OPMT 5701

Optimization with Constraints

The Lagrange Multiplier Method

Sometimes we need to to maximize (minimize) a function that is subject to some sort of
constraint. For example

Mazximize z= f(x,y)

subject to the constraint x +y < 100

For this kind of problem there is a technique, or trick, developed for this kind of problem
known as the Lagrange Multiplier method. This method involves adding an extra variable to
the problem called the lagrange multiplier, or A.

We then set up the problem as follows:

1. Create a new equation form the original information

L= f(z,y) + \(100 — z — y)

L= f(x,y) + X[ Zero]

2. Then follow the same steps as used in a regular maximization problem

oL
9L — f XN =0
3t
9L — f,—A=0

9L —100—z—y=0

3. In most cases the A will drop out with substitution. Solving these 3 equations will give
you the constrained maximum solution

Example 1:

Suppose z = f(z,y) = xy. and the constraint is the one from above. The problem then
becomes
L =zy+ A100 —z —y)

Now take partial derivatives, one for each unknown, including A
g—g =y—A=0
8—5 =r—A=0
9L —100—2z—y=0
Starting with the first two equations, we see that x = y and X\ drops out. From the third

equation we can easily find that x = y = 50 and the constrained maximum value for z is
z = zy = 2500.



Example 2:

Maximize
u = 4x* + 3zy + 6y

subject to
r+y=2956

Set up the Lagrangian Equation:
L = 42* + 3zy + 6y* + A\(56 — 2 — y)
Take the first-order partials and set them to zero

L, = 8x+3y—A=0
y 3xr+12y — A =0
Ly = 56—z—y=0

h
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From the first two equations we get

8r+3y = 3z+ 12y
r = 18y

Substitute this result into the third equation
56 —18y—y = 0
y = 20
therefore

x = 36 A =348

Example 3: Cost minimization

A firm produces two goods, x and y. Due to a government quota, the firm must produce
subject to the constraint z 4+ y = 42. The firm’s cost functions is

c(x,y) = 8x% — xy + 123>

The Lagrangian is
L =8z —oy+ 122 + \(42 —z — )

The first order conditions are

L, = 16z—y—A=0
L, = —x+24y—X=0
Ly = 42—2—-y=0 (1)

Solving these three equations simultaneously yields

xr =25 y =17 A =383



Example of duality for the consumer choice problem
Example 4: Utility Maximization

Consider a consumer with the utility function U = zy, who faces a budget constraint of
B = P,z + P,y, where B, P, and P, are the budget and prices, which are given.
The choice problem is

Maximize
U=uxy (2)
Subject to
B = P,x+ Py (3)
The Lagrangian for this problem is
Z =xy+ \NB — P,x — Pyy) (4)

The first order conditions are

Zy=y— AP, =0
Zy,=x— AP, =0 (5)
Zy=B—-Pax—Py=0

Solving the first order conditions yield the following solutions

Z’M_B M _ B )\ = B (6)

=3p, Y T3p, N7 3R,p

where 2™ and y™ are the consumer’s Marshallian demand functions.

Example 5: Minimization Problem

Minimize
P,z + Py (7)
Subject to
Uy =y (8)
The Lagrangian for the problem is
Z = Pz + Pyy+ AUy — zy) (9)

The first order conditions are

Zy=P,—AXy=20
Zy=PFP,—Xx =0 (10)
Zy=Uy—2y=0

Solving the system of equations for x, y and A

g = (B) (11)
A= (P(z]fy)%



Application: Intertemporal Utility Maximization

Consider a simple two period model where a consumer’s utility is a function of consumption
in both periods. Let the consumer’s utility function be

Ulcr,e2) =Ine + flney

where ¢; is consumption in period one and c; is consumption in period two. The consumer
is also endowments of y; in period one and y, in period two.

Let r denote a market interest rate with the consumer can choose to borrow or lend
across the two periods. The consumer’s intertemporal budget constraint is

Co Y2
cl+1—|—r_y1+1—|—r

Method One:Find MRS and Substitute
Differentiate the Utility function

dU = <i> dCl + (ﬁ) d62 =0
C1 Co

Rearrange to get

dCQ . Co
dCl n ﬁcl
The MRS is the Absolute value of 3—2 :
Co
MRS = —
By
substitute into the budget constraint
Y2 Ber(1+7)
— —_— 1
y1+1+r c1 + 11r ( +ﬁ)61
. v+ i
¢ = ———
' (1+8)
Similarly, solving for ¢ using the first order conditions
Y2 o C2 C2
NI T a0 T1gs
1
(I+r)y+y: = (B—i-l) Co
= (1 + r)yl + Y2



Method Two: Use the Lagrange Multiplier Method

The Lagrangian for this utility maximization problem is

Y2 Co
L=Inc+Blncy+ A +— = —
1+ fne (y1 1+r 1+r>
The first order conditions are
il R i R
OL _ 1\ —
oCh c
OL _ B _ A _
oCh co 1+7r

Combining the last two first order equations to eliminate A gives us

1 A
/01 _ G2 =2 = 1y
6/02 per T
Ca
ce = Pa(l+r and g =——
2 = e+ =
sub into the Budget constraint
Yo Ba(l+71)
= _— ]_
y1+1—|—r ¢1+ 117 (1+B)cr
s Bty
)
Similarly, solving for c; using the first order conditions
Y2 Ca C2
NET Bi+r) 147

(1 47y + u2

*

Gy

Problems:

1. Skippy lives on an island where she produces two goods, x and y, according the the
production possibility frontier 200 = 2% + 32, and she consumes all the goods herself.

Her utility function is

(l—l—l)c
3 2

(1+7)y1 + v
5+1

u=x-y

FInd her utility maximizing x and y as well as the value of A

consumer also has a budget of B. T

. A consumer has the following utility function: U(x,y) = z(y + 1), where x and y
are quantities of two consumption goods whose prices are p, and p, respectively. The
herefore the consumer’s maximization problem is

z(y+ 1)+ AN(B — p.x — pyy)



(a) From the first order conditions find expressions for z* and y*. These are the con-

sumer’s demand functions. What kind of good is y? In particular what happens
when p, > B/2?

3. This problem could be recast as the following dual problem
Minimize p,x + pyy subject to U* = z(y + 1)
Find the values of x and y that solve this minimization problem.

4. Skippy has the following utility function: u = x%y% and faces the budget constraint:
M = px + pyy.

(a) Suppose M =120, P, =1 and P, = 4. Find the optimal x and y



REVIEW:Partial Derivative Rules:

U=uzxy oU/ox =y oU/dy =x

U = 2% oU )0z = ax® Lyb oU /Oy = bxyb~!
U=z2%"= Z_: oU )0z = azx*ty=® OU/Oy = —bxy b1
U=az+by oU/0x =a oU/0y = b

U=az'?+by'? 0U/0x=a(3)z'? 0U/Oy=0b(L)y /2
Finding the MRS from Utility functions
EXAMPLE: Find the total differential for the following utility functions
= axy + bxy where (a,b > 0)

= 2% + 23 + 1129

)
)

T1, %) = xxl where (a,b > 0)
)

3. U
4. U(xy,22) = alne; + Blney where (o, 8 > 0)
Answers:
ou ou
1. a_zlelza 8_12:U2:b
and

dU = U1d171 + Ugdl‘g = ad:rl + bdl‘g =0
If we rearrange to get dxs/dx;

ou

dry _ o _ Ui _ @
d!L‘l N 3_52 N U2 N b
The MRS is the Absolute value of % :
a
M _ 2
RS 2
2. 8m1 U1 = 2.’E1 “+ X9 690 U2 = 3332 + 2
and

dU = Urdzy + Usdzy = (201 + 13)dxy + (325 + 1)dwy = 0
Find dl‘g/dl‘l
dry Ui (221 + 22)
d!L‘l N U2 (31’% + 1'1)

The MRS is the Absolute value of % :

(221 + x2)

MRS =



a,.b—1

oy AU 1 ooa—1 b U
iii) 5,- = U1 = az} 25 52, = U2 = briz]
and
dU = (aaz‘f‘lmg) dz, + (bm‘fxg_l) dzy =0
Rearrange to get
dxs Uy ax‘l‘_lxg aTs
dxy U, bac‘fmgfl bx;

The MRS is the Absolute value of Z—zf :

MRS = %*2
bl‘l
IV) g—z = U1 = (i) dCl = <£> dCl g—g = U2 = ﬁ (é) dCQ = <ﬁ> dCQ
and
Q
dU = <—> dCl + (—) dCQ =0
1 Co

Rearrange to get

de, U, 5
C1 2 (5) 501
The MRS is the Absolute value of 3—2 :
QCo
MRS = —=(1+r
B ( )
C2

Cy = 501(1 + T') and cC1 = m



