m_vm.

4 7 42m—1) m

Note that I(0) < 0. We will show I(1) > 0, which is equivalent to

JW%=M11<mUm<Z

m—1 m
From a simple calculation, we have

d
@log](m) =

— +log(m—1) —log(m).

Also, the second derivative can be calculated and estimated as

d21 T(m) 4 N 1 1 4 N 1
—logJ(m) = — o
dm? 08 2m—17> m—-1 m 4m? —4m+1 m?—m

4 1

> — =0.
4rr12—4m+m2

By the strict convexity of logJ(m) together with

lim dilog](m) =0,

m—oo dAm

we infer that %log J(m) < 0 for any m > 2. Finally, we can conclude that
3
Z:](2)>](m), Vm > 2.

Therefore, we have I(1) > 0 and by the intermediate value property, there exists at least one solution
X € [0,1]. The uniqueness of the solution comes directly from the convexity of I(X) on [0, 1], together with
I(0) < 0and I(1) > 0.

O

Due to the previous lemma, we know that (E.84) has a unique solution ¢, and by substituting this
solution into (E.82b) we get

2m—1
(2m)" " (m+ (m — 1) cosée) (%=L (1 —cos o))

Re =

Part 2. Comparison between k. and k;
We substitute d =2 into (4.31) to get
Ky ' =H(-1)

—1 _ 0 1 7\' 1
N — (2m)" ! (/ (cos@ + 1) sin9c050d9> (/ (cos@ + 1) m sin@d@)
0 0

m
M m—2
:m—l(zﬂ)m_l 2mn=T (m—1) m—lzmri1
m m(2m—1) m
2mem)" (m—1\"
o 2m—1 m ’

where we used two identities from integration by substitution (a = cosé + 1):

m—2

36



10P Publishing

Nonlinearity 39 (2026) 055011 R C Fetecau et al

and

™ 2
/ (cosH—l—l)msianostH:/ am (a—1)da
0 0

m—1 w1 m—1__m_
= DQm—1 — — Dm—1
2m—1 m
_ 2 (m-1)
- m(@2m—1)"’

m—1

m 2
/ (cose—l—l)msianQ:/ aroida — = "o
0 0 m

Therefore, we get the explicit form of «,:

2m—1 ( m )m
Ry = Y .
2m(2m) m—1

From the explicit forms of x; and k., the ratio between k. and k, can be written as

Ke 2 "’X 1
Ky \1—cosde m—+ (m—1)cosgp.
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