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Abstract

We show that the constant colorings and the one-to-one colorings are insufficient for a canonical

version of a certain theorem in Ramsey theory.
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1 Results

Definition 1. If A = fa1 < a2 < ::: < ang � ω = f0;1;2; :::g; n � 2; the gap size of A is gs(A) =

maxfa j+1�a j : 1 � j � n�1g: If jAj= 1; gs(A) = 1.

Theorem 2. If ω is finitely coloured, there exist a fixed d � 1 (d depends only on the colouring) and

arbitrarily large monochromatic sets A with gs(A) = d:

This fact first appeared in [1]. Various applications appear in [2–6].

Definition 3. The colouring f : ω !ω is defined by writing each number n in binary and then projecting

onto the odd powers of two. Explicitly, if n = ∑
i odd

εi2i + ∑
j even

ε j2 j , then f (n) = ∑
i odd

εi2i: (By default,

f (0) = 0:)

Theorem 4. For every A � ω (with f as above),

p
jAj=8gs(A)< j f (A)j<

p
8jAjgs(A):

According to Theorem 4, there clearly do not exist a fixed d and arbitrarily large sets A with gs(A)= d

such that either j f (A)j= 1 or j f (A)j= jAj:

Definition 5. For k � 0; an aligned block of size 2k (respectively 4k) is a set of 2k (respectively 4k)

consecutive non-negative integers whose smallest element is m2k (respectively m4k), for some m � 0:
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Proof of Theorem 4 The following facts follow directly from the definition of the colouring f :

Each aligned block of size 4k has exactly 2k colours, each appearing 2k times.
Consecutive aligned blocks of size 4k are either identical or have no colour in common.
Every set of 4s consecutive non-negative integers has at least 2s colours. Hence every set of 4s

consecutive aligned blocks of size 2k has at least 2s aligned blocks of size 2k, no two of which have a
common colour.

Now let A � ω:

Choose s minimal so that A is contained in the union of two aligned blocks of size 4s: (Two blocks are
needed in case A contains 4k�1 and 4k:) Then 4s�1 < jAjgs(A), hence j f (A)j � 2 �2s < 2

p
2jAjgs(A).

Next, given A� ω , choose k so that 2k�1 < gs(A)� 2k , and choose t minimal so that A is contained
in the union of t consecutive aligned blocks of size 2k. By the choice of k; A intersects each of these
t blocks. Let 4s � t < 4s+1. Since 2s of these blocks have no colours in common, 2s � j f (A)j: Hence
jAj � t2k < 4 �4s �2 �2k�1 < 8j f (A)j2gs(A), or

p
jAj=8gs(A)< j f (A)j.

2 Acknowledgement

The author thanks the referee for substantial improvements in the bounds and the proofs.

References

[1] T.C. Brown, On locally finite semigroups (in russian), Ukraine Math. J. 20 (1968), 732–738.

[2] , An interesting combinatorial method in the theory of locally finite semigroups, Pacific J.
Math. 36 (1971), 285–289.

[3] A. de Luca and S. Stefano Varricchio, Finiteness and regularity in semigroups and formal languages,
Springer-Verlag, Berlin Heidelberg New York, 1998.

[4] N. Hindman and D. Strauss, Algebra in the stone-C̆ech compactification, Walter de Gruyter, Berlin,
New York, 1998.

[5] Gérard Lallement, Semigroups and combinatorial applications, Pure and Applied Mathematics. A
Wiley-interscience Publication, John Wiley & Sons, New York-Chichester-Brisbane, 1979.

[6] H. Straubing, The burnside problem for semigroups of matrices, Combinatorics on Words, Progress
and Perspectives, Academic Press, 1982, pp. 279–295.

2


	Results
	Acknowledgement

