OPMT 5701 Lecture Notes

Implicit Differentiation

This section assumes the students have read the section on implicit differentiation in Chap-
ter 13 of the text book.

Suppose we have the following;:

20+ 3x =12
we can rewrite it as
2y = 12-3x
3
= 6 _—
Y 233

Now we have y = f(z) and we can take the derivative

dy 3
de 2
Lets consider an alternative. We know that y is a function of x or, y = y(x) and the derivative of y is
%. If we return to our original equation, 2y 4+ 3z = 12, we can differentiate it IMPLICITLY in the following
manner

dy dx d(12)
2—= +3— = =0
dx + dx dx
dy dx
dx + <d:l: )
rearrange to get % by itself
dy
2— = -3
dx
dy _ 3
de 2
which is what we got before!
Here is a few more examples:
1.
y' a2t = 36
d d d
2y£ + 2x£ = 0 (remember Sf) = 0)
dy
20— +2x = 0
dx
y _ 2w _ @
dr 2y
2.
5y3 + 42 = 250
15y2—i 1202t = 0
a ot
de 1592 3y2



y'? -2z +5y = 15

1 71/2dy dy

- 2 _4 -

2y dzx er5dﬂc 0

1 d

<§y_1/2+5>£—4x =0
ﬁ _ 4z
@ = Gy

When you are using implicit differentiation, there are two things to remember:

e First: All the rules apply as before

e Second: you are ASSUMING that you can rewrite the equation in the form y = f(x)

Example: Special application of the product rule.
Suppose you want to implicitly differentiate

zy =24

what do we do here?
In this case we treat x and y as seperate functions and apply the product rule

dy | de
dzx ydm o
dy
i = 0
xdx—i—y
dy _ Y
dx T

Alternatively, we could first solve for y, then take the derivative

ry = 24

24
y = — =24z}

x
dy 9 24
— = (=124 =——
dx (-1)24e x?

which does not look like what we got with implicit differentiation, but, if we use a substitution trick,
remembering that originally xy = 24, we will get

dy 24wy
dr x2 a2
dy _ ¥
dx x
Lets try it again
48 = %y
2 2dy sdx .
0 = 3z7y T + 2xy T (Product rule and power-function rule)
x x
d d
3x2y2—y = 23 again @ _ 1
dx dz
dy 21> 2y
de 3x2y2 3z



Figure 1:

Level Curves
If we have a function like z = 2y or w = Inx + Iny, then z and u are both functions of z and y. IF we

fix z and u to be some particular values such as
z=2 and u=1u

then z and @ are now treated as constants and we are evaluating the functions Z = xy and « = Inz + Iny
at a particular level. In other words, we are looking for values of z and y that keep z or u constant. This
allows us to assume that y is an implicit function of z, i.e.

yr =

8w N

y =

using implicit differentiation, we can find the slope of the level curve

yr = z
dy de  d(z)
xdw +yda: T dx =0
By _ Y
dx T

The level curve is illustrated in figure 1

In figure 1 we have graphed y as a function of z and a constant, zZ. This curve plots all combinations of
x and y that keep z at a constant level. Common examples of level curves in economics are “indifference
curves” (constant utility) and ”isoquants” (constant levels of output).

Lets look at the utility function example

u=Inx+Iny



where v = @. using implicit differentiation and the rule of logarithm derivatives

2 - ()2

dy :
dx 1l
Yy

8|

Alternatively, we could try to first write this function such that we explicitly have y as a function of x.
However, this would require us to "unlog” the function, i.e.

u = Inz+Iny
@ = In(zy)
e’ = zy (unlogged)
o
y = —
x

The result does not look easier to work with than when we used implicit differentiation. This is an example
of where implicit differentiation would be preferred.
Assigment Questions:

Exercise 13.3 (Page 630-631)
Questions:10, 12, 18, 20, 22, 32, 34, 42



