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Chapter

Rules of Differentiation
and Their Use in
Comparative Statics

The central problem of comparative-static analysis, that of finding a rate of change, can be
identified with the problem of finding the derivative of some function y = f{(x)}, provided
only an infinitesimal change in x is being considered. Even though the derivative dy/dx is
defined as the limit of the difference quotient ¢ = g(v) as v — 0, it is by no means neces-

. sary to undertake the process of limit-taking each time the derivative of a function is

sought, for there exist various rules of differentiation (derivation) that will enable us to
obtain the desired derivatives directly. Instead of going into comparative-static models
immediately, therefore, let us begin by learning some rules of differentiation.

7.1 Rules of Differentiation for a Function of One Variable

148

First, let us discuss three rules that apply, respectively, to the following types of function of
a single independent variable: y = &k (constant function), y = x", and y = cx” (power
functions). All these have smooth, continnons graphs and are therefore differentiable

everywhere.

Constant-Function Rule

The derivative of a constant function y =k, or f(x) = k, is identically zero, i.e., is zero
for all values of x. Symbolically, this rule may be stated as: Given y = f{x) =k, the
derivative is

dy dk ' y
_— e e — = 0
priaten 0 or F)
Alternatively, we may state the rule as: Given y = f(x) = k, the derivative is
d d d

Ey=af(x)=ak=0

——
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whete the derivative symbol has been separated into two parts, d/dx on the one hand, and
y lor f{x) or k] on the other. The first part, d/dx, is an operator symbol, which instructs us
to perform a particular mathematical operation. Just as the operator symbol ./ instructs
us to take a square root, the symbol d/dx represents an instruction to take the derivative of,
or to differentiate, (some function) with respect to the variable x. The function to be oper-
ated on (to be differentiated) is indicated in the second part; hereitis y = f(x) =

The proof of the rule is as follows. Given f(x) = k, we have f(N) = k for any value
of N. Thus the value of f'(N)—the value of the derivative at x = N—as defined in (6.13)
is
f (x) f M) k—

k .
=My =AR0=0

=

Moreover, since N represents any value of x at all, the result f"(N) = 0 can be immediately
generalized to f'(x) = 0. This proves the rule.

-It is important to distinguish clearly between the statement f’(x) = 0 and the similar-
looking but different statement f'(xp) = 0. By f(x) = 0, we mean that the derivative
function f* has a zero value for all values of x; in writing f"(x9) = 0, on the other hand, we
are merely associating the zero value of the derivative with a particular value of x, namely,
X = Xp.

As discussed before, the derivative of a function has its geometric counterpart in
the slope of the curve. The graph of a constant function, say, a fixed-cost function
Cr = f(Q) = 81200, is a horizontal straight line with a zero slope throughout. Corre-
spondingly, the derivative must also be zero for all values of O:

d d

ECF dQ —-—1200 =0

Power-Function Rule
The derivative of a power function y = f(x) = x" is nx"~!. Symbolically, this is ex-
pressed as

i no__ n—1 ! _ n—1
Y = or f(x)=nx 7.0

N L dy o d
3 3 2
The derivative of y = x° is primirri 3x<.

d
The derivative of y = x° is a—;xg =9x%,

This rule is valid for any real-valued power of x; that is, the exponent can be any real
number. But we shall prove it only for the case where # is some positive integer. In the
simplest case, that of n = 1, the function is f(x) = x, and according to the rulc the
derivative is

fx) = —x =1G%) =1

b
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The proof of this result follows easily from the definition of f/(N) in (6 14"). Given
f(x) = x, the derivative value at any value of x, say, x = N, is

fI(N) = ﬂ_)___ﬂ_"_’l_limi_"_=mn1=1'

x—»N — N - x>Nx—N x—>N
Since N represents any value of x, it is permissible to write f'(x) = 1. This proves the rule
for the case of n = 1. As the graphical counterpart of this result, we see that the function
¥ = f(x) = x plots as a 45° line, and it has a slope of +1 throughout.
For the cases of larger integers, n = 2, 3, ..., let us first note the following identities:

x2 _ N2

TN S x+ N [2 terms on the right]
3 _ N3

xx [ x4+ Nx + N? [3 terms on the right]
n__ yn

xx ﬁ =x"V L Nx" 2 N2x" 3 4. 4 N

[# terms on the right] (7.2)

On the basis of (7.2), we can express the derivative of a power function f{x) =x" at
x = N as follows:

f(X) f(N) X — N7

ray= e
= lim (x"-' + Nx" 2 4...4 N*h [by (7.2)]
= xll{%' "1 hm Nx"24.. hm Nl [sum limit theorem]
=N"lg Nl N [a total of » terms]
= N1 (7.3)

Again, N is any value of x; thus this last result can be generalized to

fl(x) — nx"_l
which proves the rule for s, any positive integer.
As mentioned previously, this rule applies even when the exponent » in the power ex-

pression x” is not a positive integer. The following examples serve to illustrate its applica-
tion to the latter cases.

Example 3 Find the derivative of y = x%. Applying (7.1), we find
d 0 are-1y
ax =0x"")=0

Example 4 * Find the derivative of y = 1/x3. This involves the reciprocal of a power, but by rewriting the
——————  function as y = x~3, we can again apply (7.1) to get the derivative:

E)—('X = -3 [— F]

-
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Example 5 Find the derivative of y = ./X. A square root is involved in this case, but since /X = x'/2, the
—— — derivative can be found as follows:

danp_Voap |1 _ V%
dx 2 2J/x  2x

Derivatives are themselves functions of the independent variable x. In Example 1, for
instance, the derivative is dy/dx = 3x2, or f/(x) = 3x?, so that a different value of x will
result in a different value of the derivative, such as

FMH=31’=3 f(=321=12
These specific values of the derivative can be expressed alternatively as
dy dy
dx dx

but the notations f'(1) and f7(2) are obviously preferable because of their simplicity.

It is of the utmost importance to realize that, to find the derivative values f'(1), '(2),
ete., we must first differentiate the function f(x), to get the derivative function f’(x), and
then let x assume specific values in f'(x). To substitute specific values of x into the primi-
tive function f{(x) prior to differentiation is definitely not permissible. As an illustration, if
we let x = 1 in the function of Example 1 before differentiation, the function will degen-
erate into y = x = 1—a constant function—which will yield a zero derivative rather than
the correct answer of f7(x) = 3x2.

=12

x=2

r=]

Power-Function Rule Generalized

When a multiplicative constant ¢ appears in the power function, so that f(x) = cx", its
derivative is d
—cx® = enx™! or  fi(x)=cnx""!
dx '
This result shows that, in differentiating cx", we can simply retain the multiplicative con-

stant ¢ intact and then differentiate the term x" according to (7.1).

Example 6 Given y = 2x, we have dy/dx = 2x° = 2.

Example 7 Given f(x) = 4x3, the derivative is F'{x) = 12x%.

Example 8 The derivative of f(x)=3x"2is f'(x) = ~6x73,

For a proof of this new rule, consider the fact that for any value of x, say, x = N, the
value of the derivative of f(x) = cx" is

. Sy — (V) . cx"—cN" ) x" — N°
? _ = I — _
f(N)_x]]—TV x—N x]l»n}\.' x—N )}ll)l}]c x—N
Xt — N
= lim ¢ lim fproduct limit theorem]
=N x-N X —
. x"—N" .
=c len}! TV [limit of a constant]
= cnN"1 [from (7.3)]

4
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In view that N is any value of x, this last result can be generalized immediately to
f'(x) = enx""!, which proves the rule.

7.2 Rules of Differentiation Involving ,
Two or More Functions of the Same Variable

Example 1

The three rules presented in Sec. 7.1 are each concerned with a single given function f(x).
Now suppose that we have two differentiable functions of the same variable x, say, f(x) and
£(x), and we want to differentiate the sum, difference, product, or quotient formed with
these two functions. In such circumstances, are there appropriate rules that apply? More
concretely, given two functions—say, f(x) = 3x? and g(x) = 9x*2—how do we get the
derivative of, say, 3x2 + 9x!2, or the derivative of (3x%)(9x1%)?

Sum-Difference Rule

The derivative of a sum (difference) of two functions is the sum (difference) of the deriva-
tives of the two functions:

d d d '
() £ 8] = — f(3) £ —g(x) = f'() £ 8 )

The proof of this again involves the application of the definition of a derivative and of the
various limit theorems. We shall omit the proof and, instead, merely verify its validity and
illustrate its application.

From the function y = 14x3, we can obtain the derivative dy/dx = 42x%. But 14x3 =
5x3+9x3, so that y may be regarded as the sum of two functions f(x)=5x3 and

g(x) = 9x3. According to the sum rule, we then have
% = dii(sf +9x%) = %5"3 + %9:(3 =15x% 4+ 27x% = 42x°

which is identical with our earlier result.

—p—
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This rule, which we stated in terms of two functions, can easily be extended to more
functions. Thus, it is also valid to write

1) 806) £ hCE)] = £100) £ g/05) R (2)

The function cited in Example 1, y = 14x3, can be written as y = 2x3 + 13x3 — x3. The
derivative of the latter, according to the sum-difference rule, is
dy d

i 3-,;(2*3 4+ 13x3 — x3) = 6x% 4 39x% — 3x% = 4242

which again checks with the previous answer.

This rule is of great practical importance. With it at our disposal, it is now possible to
find the derivative of any polynomial function, since the latter is nothing but a sum of power
functions,

d%(ax2+bx+c)=29x+b
ad;(?x4+2x3—3x+37)=28x3+6x2—3+0=28x3+6x2-—3

Note that in Exampies 3 and 4 the constants ¢ and 37 do not really produce any effect on
the derivative, because the derivative of a constant term is zero. In contrast to the multi-
Pplicative constant, which is retained during differentiation, the additive constant drops
out, This fact provides the mathematical explanation of the well-known economic principle
that the fixed cost of a firm does not affect its marginal cost. Given a short-run total-cost
function

C=0-40°+10Q0+75

the marginal-cost function (for infinitesimal output change) is the limit of the quotient
AC/AQ, or the derivative of the C function:

dc 9

0" 30° -804+ 10
whereas the fixed cost is represented by the additive constant 75. Since the latter drops out
during the process of deriving dC/d 0, the magnitude of the fixed cost obviously cannot
affect the marginal cost.

In general, if a primitive function y = f(x) represents a total function, then the deriva-
tive function dy/dx is its marginal function. Both functions can, of course, be plotted
against the variable x graphically; and because of the correspondence between the deriva-
tive of a function and the slope of'its curve, for each value of x the marginal function should
show the slope of the total function at that value of x. In Fig. 7.1, a linear (constant-slope)
total function is seen to have a constant marginal function. On the other hand, the nonlin-
ear (varying-slope) total function in Fig. 7.16 gives rise to a curved marginal function,
which lies below (above) the horizontal axis when the total function is negatively
(positively) sloped. And, finally, the reader may note from Fig. 7.1¢ (cf. Fig. 6.5) that

—p—
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FIGUREZ.T d&
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“nonsmoothness™ of a total function will result in a gap (discontinuity) in the marginal or
derivative function. This is in sharp contrast to the everywhere-smooth total function in
Fig. 7.1b which gives rise to a continuous marginal function. For this reason, the smoofh-
ness of a primitive function can be linked to the continuity of its derivative function. In par-
ticular, instead of saying that a certain function is smooth (and differentiable) everywhere,
we may alternatively characterize it as a function with a continuous derivative function, and
refer to it as a continuously differentiable function,

The following notations are often used to denote the continuity and the continuous
differentiability of a function f;

feC® o fec: £ is continuous
fecC® o fecC: [ is continuously differentiable

4
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where C9, or simply C, is the symbol for the set of all continuous functions, and C™, or
C’, is the symbol for the set of all continuously differentiable functions.

Product Rule

The derivative of the product of two (differentiable) functions is equal to the first function
times the derivative of the second function plus the second function times the derivative
of the first function:

d d d
U (0)g®)] = f()7-8() +8(x) - /(%)

= fx)g' (x} + g(x) f'(x) (7.9)
It is also possible, of course, to rearrange the terms and express the rule as
d
U/ ®g)] = f "(x)g(x) + f(x)g'(x) (7.4)

Find the derivative of y = (2x 4 3)(3x%). Let f(x) = 2x + 3 and g(x} = 3x2. Then it follows
that f/{x) = 2 and g'(x) = 6x, and according to (7.4) the desired derivative is

d%[(Zx +3)(3x9)] = (2% + 3X6x) + (3x2)(2) = 18x% + 18x

This result can be checked by first multiplying out f{x)g{(x) and then taking the deriva-
tive of the product polynomial. The product polynomial is in this case f(x)g(x) =
(2x +3)(3x%) = 6x3 4+ 9x%, and direct differentiation does yield the same derivative,
18x2 4 18x.

The important point to remember is that the derivative of a product of two functions is
not the simple product of the two separate derivatives. Instead, it is a weighted sum of f*(x)
and g’(x), the weights being g(x) and f(x), respectively. Since this differs from what intu-
itive generalization leads one fo expect, let us produce a proof for (7.4). According to
(6.13), the value of the derivative of f(x)g(x) whenx = N should be

i T80 ~ f(W)eg(N)
x—>N x—N

But, by adding and subtracting f(x)g{(XN) in the numerator (thereby leaving the original
magnitude unchanged), we can transform the quotient on the right of (7.5) as follows:

S(x)gx) — f(x)g(N) + f(x)g(N) — f(N)g(N)

d
e OO) I 7.5)

x—N
_ g(x) — g(N) Sx) - f(V)
=S5 e — %
Substituting this for the quotient on the right of (7.5) and taking its limit, we then get

g(x) — g(N)
x—N

Sx) = S(NV)
x—N

d . :
S]] _ = lim f(x) lim

-l a0 i 73)

——




hi09109 ch07.gxd 9/9/04 9:21 PM P 156
T " —$— REVISED PAGES

156 Part Three Comparative-Static Analysis

The four limit expressions in (7.5') are easily evaluated. The first one is f(N), and the third
is g() (limit of a constant). The remaining two are, according to {6.13), respectively,
g'(N)and f'(N). Thus (7.5") reduces to

U@ = [MEM) +& W) (757

And, since N represents any value of x, (7.5") remains valid if we replace every N symbaol
by x. This proves the rule.
As an extension of the rule to the case of three functions, we have

%[f (IgA(x)] = 1 (x)e(x)h(x) + f(x)g ()h(x)
+ g (x)  [of. (7.4 (7.6)

In words, the derivative of the product of three functions is equal to the product of the sec-
ond and third functions times the derivative of the first, plus the product of the first and third
functions times the derivative of the second, plus the product of the first and second func-
tions times the derivative of the third. This result can be derived by the repeated application
of (7.4). First treat the product g(x)#(x) as a single function, say, ¢(x), so that the original
product of three functions will become a product of two functions, f(x)¢(x). To this, (7.4)
is applicable. After the derivative of f(x)¢(x) is obtained, we may reapply (7.4) to the
product g(x)Ah(x} = ¢(x) to get ¢'(x). Then (7.6) will follow. The details are left to you as
an exercise.

The validity of a rule is one thing; its serviceability is something else. Why do we need
the product rule when we can resort to the alternative procedure of multiplying out the two
functions f(x) and g(x) and then taking the derivative of the product directly? One answer
to this question is that the alternative procedure is applicable only to specific (numerical or
parametric) functions, whereas the product rule is applicable even when the functions are
given in the general form. Let us illustrate with an economic example.

Finding Marginal-Revenue Function from
Average-Revenue Function
If we are given an average-revenue (AR) function in specific form,

AR=15-Q

the marginal-revenue (MR) function can be found by first multlplymg AR by Q to get the
total-revenue (R) function:

R=AR.-Q=(15-0)0=150- @*
and then differentiating R:

dR
MR=— =15—
-5 =15-20

But if the AR function is given in the general form AR = f( (), then the total-revenue
function will also be in a general form:

R=AR-0=f(Q)- 0O

—b—
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and therefore the “multiply out” approach will be to no avail. However, because R is a prod-
uct of two functions of O, namely, {0} and Q itself, the product rule can be put to work.
Thus we can differentiate R to get the MR function as follows:

dR
MR = 70~ O -1+ Q- (O = Q)+ 0f (@) (7.7)
However, can such a general result tell us anything significant about the MR? Indeed it
can. Recalling that £( Q) denotes the AR function, let us rearrange (7.7) and write

MR — AR=MR - f(Q) = Of'(Q) (7.7)

This gives us an important relationship between MR and AR: namely, they will always
differ by the amount @f'(Q).

It remains to examine the expression Qf"( Q). Its first component Q denotes output and
is always nonnegative. The other component, f'(), represents the stope of the AR curve
plotted against Q. Since “average revenue” and “price” are but different names for the same
thing:

the AR curve can also be regarded as a curve relating price P to output Q: P = f(Q).
Viewed in this light, the AR curve is simply the inverse of the demand curve for the prod-
uct of the firm, i.e., the demand curve plotted after the P and Q axes are reversed. Under
pure competition, the AR curve is a horizontal straight line, so that f'(Q) = 0 and, from
(7.7), MR — AR =0 for all possible values of Q. Thus the MR curve and the AR curve
must coincide. Under imperfect competition, on the other hand, the AR curve is normally
downward-sloping, as in Fig. 7.2, so that f(Q) < 0 and, from (7.7"), MR — AR <0 forall
positive levels of output. In this case, the MR curve must lie below the AR curve.

The conclusion just stated is gualifative in nature; it concerns only the relative positions
of the two curves. But (7.7') also furnishes the quantitative information that the MR curve
will fall short of the AR curve at any output level Q by precisely the amount Qf(Q). Let
us look at Fig. 7.2 again and consider the particular output level ¥. For that output, the

AR =P = f(Q)

td
4
s
4
4
S A—

Z e —————
]

=
o
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Example 6
Example 7

Example 8

expression Q f'( Q) specifically becomes N f'(N); if we can find the magnitude of N f/( N)
in the diagram, we shall know how far below the average-revenue point G the correspond-
ing marginal-revenue point must lie.

The magnitude of N is already specified. And f'(V) is simply the slope of the AR curve
at point G (where Q = N), that is, the slope of the tangent line JM measured by the ratio
of two distances O.JJ/ OM. However, we see that OJ/OM = HJ/HG, besides, distance HG is
precisely the amount of output under consideration, N. Thus the distance N f'(N), by which
the MR curve must lie below the AR curve at output N, is

HJ
Nf'(N)=HG— = HJ
f/(WN) = HG—

Accordingly, if we mark a vertical distance KG = HJ directly below point G, then point X
must be a point on the MR curve. (A simple way of accurately plotting XG is to draw a
straight line passing through point A and parallel to JG; point X is where that line intersects
the vertical line NG.)

The same procedure can be used to locate other points on the MR curve. All we must do,
for any chosen point G’ on the curve, is first to draw a tangent to the AR curve at G’ that
will meet the vertical axis at some point J'. Then draw a horizontal line from G’ to the ver-
tical axis, and label the intersection with the axis as H’. If we mark a vertical distance
K'G' = H'J directly below point G, then the point K’ will be a point on the MR curve.
This is the graphical way of deriving an MR curve from a given AR curve. Strictly speak-
ing, the accurate drawing of a tangent line requires a knowledge of the value of the deriva-
tive at the relevant output, that is, f'(V); hence the graphical method just outlined cannot
quite exist by itself. An important exception is the case of a linear AR curve, where the tan-
gent to any point on the curve is simply the given line itself, so that there is in effect no need
to draw any tangent at all. Then the graphical method will apply in a straightforward way.

Quotient Rule
The derivative of the quotient of two functions, f(x)/g(x), is
4 fx) _ e - fREx)
dx g(x} gi(x)
In the numerator of the right-hand expression, we find two product terms, each involving
the derivative of only one of the two original functions, Note that f'(x) appears in the pos-

itive term, and g’(x) in the negative term. The denominator consists of the square of the
function g(x); that is, g2(x) = [g(x)].

i(zx-z,)_ 204 -@x=3)(1) 5

dx \ x+1 {(x+1? 7 T x+1)2
d ( 5x \_502+1)=5x(2%) 501 —x%
H(xzﬂ)‘ (x2+1)2 T (x241)2
d fax?+b\  2ax(cx) - (ax? + b)(c)
dx ( cx ) B (cx)?
_dax?—b) ax*-b
(cx)? T oex?

——
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This rule can be proved as follows. For any value of x = N, we have

EIVIO| I (67 R (L0110 NN

dx gx)|,_y =N x—N

The quotient expression following the limit sign can be rewritten in the form
S()gV) — f(V)g(x) 1
g(x)g(N) x—N

By adding and subtracting f{N)g(N) in the numerator and rearranging, we can further
transform the expression to

1 [f(x)g(N) — J(N)g(N) + f(M)g(N) — f(N)g(x)]
g(x)g(N) x—=N

fx) - f) g(x) — g(¥)
a0 EO= - s B0 |

= g
g(x)g(N) [
Substituting this result into (7.8) and taking the limit, we then have

2 S = . f(x) = f(N)
dx g0 |,y ﬂ%m [}_‘{2,8(1\’) Jim, e

iy 70ty =5 ]

>N x—N
1 , ,
= NS M) = [N oy (6.13))

which can be generalized by replacing the symbol N with x, because N represents any value
of x. This proves the quotient rule. '

Relationship Between Marginal-Cost and
Average-Cost Functions
As an economic application of the quotient rule, let us consider the rate of change of aver-
age cost when output varies.

Given a total-cost function C = C((), the average-cost (AC) function is a quotient of
two functions of Q, since AC = C(Q)/Q, defined as long as @ > 0. Therefore, the rate of
change of AC with respect to ( can be found by differentiating AC:

4 o _[C(9-0-¢@-11_1 [C, _ C(Q)] 7.9
From this it follows that, for O > 0,
d C(Q) > . e = C(Q)
Zi—é -———Q =0 iff  CYQ = ——Q (7.10)

Since the derivative C’(() represents the marginal-cost (MC) function, and C(Q)/Q
represents the AC function, the economic meaning of (7.10) is: The slope of the AC

P
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FIGURE 7.3

100+

80~ MC = 30% — 240 + 60

Dollars

AC= (2~ 120 + 60

At ——

curve will be positive, zero, or negative if and only if the marginal-cost curve lies above,
intersects, or lies below the AC curve. This is illustrated in Fig. 7.3, where the MC and AC
functions plotted are based on the specific total-cost function

C=0°—120*+600

To the left of @ = 6, AC is declining, and thus MC lies below it; to the right, the opposite
is true. At Q = 6, AC has a slope of zero, and MC and AC have the same value.

The qualitative conclusion in (7.10) is stated explicitly in terms of cost functions. How-
ever, its validity remains unaffected if we interpret C({) as any other differentiable total
function, with C{(Q)/Q and C'(Q) as its corresponding average and marginal functions.
Thus this result gives us a general marginal-average relationship. In particular, we may
point out, the fact that MR lies below AR when AR is downward-sloping, as discussed in
connection with Fig. 7.2, is nothing but a special case of the general result in (7.10).

! Note that (7.10) does not state that, when AC is negatively sloped, MC must also be negatively
sloped; it merely says that AC must exceed MC in that circumstance. At @ = § in Fig. 7.3, for
instance, AC is declining but MC is rising, so that their slopes will have opposite signs.

6
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3.. Differentiate the followmg by using-the product rule- :

“(a)y (9x2 — 2)(3x + T) © x}4x+6) (@) (2 3001 + x)(x + 2)

] (3x + 10)(6x ~7x) . (d) (ox~ b)(cxz) () (x =+ 3!
4, (a).Given AR = 60— 3Q, plot the average-revenue curve, and then find the MR curve
by the method used'i in Fig. 7.2, : :

:(b) Find_ the totai -reventie functlon and the margana -
caily from the glven AR functlon '

'venue functlon mathematl-'-'

ck wath the mathematlcally

} de about thelr Iy Iatnve :

7.3 Rules of Differentiation
Involving Functions of Different Variables

In Sec. 7.2, we discussed the rules of differentiation of a sum, difference, product, or quo-
tient of two (or more) differentiable functions of the same variable. Now we shall consider
cases where there are two or more differentiable functions, each of which has a disfinct
independent variable.

Chain Rule

If we have a differentiable function z = f(y), where y is in turn a differentiable function of
another variable x, say, y = g(x), then the derivative of z with respect to x is equal to the

——
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Example 3

derivative of z with respect to y, times the derivative of y with respect to x. Expressed
symbolically,

=22 o o) (7.1

This rule, known as the chain rule, appeals easily to intuition. Given a Ax, there must result
a corresponding Ay via the function y = g(x), but this Ay will in turn bring about a Az
via the function z = f(). Thus there is a “chain reaction” as follows:

Ax PE AL A,

The two links in this chain entail two difference quotients, Ay/Ax and Az/Ay, but when
they are multiplied, the Ay will cancel itself out, and we end up with

a difference quotient that relates Az to Ax. If we take the limit of these difference quotients
as Ax — 0 (which implies Ay — 0), each difference quotient will turn into a derivative;
i.e., we shall have (dz/dy)(dy/dx) = dz/dx. This is precisely the result in (7.11).

Inview of the function y = g(x), we can express the functionz = f(y) asz = f[g(x)],
where the contiguous appearance of the two function symbols fand g indicates that this is
a composite function (function of a function). 1t is for this reason that the chain rule is also
referred to as the composite-function rule or function-of-a-function rule.

The extension of the chain rule to three or more functions is straightforward. If we have
z = f(»), y = g(x), and x = A(w), then

dz dz dy dx

Ev; = d_}; ar E‘; = f’(y)g’(x)h’(w)

and similarly for cases in which more functions are involved.
If z=3y?, where y = 2x + 5, then

if z=y—3, where y = x3, then

dz 2 2

i 1(3x°) = 3x

The usefulness of this rule can best be appreciated when we must differentiate a function
such as z= (x% + 3x — 2)!7. Without the chain rule at our disposal, dz/dx can be found
only via the laborious route of first multiplying out the 17th-power expression. With the
chain rule, however, we can take a shortcut by defining a new, intermediate variable
y = x% + 3x — 2, so that we get in effect two functions linked in a chain:

z=y"7 and y=x*43x-2
The derivative dz/dx can then be found as follows:
dz dz dy

az _ 4z dy 4476 — 1752 _ 6
=@ o 17y18(2x + 3) = 17(x2 + 3x — 2)16(2x + 3)

——
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Given a total-revenue function of a firm R = £(Q), where output Q is a function of fabor
input L, or Q@ = g(L), find dR/dL. By the chain rule, we have

dR _dR dQ ,

A =dgd f(Qg'(L)
Translated into economic terms, dR/dQ is the MR function and dQ/dL is the marginal-
physical-product-of-labor (MPP,) function. Similarly, dR/dL has the connotation of the

marginal-revenue-product-of-labor (MRP, ) function. Thus the result shown constitutes the
mathematical statement of the well-known result in economics that MRP; = MR . MPP;.

Inverse-Function Rule

If the function y = f(x) represents a one-to-one mapping, i.e., if the function is such that
each value of y is associated with a unique value of x, the function f will have an inverse
function x = f~1(y) (read: “x is an inverse function of ¥"). Here, the symbol £~ is a func-
tion symbol which, like the derivative-function symbol f”, signifies a function related to
the function £; it does #ot mean the reciprocal of the function f1 (x).

‘What the existence of an inverse function essentially means is that, in this case, not only
will a given value of x yield a unique value of y [that is, y = J(x)], but also a given value
of y will yield a unique value of x. To take a nonnumerical instance, we may exemplify the
one-to-one mapping by the mapping from the set of all husbands to the set of all wives in a
monogamous society. Each husband has a unique wife, and each wife has a unique hus-
band. In contrast, the mapping from the set of all fathers to the set of all sons is not one-to-
one, because a father may have more than one son, albeit each son has a unique father.

When x and y refer specifically to numbers, the property of one-to-one mapping is seen
to be unique to the class of functions known as strictly monotonic (or monotone) functions.
Given a function f{(x), if successively larger values of the independent variable x always
Iead to successively larger-values of f(x), that is, if

x> x2= f(x1) > flx2)

then the function f'is said to be a strictly increasing function. If successive increases in x
always lead to successive decreases in f(x), that is, if

x> x2= f(x1) < f(x2)

on the other hand, the function is said to be a strictly decreasing function, In either of these
cases, an inverse function f~! exists.!

A practical way of ascertaining the strict monotonicity of a given function y = f(x)is
to check whether the derivative f*(x) always adheres to the same algebraic si gn (not zero)
for all values of x. Geometrically, this means that its slope is either always upward or always

¥ By omitting the adverb strictly, we can define monotonic {or monotone) functions as follows: An
Increasing function is a function with the property that

x1 > xz2 = f(x) = f(x2) [with the weak inequality >]
and a decreasing function is one with the property that
X1 > X2 = f(x) < fx2) [with the weak inequality <]
Note that, under this definition, an ascending (descending} step function qualifies as an increasing

(decreasing) function, despite the fact that its graph contains horizontal segments, Since such
functions do not have a ane-to-one mapping, they do not have inverse functions.

4
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Example 6

downward. Thus a firm’s demand curve Q = f(P) that has a negative slope throughout is
strictly decreasing. As such, it has an inverse function P = 7Y Q), which, as mentioned
previously, gives the average-revenue curve of the firm, since P = AR.

The function
y="5x+25

has the derivative dy/dx = 5, which is positive regardiess of the value of x; thus the function
is strictly increasing. It follows that an inverse function exists. In the present case, the inverse
function is easily found by solving the given equation y = 5x + 25 for x. The result is the
function

x=1y-5

It is interesting to note that this inverse function is also strictly increasing, because
dx/dy = 1 > 0 for all values of y.

Generally speaking, if an inverse function exists, the original and the inverse functions
must both be strictly monotonic. Moreover, if f~! is the inverse function of £, then fmust
be the inverse function of f~!; that is, fand f~* must be inverse functions of each other.

It is easy to verify that the graph of y = f(x) and that of x = £~()) are one and the
same, only with the axes reversed. If one lays the x axis of the #~! graph over the x axis of
the fgraph (and similarly for the y axis), the two curves will coincide. On the other hand, if
the x axis of the £~ graph is laid over the y axis of the S graph (and vice versa), the two
curves will become mirror images of each other with reference to the 45° line drawn
through the origin. This mirror-image relationship provides us with an easy way of graph-
ing the inverse function /!, once the graph of the original function fis given. (You should
try this with the two functions in Example 5.)

For inverse functions, the rule of differentiation is

dx 1
dy ~ dy/dx

This means that the derivative of the inverse function is the reciprocal of the derivative of
the original function; as such, dx /dy must take the same sign as dy/dx, so that if fis strictly
increasing (decreasing), then so must be £,

As a verification of this rule, we can refer back to Example 5, where dy/dx was found to
be 5, and dx /dy equal to % These two derivatives are indeed reciprocal to each other and
have the same sign.

In that simple example, the inverse function is relatively easy to obtain, so that its
derivative dx /dy can be found directly from the inverse function. As Example 6 shows,
however, the inverse function is sometimes difficult to express explicitly, and thus direct
differentiation may not be practicable. The usefulness of the inverse-function rule then
becomes more fully apparent.

Given y = x3 4 x, find dx/dy. First of all, since

dy . 4

o
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for any value of x, the given function is strictly increasing, and an inverse function exists. To
solve the given equation for x may not be such an easytask, but the derivative of the inverse
function can nevertheless be found quickly by use of the inverse-function rule:

dx 1 1

dy — dyjdx ~ 5xt+1
The inverse-function rule is, strictly speaking, applicable only when the function involved
is a one-to-one mapping. In fact, however, we do have some leeway. For instance, when
dealing with a U-shaped curve (not strictly monotonic), we may consider the downward-
and the upward-sloping segments of the curve as representing two separate functions, each
with a restricted domain, and each being strictly monotonic in the restricted domain. To
each of these, the inverse-function rule can then again be applied.

(16x+3Y2, use the chain rul :fddy/:,'{
1 /(1 6x + 3)2 and flnd dy/a‘x b '_ the quotlent ru!e '

7.4 Partial Differentiation

Hitherto, we have considered only the derivatives of functions of a single independent vari-
able. In comparative-static analysis, however, we are likely to encounter the situation in
which several parameters appear in a model, so that the equilibrium value of each endoge-
nous variable may be a function of more than one parameter. Therefore, as a final prepara-
tion for the application of the concept of derivative to comparative statics, we must learn
how to find the derivative of a function of more than one variable.

Partial Derivatives
Let us consider a function

y-=f(x]sx2a"'!xn) (7.12)

where the variables x; (i = 1, 2, ..., n) are all independent of one another, so that each can
vary by itself without affecting the others. If the variable x; undergoes a change Ax; while

——
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X2, - .-, X, all remain fixed, there will be a corresponding change in y, namely, Ay. The
difference quotient in this case can be expressed as

A_}i _ f(x1 +Ax1,x2,...,x,,)—f(xl,xz,...,x,,)

7.13
Ax) Axy ( )

If we take the limit of Ay/Ax; as Ax; — 0, that limit will constitute a derivative. We call
it the partial derivative of y with respect to x1, to indicate that all the other independent
variables in the function are held constant when taking this particular derivative. Similar
partial derivatives can be defined for infinitesimal changes in the other independent vari-
ables. The process of taking partial derivatives is called partial differentiation.

Partial derivatives are assigned distinctive symbols. In lieu of the letter d (as in dy/dx),
we employ the symbol 8, which is a variant of the Greek § (lowercase delta). Thus we
shall now write 3y/dx;, which is read: “the partial derivative of y with respect to x;.” The

partial-derivative symbol sometimes is also written as F y; inthat case, its 3/8x; part can
x.

be regarded as an operator symbol instructing us to take the partial derivative of (some
function) with respect to the variable x;. Since the function involved here is denoted in
(7.12) by £, it is also permissible to write 3f/8x;.

Is there also a partial-derivative counterpart for the symbol f7(x) that we used before?
The answer is yes. Instead of f”, however, we now use fi, f3, etc., where the subscript in-
dicates which independent variable (alone) is being allowed to vary. If the function in (7.12)
happens to be written in terms of unsubscripted variables, such as y = f(u, v, w), then the
partial derivatives may be denoted by f;, f,, and f,, rather than f;, £, and fi.

In line with these notations, and on the basis of (7.12) and (7.13), we can now define

ay ) Ay

=-—= lim ——
i axy A0 Ax

as the first in the set of # partial derivatives of the function f.

Techniques of Partial Differentiation

Partial differentiation differs from the previously discussed differentiation primarily in that
we must hold (n — 1) independent variables constant while allowing one variable to vary.
Inasmuch as we have learned how to handle constants in differentiation, the actual differ-
entiation should pose little problem.

Given y = f(xy, x2) = 3x + x1x2 + 4x2, find the partial derivatives. When finding dy/dx,
{or f), we must bear in mind that x; is to be treated as a constant during differentiation.
As such, xz will drop out in the process if it is an additive constant (such as the term 4x§) but
will be retained if it is a multiplicative constant (such as in the term x; xz2). Thus we have

3y

—=fi=6 X
% 1 X1 + X2

Similarly, by treating x; as a constant, we find that

i}
2y = fh=x +8x
Xz

—p—
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Note that, like the primitive function £, both partial derivatives are themselves functions
of the variables x; and x3. That is, we may write them as two derived functions

fi = Ai(x, x2)  and fa = falx, x2)

“For the point (x1, x2) = (1, 3) in the domain of the function f, for example, the partial

derivatives will take the following specific values:

A(1,3)=6(1)+3=92 and  £(1,3)=1+8(3) =25

Given y = f(u, v) = (u+4)(3u+2v), the partial derivatives can be found by use of the
product rule. By helding v constant, we have

fu=W+43N+16u+ 2V =2Gu+v+6)
Similarly, by holding u constant, we find that
fo={(u+4)(2)+ 0Bu+ 2v) = 2(u+4)
When v == 2 and v = 1, these derivatives will take the following values:

f02,)=2(13)=26 and  £(2,1)=2(6)=12

Given y = (3u — 2v)/(u? + 3v), the partial derivatives can be found by use of the quotient
rule:

By _ 3P +3V—-2u@Bu—-2v) 312 +4uv4 9y

du (12 +3v)2 T (2 32
dy _ =2P+3v)-3Gu—2v) —u(2u+9)
av (2 + 392 T W2 +3v)2

Geometric Interpretation of Partial Derivatives

As a special type of derivative, a partial derivative is a measure of the instantaneous rates
of change of some variable, and in that capacity it again has a geometric counterpart in the
slope of a particular curve.

Let us consider a production function @ = Q(X, L), where Q, K, and L denote output,
capital input, and labor input, respectively. This function is a particular two-variable ver-
sion of (7.12), with # = 2. We can therefore define two partial derivatives 9 Q/3K (or Ok)
and 8Q/0L (or Q). The partial derivative Qx relates to the rates of change of output with
respect to infinitesimal changes in capital, while labor input is held constant. Thus QOx
symbolizes the marginal-physical-product-of-capital (MPPy) function. Similarly, the par-
tial derivative Q; is the mathematical representation of the MPP;, function.

Geometrically, the production function Q@ = Q(X, L) can be depicted by a production
surface in a 3-space, such as is shown in Fig. 7.4. The variable Q is plotted vertically, so
that for any point (X, L) in the base plane (XL plane), the height of the surface will indi-
cate the output Q. The domain of the function should consist of the entire nonnegative
quadrant of the base plane, but for our purposes it is sufficient to consider a subset of it, the

——
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FIGURE 7.4

rectangle OK,BL,. As a consequence, only a small portion of the production surface is
shown in the figure.

Let us now hold capital fixed at the level Ky and consider only variations in the input L.
By setting K = Ko, all points in our (curtailed) domain become irrelevant except those on
the line segment Ko B. By the same token, only the curve X,CDA (a cross section of the
production surface) is germane to the present discussion. This curve represents a total-
physical-product-of-labor (TPP;) curve for a fixed amount of capital K = Kj; thus we
may read from its slope the rate of change of Q with respect to changes in L while K is held
constant. It is clear, therefore, that the slope of a curve such as K,;CDA represents the geo-
metric counterpart of the partial derivative Q. Once again, we note that the stope of a total
(TPP.) curve is its corresponding marginal (MPP, = Q;) curve.

As mentioned earlier, a partial derivative is a function of all the independent variables of
the primitive function. That @ is a function of L is immediately obvious from the K,CDA
curve itself. When L = L, the value of Q7 is equal to the slope of the curve at point C; but
when L = L,, the relevant slope is the one at point D. Why is O, also a function of K? The
answer is that K can be fixed at various fevels, and for each fixed level of K, there results a
different TPP;, curve (a different cross section of the production surface), with inevitable
repercussions on the derivative Q. Hence Q; is also a function of K.

An analogous interpretation can be given to the partial derivative Q. If the labor input
is held constant instead of K (say, at the level of Ly), the line segment Ly B will be the rel-
evant subset of the domain, and the curve LoA will indicate the relevant subset of the pro-
duction surface. The partial derivative Qg can then be interpreted as the slope of the curve
LoA—bearing in mind that the X axis extends from southeast to northwest in Fig. 7.4. It
should be noted that Qx is again a function of both the variables L and K.

Gradient Vector

All the partial derivatives of a function y = f(x1, x2, ..., X,) can be collected under a sin-
gle mathematical entity called the gradient vector, or simply the gradient, of function f;

grad f(x1, 22, .., X)) =(fis f25 -5 o)

——
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where f; = 3y/dx;. Note that we are using parentheses rather than brackets here in writing
the vector. Alternatively, the gradient can be denoted by V f(x1, x2, vy Xp), Where V
(read: “del”) is the inverted version of the Greek letter A.

Since the function f'has n arguments, there are altogether n partial derivatives; hence,
grad fis an n-vector. When these derivatives are evaluated at a specific point (x;p,
%20, - -5 Xn0) in the domain, we get grad f{(x9, x20, . - -, Xs0), & vector of specific deriva-
tive valyes.

The gradient vector of the production function Q@ = Q(K, L) is
VQ=VQ(K,L)=(Q«, Qi)
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7.5 Applications to Comparative-Static Analysis

Equipped with the knowledge of the various rules of differentiation, we can at last tackle
the problem posed in comparative-static analysis: namely, how the equilibrium value of an
endogenous variable will change when there is a change in any of the exogenous variables
or parameters.

Market Model

First let us consider again the simple one-commodity market model of (3.1). That model
can be written in the form of two equations:

Q=a-bP (a,b>0) [demand]
Q=-c+dP (c,d>0) [supply]

with solutions

. _a+c
=534 (7.14)
«_ad—bc
0" = — (7.15)

These solutions will be referred to as being in the reduced form: The two endogenous vari-
ables have been reduced to explicit expressions of the four mutually independent parame-
tersa, b, ¢, and d.

To find how an infinitesimal change in one of the parameters will affect the value of P*,
one has only to differentiate (7.14) partially with respect to each of the parameters. If the
sign of a partial derivative, say, 3P*/8a, can be determined from the given information
about the parameters, we shall know the direction in which P* will move when the param-
eter a changes; this constitutes a qualitative conclusion. If the magnitude of 3P*/3a can be
ascertained, it will constitute a quantitative conclusion.

Similarly, we can draw qualitative or quantitative conclusions from the partial deriva-
tives of * with respect to each parameter, such as 83Q*/da. To avoid misunderstanding,
however, a clear distinction should be made between the two derivatives 30Q*/3a and
0Q/0a. The latter derivative is a concept appropriate to the demand function taken alone,
and without regard to the supply function. The derivative 3Q*/da pertains, on the other
hand, to the equilibrium quantity in (7.15) which, being in the nature of a solution of the
model, takes into account the interaction of demand and supply together. To emphasize this
distinction, we shall refer to the partial derivatives of P* and Q* with respect to the param-
eters as comparative-static derivatives. The possibility of confusion between 30*/9a and
8Q/da is precisely the reason why we have chosen to use the asterisk notation, as in 0* to
denote the equilibrium value.

Concentrating on P* for the time being, we can get the following four partial derivatives

from (7.14):
opP* 1 . 1
ba — b7 d [parameter a has the coeflicient b d]
aP* 0b+d)—la+c) —(a+o) .
T GTaP = b1 d) [quotient rule]

—p—
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P 1 (_ ap*)
dc  b+d\ da
aP*  0b+d)—la+c) —(a+e) (_ y_*)
ad (b+d)y? T (b4dR \ ab

Since all the parameters are restricted to being positive in the present model, we can
conclude that

opP* ap* 0 a-n d aP*  ap*
= > ES
da ac ab ad

<0 (7.16)

For a fuller appreciation of the results in (7.16), let us look at Fig. 7.5, where each dia-
gram shows a change in one of the parameters. As before, we are plotting Q (rather than P)
on the vertical axis.

Figure 7.5a pictures an increase in the parameter a (to a’). This means a higher vertical
intercept for the demand curve, and inasmuch as the parameter b (the slope parameter) is
unchanged, the increase in a results in a parallel upward shift of the demand curve from D
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to D, The intersection of D' and the supply curve § determines an equilibrium price P¥,
which is greater than the old equilibrium price P*. This corroborates the result that
dP*/8a > 0, although for the sake of exposition we have shown in Fig, 7.5a a much larger
change in the parameter 4 than what the concept of derivative implies.

The situation in Fig. 7.5¢ has a similar interpretation; but since the increase takes place
in the parameter c, the result is a parallel shift of the supply curve instead. Note that this
shift is downward because the supply curve has a vertical intercept of —c; thus an increase
in ¢ would mean a change in the intercept, say, from —2 to —4, The graphical comparative-
static result, that P* exceeds P*, again conforms to what the positive sign of the derivative
9P*/dc would lead us to expect.

Figures 7.5b and 7.5d illustrate the effects of changes in the slope parameters b and d
of the two functions in the model. An increase in b means that the slope of the demand
curve will assume a larger numerical (absolute) value; i.e., it will become steeper. In
accordance with the result 9P*/3b < 0, we find a decrease in P* in this diagram. The
increase in d that makes the supply curve steeper also results in a decrease in the equilib-
rium price. This is, of course, again in line with the negative sign of the comparative-static
derivative 9P*/0d.

Thus far, all the results in (7.16) seem to have been obtainable graphically. If so, why
should we bother to use differentiation at all? The answer is that the differentiation
approach has at least two major advantages, First, the graphical technique is subject to a
dimensional restriction, but differentiation is not. Even when the number of endogenous
variables and parameters is such that the equilibrium state cannot be shown graphically, we
can nevertheless apply the differentiation techniques to the problem. Second, the differen-
tiation method can yield results that are on a higher level of generality. The results in (7.16)
will remain valid, regardless of the specific values that the parameters a, b, ¢, and d take, as
long as they satisfy the sign restrictions. So the comparative-static conclusions of this
model are, in effect, applicable to an infinite number of combinations of {linear) demand
and supply functions. In contrast, the graphical approach deals only with some specific
members of the family of demand and supply curves, and the analytical result derived
therefrom is applicable, strictly speaking, only to the specific functions depicted.

This discussion serves to illustrate the application of partial differentiation to comparative-
static analysis of the simple market model, but only half of the task has actually been
accomplished, for we can also find the comparative-static derivatives pertaining to O*. This
we shall leave to you as an exercise.

National-income Model

In place of the simple national-income model discussed in Chap. 3, let us now work with a
slightly enlarged model with three endogenous variables, ¥ (national income), C (con-
sumption), and T (taxes):

Y=C+ I+ Gy
C=a+pY-T) (x>0 0<B<1) {7.17)
T'=y448Y y>0, 0<é<1)

The first equation in this system gives the equilibrium condition for national income, while
the second and third equations show, respectively, how € and T are determined in the model.

—b—
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The restrictions on the values of the parameters @, 8, ¥, and § can be explained thus: o
is positive because consumption is positive even if disposable income (¥ — T') is zero; 8 is
a positive fraction because it represents the marginal propensity to consume; y is positive
because even if ¥ is zero the government will still have a positive tax revenue (from tax
bases other than income); and finally, § is a positive fraction because it represents an
income tax rate, and as such it cannot exceed 100 percent. The exogenous variables o
(investment) and Gy (government expenditure) are, of course, nonnegative. All the param-
eters and exogenous variables are assumed to be independent of one another, so that any
one of them can be assigned a new value without affecting the others.

This model can be solved for Y* by substituting the third equation of (7.17) into the sec-
ond and then substituting the resulting equation into the first. The equilibrium income (in
reduced form) is '

a—-By+L+ Gy

L—-B8+8s
Similar equilibrium values can also be found for the endogenous variables C and T, but we
shail concentrate on the equilibrium income.

From (7.18), there can be obtained six comparative-static derivatives. Among these, the
following three have special policy significance:

Y*=

(7.18)

ar* 1
ay* -
T _ﬁi 25 <0 (7.20)
AY* —Bla—Py+I+G _pY*
n - ﬁ("(‘] _ﬁ;’jﬁg; o _ - gﬂ% <0 [by(n18)] (7.21)

The partial derivative in (7.19) gives us the government-expenditure multiplier. It has a pos-
itive sign here because B is less than 1, and 83 is greater than zero. If numerical values are
given for the parameters § and 6, we can also find the numerical value of this multiplier
from (7.19). The derivative in (7.20) may be called the nonincome-tax multiplier, because
it shows how a change in y, the government revenue from nonincome-tax sources, will af-
fect the equilibrium income. This multiplier is negative in the present model because the
denominator in (7.20) is positive and the numerator is negative. Lastly, the partial deriva-
tive in (7.21)—which is not in the nature of a multiplier, since it does not relate a dollar
change to another dollar change as the derivatives in (7.19) and (7.20) do—tells us the
extent to which an increase in the income tax rate 8 will lower the equilibrium income.

Again, note the difference between the two derivatives dY*/8Gy and 8Y/3G,. The
former is derived from (7.18), the expression for the equilibrium income. The latter,
obtainable from the first equation in (7.17), is 3¥ /3G = 1, which is altogether different in
magnitude and in concept.

Input-Output Model

The solution of an open input-output model appears as a matrix equation x* = (J — 4)~!d.
If we denote the inverse mattix (7 — Ayl by ¥ = [v;5], then, for instance, the solution for

¢
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a three-industry economy can be written as ¥ = Vd, or

xy v vz Y3 d
l=|wm v v||d (7.22)
X3 U v U || ds

What will be the rates of change of the solution values x7 with respect to the exogenous
final demands d), d>, and d3? The general answer is that

axf
= vy (k=123 (7.23)
ad;
To see this, Iet us multiply out Vd in (7.22) and express the solution as
xf vudi +viadz + v13d3
x5 | = | vadi + vndy + vids
x3 vsrdy + vayds + v3sds

In this system of three equations, each one gives a particular solution value as a function
of the exogenous final demands. Partial differentiation of these produces a total of nine
comparative-static derivatives:

oxt b oxy — Bxf_v
aa, U ad, -~ 12 ad, U
ax3 axy dx3

= = = 7.23
AR * b PR 7.23)
9x3 ox3 ax3
a4, = V31 ad, 2 ads = U33

This is simply the expanded version of (7.23).
Reading (7.23') as three distinct columns, we may combine the three derivatives in each
column into a matrix (vector) derivative:

ax* 5 | # V11 ax* V12 ax* Vi3
= = — ki = v 7.2 o
3, od | 2 val o, |2 ads 23 (7.237)

3 v31 Uy V33

Since the three column vectors in (7.23") are merely the columns of the matrix ¥, by fur-
ther consolidation we can summarize the nine derivatives in a single matrix derivative
dx*/ad. Given x* = Vd, we can simply write

ax* Ui V2 Vi3 .
57 = | e s | =V =(-4)7
U3t Ui 3

Thus, ({ — A)7!, the inverse of the Leontief matrix, gives us an ordered display of all the
comparative-static derivatives of our open input-output model. Obviously, this matrix
derivative can easily be extended from the present three-industry model to the general
n-industry case.

Comparative-static derivatives of the input-output model are useful as tools of economic
planning, for they provide the answer to the question: If the planning targets, as reflected in

——
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(dy, da, ..., dy), are revised, and if we wish to take care of all direct and indirect require-
ments in the economy so as to be completely free of bottlenecks, how must we change the
output goals of the » industries?

7.6 Note on Jacobian Determinants

Our study of partial derivatives was motivated solely by comparative-static considerations.
But partial derivatives also provide a means of testing whether there exists functional
(linear or nonlinear) dependence among a set of n functions in » variables. This is related
to the notion of Jacobian determinants (ramed after Jacobi).

Consider the two functions

= 2x; + 3x
H=an T \ (7.24)
= 4x7 + 12x1x2 + 9x;
If we get all the four partial derivatives
d d 3ys ad
Ky A3 =8u 4+ 12 22 = 12x +18x,
axy dx 3 X1 %2

and arrange them into a square matrix in a prescribed order, called a Jacobian matrix and
denoted by J, and then take its determinant, the result will be what is known as a Jacobian
determinant (or a Jacobian, for short), denoted by |.J|:

o on
0x1  8x 2 3
J= 7.25).
1 Qz_ aﬁ (8x1 + 12x3)  (12x; + 18xy) ( )
3)6] axg

For economy of space, this Jacobian is sometimes also expressed as

3, y2)
3(x1, x2)
More generally, if we have » differentiable functions in » variables, not necessarily linear,
= ft(xla X2y e nesXn)
o= A, %2, %) (7.26)

IJl=
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where the symbol f” denotes the nth function {and not the function raised to the nth
power), we can derive a total of n? partial derivatives. Adopting the notation 5= 8y’ /ox;,
we can write the Jacobian

32,0 9)

J| =
| J B(xl,xg,...,xn)
dwn/foxy - Ay /fox, fll e f;rl
= = : (7.27)
Byp/oxy o+ Byu/0xy o fr

A Jacobian test for the existence of functional dependence among a set of # functions is
provided by the following theorem: The Jacobian |J| defined in (7.27) will be identically
zero for all values of xy, ... ., x,, if and only if the n functions 17, ..., f"in (7.26) are func-
tionally (linearly or nonlinearly) dependent.

As an example, for the two functions in (7.24) the Jacobian as given in (7.25) has the
value

|7} = (24x) + 36x) — (24x; + 36x) = 0

That is, the Jacobian vanishes for all values of x; and x;. Therefore, according to the theo-
rem, the two functions in (7.24) must be dependent. You can verify that y; is simply y;
squared; thus they are indeed functionally dependent—here nonlinearly dependent.

Let us now consider the special case of linear functions. We have earlier shown that the
rows of the coefficient matrix 4 of a linear-equation system

ajx) +apx -+ apxy = dy
anxy Fanxy 4+ apx, =dh (7.28)

...............................

Ap1Xy + ApaXy o GupXy = dy

are linearly dependent if and only if the determinant [ 4| = 0. This result can now be inter-
preted as a special application of the Jacobian criterion of functional dependence.

Take the left side of each equation in (7.28) as a separate function of the n variables
X1, ..., Xy, and denote these functions by yy, ..., y,. The partial derivatives of these func-
tions will turn out to be 8y1/8x; = ayy, dy1/0x; = aja, etc., so that we may write, in gen-
eral, dy;/0x; = a;;. In view of this, the elements of the Jacobian of these n functions will
be precisely the elements of the coefficient matrix 4, already arranged in the correct order.
That is, we have | J| = | 4], and thus the Jacobian criterion of functional dependence among
Y15 .. ., Yo—o0r, what amounts to the same thing, linear dependence among the rows of the
coefficient matrix 4—is equivalent to the criterion | 4] = 0 in the present linear case.

We have discussed the Jacobian in the context of a system of n functions in » variables.
It should be pointed out, however, that the Jacobian in (7.27) is defined even if each func-
tion in (7.26) contains more than # variables, say, # + 2 variables:

W= ff(xl, vovs Xny Xnpls Xnt2) i=4L2,...,n)

In such a case, if we hold any two of the variables (say, x,41 and x,42) constant, or treat
them as parameters, we will again have n functions in exactly » variables and can form a
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Jacobian. Moreover, by holding a different pair of the x variables constant, we can form a
different Jacobian. Such a situation will indeed be encountered in Chap. 8 in connection
with the discussion of the implicit-function theorem.
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